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What we will see:

with various scales

dominant equations are "Prandtl” equations

0 0 0 0 0 02 9
U——Uu
ox  dy 0x dy ox dy

with no slip conditions

first protile given
with various boundary conditions at the top

parabolic
sometimes coupled with an external ideal fluid

which makes a global retroaction

those equations are a good model for tlow separation



Heuristic condition for Boundary Layer separation

counter pressure gradient
ou op .
U ~ e decreases the velocity
o o (mostly inviscid)

g " Ou/0x < 0 :
> ] l—> < - u < O
ou 1 9%u
U— = : :
Oxr  Re 0y? The thin viscous layer near the wall

IS more sensitive to pressure changes
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“Classical” text book

A good way to “understand” some flows
and to “feel” the relative influence of the terms in NS
it Is a step after “Bernoulli”




Navier Stokes

Uoc
E % Re = p

Real Full 3D unsteady flows
Direct Numerical Simulations : DNS

Reynolds Number controls transition from
laminar to turbulent

turbulence modeling

Very complicated and serious problems

Uso L




Small Reynolds number: viscosity dominates

Micro fluidics, some biological flows P — U L
flow is laminar e=Pp y

Large Reynolds number: inertia dominates

Aerodynamics, most of classical industrial flows
flow is turbulent

Question :
what is the laminar flow in the limit of

large Reynolds number?
steady -> Basic flow for instability theory
we do not care about turbulence (laminar)

2D / Axi laminar, steady



Question :

what is the flow Iin the limit of

large Reynolds number?

ou (%_O
dxr Oy
uau { v%: dp 1
ox oy dxr  Re
u(% H}(%: dp 1
ox oy Oy  Re

zero velocities at the wall




Question :
what is the flow In the limit of
large Reynolds number?

ou I ov _ 0 0T
Ooxr Oy Re = p—=

WU, Bu_ O !
ox oy 0x 1

u(% I U@v :_@ Re > 0
Ox 0y 0y

an order of derivation disappears

only zero transverse velocity at the wall

vV VvV v ¥V VvV v

singular perturbation problem



Question :
what is the flow In the limit of
large Reynolds number?

(a)

9




Question :
what is the flow In the limit of
large Reynolds number?

(a)

Re

(b)

ol

F1G. 1. Two of the candidates for the steady solution of the Navier-Stokes equations for flow past a circular
cylinder at R » 1. (a) attached potential flow. (b) Kirchhoff free-streamline flow.

SIAM REVIE W © 1981 Society for Industrial and App, jied Mathematics
Vol 23, No. 3, July 1981 0036-1445/81/2303-0003301 00/0

D’ALEMBERT’S PARADOX"

KEITH STEWARTSONT

® Kirchhoff - Helmholtz
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Question :
what is the flow in the limit of
large Reynolds number?

(a)

(b)

ol

Fi1G. 1. Two of the candidates for the steady solution of the Navier—Stokes equations for flow ,
cylinder at R » 1. (a) attached potential flow. (b) Kirchhoff free-streamline flow.

SIAM REVIEW © 1981 Society for Industrial and Applied Mathematics
Vol 23, No. 3, July 1981 0036-1445/81/2303-0003%01 00/0
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Q u e St | O n . pemenne, obiajaimiee BceMn HeoOX0IMMBIME cBoiicTBamu. Pacemorpmy

910 Oosiee moupobHO.
. . . . Pemenue 3agaum obTeranms IiafKkoro OpPeNsITCTBHASA, HAUPAMED Kpy-
Wh at |S th e flOW I n th e | ” I ”t Of roBOoTO Hmuimugpa mo cxeme Kumpxroda, Boodme roBopsA, HEOJHO3HAYHO.
OnO MOKeT OBHITH MOCTPOEHO NPH PABNMYHBIX NMOJOKEHHAX TOUYKH OTPHI-

BA HYJIEBOIl JHHAW TOKA OT IOBEPX- k=0
| R | d b ’? mocth Texa (pme. 1.4). Ecam mavamno
a rg e ey n O S n u I I I e r . KPABOJMHEIHON OPTOrOHANBHOM CH-
cTeMbl KoopaunaT Ory TMOMECTHTH B
TOYKY OTXOJa HYJEeBOW IUHHHA TOKA
2 ‘ OT TOBEPXHOCTH Tela, TO KPHBH3HA
¢BoOOIHON JUHMH TOKA OYyJIeT olpe-

JeJATHCA BBIPAKCITACM

B kx4t un,+0(z"),

z—+0 (3.1)  pue. 14 (Dopmla{ cnoﬁo&x’mx JmAmit TO-
xa B rtesennn Kupxroda npm pasmms-
{#, — GespasmepHas KPHBH3HA TO- ypx pojosKemmsX TOYKM OTPHIBA

BEPXHOCTH Tela B TOUKe OTPHIBA, II0-
JlaraeMas KOHeYHOil), a BEJHYAHA IPajHeHTAa JABICHHA Ha IOBEPXHO-
CTH Tejla B OKPECTHOCTH DTOH Toukm OyjleT paBHA

dp —1/2 16 Ty i
Leb(—2)+ FR+O[(—2"], 2>-0

— . — . P v
curvature (d_Q) of the free stream line is ———, where x; is tﬁe point of separation
2/ r—xs’ S '

ds 1 \O
Re

(3.2)

p=pg— kvrs —x + .... before separation, and after p = p

The sole solution is k=0, this is the Brillouin-Villat condition: the curvature of the free
streamlines is tangent to the body at the "separation point" But the flow is smooth, there
IS N0 counter pressure. So there is no separation. This is the "Brillouin-Villat" paradox

® Kirchhoff - Helmholtz



Question :
what Is the flow in the [imit of
large Reynolds number?

curvature (—) of the free stream line is where . is the point of separation.
2v/r—xs’ s

ds

p=pg— kvrs —x + .... before separation, and after p = p

The sole solution is k=0, this is the Brillouin-Villat condition: the curvature of the free
streamlines is tangent to the body at the "separation point" But the flow is smooth, there
IS N0 counter pressure. So there is No separation. This is the "Brillouin-Villat" paradox

® Kirchhoff - Helmholtz



Question :
what is the flow In the limit of

large Reynolds number?

I 0
Re
Flat plate

> > Prandtl




Come back to Navier Stokes

0% u

ou OJv .

dxr Oy
uau { v@ _ Op 1
ox oy Or Re
u(% I U(% _ Op 1
ox oy oy Re

zero velocity at the wall

Ox?
0% v

Ox?




|deal Fluid: Euler equations

ox ﬁyzo
S 2o

oxr Oy  Ox !
u(% | U@U __@ Re
oxr Oy Oy

an order of derivation disappears

only zero transverse velocity at the wall

v v v Y v v




|deal Fluid: Euler equations

ou ~ Ov _ 0

oxr Oy
SO o

ox oy 0x !
dv ~ dv  Op Re
Yoz U(?y B _8_y

Linearized solution for the slip velocity

R
u(:z:,O)—1+;fp/aj_€d§

ue(x) slip velocity on a wall of shape f(z

L —U




singular perturbation problem

0% u

ou OJv .

dxr Oy
uau { v@ _ Op 1
ox oy Or Re
u(% I U(% _ Op 1
ox oy oy Re

zero velocity at the wall

Ox?
0% v

Ox?




Classical Boundary Layer

0% u

ﬁxlé’yzo
S
dxr dy  Ox Re
u@vlv(%_ p
or Oy Oy Re

Ox?
0% v

Ox?



Classical Boundary Layer

0% u

ou ~ Ov _ 0

oxr Oy
u(?u I v@ _ p

ox oy dxr  Re
u(% I U(% _ op I

ox oy oy Re

Ox?
0% v

Ox?



Classical Boundary Layer

o 0%,
o O
uau | v%: op 1 (82u
ox Oy Oxr = Re \ Ox2

ov ov op 1 [ 0%v

Yo U(?y ~ Jy ' Re <8x2

dominant balance

V= EV

|
=g

Z

L 8
|
M N



Classical Boundary Layer

aalafa_o
o O
Sou du - 9p 1 (8211 | 18271)
0% OF 0%  Re \ 932 &2 072

Ov Ov Op 1 (820 (922))

Yor oy Re \ 0z? = 0vy?

QO
<

D
<

dominant balance

:f&, ’Uzng

U
T =2 p=D
Yy =€



Classical Boundary Layer

ou  Ov

9% | 07

ou  _ou _ op 1 (94 1%
0% 9y 0% Re \ 932 &2 )2
~(9v (% 1 0p 1 02 1 0%%

e(u ) = =~ |
0x 8y 0y Re

=0

E | =
0i2 22 9j2

dominant balance

V= EV

|
=g

~

pP=0P

Z

L 8
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Classical Boundary Layer

ou  Ov
0r  0vy
_0u  _Ou op 1 (o2 1 0%
U= + V== = — — =
0T 0y 0T Re \Oz? 2 0y?
95 b 105 1 ( 925 1 82@>

| g | =
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dominant balance
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Classical Boundary Layer

on v _
o O
_ou ou op 0%*u

U = |

Yor T oy o0z 0pp
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dominant balance
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Classical Boundary Layer

ou afa_o
o O

9 _ou  9p 0%

Yor "oy 0 0
o6 o, Op (482@’ %0

Uaj|va—g): agl 68572'6(9—:&2

e2(

dominant balance

u:f&, ’Uzng
r=2x p=0p & =

~ vV Re
y==¢



Classical Boundary Layer

ou 0 _
o O
ou  _0u op  0%u
U— T V== = — + —
0T 0y or  0y?
9%
0= -2
o
dominant balance
— U V = EV
p=0p
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Classical Boundary Layer

"Matched Asymptotic Expansion”

ou 9 _ .
0r 0y N%C INg
O Ou 95 0% u(x,0) = u(x,0)
Yor Ua_?j -0z Oy p(x) = p(x,0)
Op
Y

dominant balance
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Classical Boundary Layer

"Matched Asymptotic Expansion”

V2

Y =0

ell]
3_¢ o
oy

ideal fluid:
Euler Equations

=0

ptic

far from the body

on the body



Classical Boundary Layer

"Matched Asymptotic Expansion”

ideal fluid:
Euler Equations

V2 = 0
elliptic

e 5= 55 + a—yg boundary layer parabolic



As long as the boundary layer is “attached” (no strong
deceleration for the ideal fluid velocity, or weak counter
pressure), every thing is OK




As long as the boundary layer is “attached” (no strong
deceleration for the ideal fluid velocity, or weak counter
pressure), every thing is OK

problem: separation i\

Fourth Edition

Fluid Mechanics

Pijush K. Kundu Ira M. Cohen

with cantridbutions 3y
P.S. Ayyaswamy and H.H. Hu

Figure 10,16  Scparation of flow in a highly divergent channel.

gradient 1s favorable and the flow adheres to the wall. Downstream of the throat a
large enough adverse pressure gradient can cause separation.
The boundary layer equations are valid only as Far downstream as the point of

separation. Bevond 1t the boundary layer becomes so thick that the basic underly- 1

ing assumptions become invalid. Moreover, the parabolic character of the boundary

layer equations requires that a numerical integration is possible only in the direc- E =

tion of advection (along which information is propagated), which is upstream within A/ Re

the reversed tlow region. A forward (downstream) integration of the boundary layer
cquations therefore breaks down after the separation point. Last, we can no longer
apply potential theory to find the pressure distribution in the separated region, as the
effective boundary of the irrotational flow is no longer the solid surface but some
unknown shape encompassing part of the body plus the separated region.



As long as the boundary layer is “attached” (no strong
deceleration for the ideal fluid velocity, or weak counter
pressure), every thing is OK

Fourth Edition

problem: separation i\

Fluid Mechanics

Pijush K. Kundu Ira M. Cohen

with cantributions dy
P.S. Ayyaswamy and H.H. Hu

Figure 10,16  Separation of flow in a highly divergent channel. 66

gradient is favorable and the flow adheres to the %lg\nslrcam of the throat a
large enough adverse pressure gradient can g™y seffaration.

The boundary layer equations are im as Tar downstream as the point of
separation. Beyond it the boungdagalt :comes so thick that the basic underly- 1
ing assumptions become invajsl eover, the parabolic character of the boundary

layer equations requires l$' umerical integration is possible only in the direc- E =
tion of ud\ch\ ch information is propagated), which 18 upstream within A/ Re

the reversed i n. A forward (downstream) integration of the boundary layer
cquations th&QSote breaks down after the separation point. Last, we can no longer
apply potential theory to find the pressure distribution in the separated region, as the
effective boundary of the irrotational flow is no longer the solid surface but some
unknown shape encompassing part of the body plus the separated region.



some problems: separation

y

(F‘n_.
larg-
ed)

direct resolution

u—-—"_

W?////////// ////////////////////////// /////// 7//////77/

(FEzzzzerzrzeeee——eee=a:  prescribed  Ue(T)
B
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IF FFFFesFas e v R A
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delta
3.5 F Ue == v = -
sp i @ ~ATs— T
2.5 F J— dy
ﬂ Landau 50
0.5 - i
O |
1 1.2 1.4 1.6 1.8 2 1

Singularity at the point of separation: Vv Iie

we can not cross  Ou _ 0
oy



some problems: separation

(F‘n_.
larg-
ed)

direct resolution

W?//////////////////////////////////// e, 7//////77/
= orescribed  ue(x)
JE 2 X
1: 3 0\(\
4 1 — ]I.Z 1{.4 1].6 . ];8 2 “Q
o [ e ” @\
| SN
z / 1ce® |
s T 65 Landau 50
i O™ Goldstein 48
0.5 e | ‘0 )
1 1.2 1.4 ‘\O\Q 1.8 2 1
E =

Sln

Ry at the point of separation:

Ou
oy

an Not cross

= (



2nd order BLT

ideal fluid

—.’

—_—

Ue

‘-#;
—_—

/ — I boundary layer

L

Van Dyke 62



2nd order BLT
Perturbation of the Ideal fluid at

the next order

| ideal fluid

/ — | boundary er
-

L

Van Dyke 62



2nd order BLT
Perturbation of the Ideal fluid at

the next order

~

5, — / (1 — @/a,)di
0

—_—
I "

_—

Van Dyke 62

the displacement thickness
corresponds to the same flux
of mass for the actual velocity
and for a flat one displaced
by this height

&1



2nd order BLT
Perturbation of the Ideal fluid at

the next order

~

5, — / (1 — @/a,)di
0

Van Dyke 62



2nd order BLT
Perturbation of the Ideal fluid at

the next order

~

5, :/ (1 — @/a,)di
0

. 0o (_@+ 8@6) - da,
_ 95  * ox oz’ 0%’

L

effect of the displacement thickness



2nd order BLT
Perturbation of the Ideal fluid at

the next order

~

5, :/ (1 — @/a,)di
0

effect of the displacement thickness



2nd order BLT
Perturbation of the Ideal fluid at

the next order

~

5, :/ (1 — @/a,)di
0

effect of the displacement thickness



2nd order BLT
Perturbation of the Ideal fluid at

the next order

“
L _0v L O,
- > U—U(JJO)—Fy@—g—F —U(IO)_yaa_j
Ue
I U(y) — %(Ueél) — Y 97

effect of the displacement thickness




2nd order BLT
Perturbation of the Ideal fluid at

the next order

~

5, :/ (1 — @/a,)di
0

o(Z,0) = Re /2
effect of the displacement thickness



2nd order BLT
Perturbation of the Ideal fluid at

the next order

ideal fluid at next order

U= uy+ Re_l/zﬂg, V=] + R6_1/2?72 p=p1+ R€_1/2]52....

. -
5(Z,0) = Re Y2 (1.61)
effect of the displacement thickness 0z



weak effect of the displacement thickness

Quter Inner
expansion expansion 1

Fig. 5.6. Matching order for inner

and outer expansions.
Van Dyke



weak effect of the displacement thickness

Outer Inner

expansion expansion 1
E =
Vv Re
Number ]_
ieortn 82 e ——
Re
ed = !
1363/2
Fig. 5.6. Matching order for inner
and outer expansions.
Van Dyke
strong effect of the displacement thickness
19 O, = O O,
v(z,0) = Re™"/? _—(iicd1) —
0x OO

ideal fluid is modified at first order



INTERACTIVE BOUNDARY LAYER

VISCOUS INVISCID INTERACTIONS

Cebecci Smith

Mauss Cousteix:
Asymptotic Analysis and Boundary Layers
Scientific Computation Springer 2007,

“Successive Complementary Expansion Method”
IS preferable to "“Matched Asymptotic Expansion”

construct an uniform expansion in which epsilon is not so small



ideal fluid

i(z,§ — o) quecz)

boundary layer




ideal fluid

(T, — 00) — Ue(T) Ue = Re™/?
| 81_L N (%i 0,
| ox 0y
boundary lyer oa  _9a  da.

+ V== = Ue

Yoz " "og dz
(% = ¥ = 0 on the body f(z))

d(gl’L_Le)

dx

N 0%
02’



INTERACTING BOUNDARY LAYER

1 Fl=) 4 Re—1/2d(01e)
ﬂ€:1+—/f(x)+ - dt__ ¢
s x—&

—_—
U
© —— ° °
R -
e s fIUId _ _ _1/2d(5lﬂe)
— w(T,y — 00) — Ue(T) Ve = Re o
—_—
Ue . A — ou 0v
— + — =0,
— B ox 0y
— bounaary layer oa  _oa du. 9%
- U— TV =U—— + =5,
0T 07 dz 072
L

(& = © = 0 on the body f())



d(glﬂe)
dx

— w(Z,y — 00) — Ue(X) T = Re 1/?

oi O
9z 05
f @@+@@:adﬂe+@
or 0y  dx = 092’

(& = © = 0 on the body f())

= 0,




— ideal fluid

/ — boundary layer




some problems: separation
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some problems: separation
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prescribed ¢,

inverse resolution

no problem!

Catherall, Mangler, 1966
Reyhner, Fligge-Lotz 1968



pressure- blowing velocity
characteristics/
panel methods/

finite diff...
Yw=  |deal Fluid }‘)Ue-) Boundary Layer}‘) 01

Keller Box,
Finite differences....

Finite elements



Yw=  |deal Fluid Pue* Boundary Layer}* 01



Yw T 5{1 =3 |deal Fluid }*Ue* Boundary LayerP 01
\




Semi Inverse Leballeur 78 coupling

?‘) Boundary Layer U%L

—}) (uppy —ug) — o

Yw + O1=Pp{  Ideal Fluid u”

Relaxation:

O = 6" 4 A(u; — ul)

an optimal parameter of relaxation can be evaluated



A word about the numerics in BL

Finite differences marching in x

Uit — Wiy | Ditl —Di | Wilj41 — 2Uip1j + Uit 1j41
L=

g Az Az | A2

at each station find pressure by Newton
such that Is the prescribed one

more robust variation : Keller Box



Finite differences marching in x

Uit15 — Ui D+l —DPi | Uitlj4+1 — 2Ui415 + Uit1541

iz Ax Ax A2

at each station find pressure by Newton
such Ypat is the prescribed one

more robwst variation : Keller Box

problem: remove when wu;; < 0 to ensure stability

Flare Approximation



Finite differences marching in x

Uit — Wiy | Ditl —Di | Wilj41 — 2Uip1j + Uit 1j41
L=

s Az Az | A2

at each station find pressure by Newton
such Ypat is the prescribed one

more robwst variation : Keller Box

problem: remove when wu;; < 0 to ensure stability

Flare Approximation

far more robust Finite Elements not implemented yet
(see the end Double Deck)



d(glﬂe)
dx

— w(Z,y — 00) — Ue(X) T = Re 1/?
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or 0y ’
ﬂ@—l—@@:ﬂdﬂe‘l—@
or 0y  dx = 092’

(& = © = 0 on the body f())




Numerical Non Linear Examples

0.4

i T 03| -
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supercritical =i tpe ano

no upstream infuence upstream infuence [ next ]




subsonic
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Figure 16: Incompressible flow [click to launch the movie, Adobe Reader
required]. Top the velocity field %, v (Prandtl transform), bottom the wall,
here a bump, the displacement thickness &; (starting from Blasius value
1.7 in & = 1), the skin friction (starting from Blasius value 0.3 in £ = 1)
and the outer velocity starting from Ideal Fluid value 1 in £ = 1. A positive
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Figure 17: Supersonic flow on a flat plate with a bump [click to launch
the movie, Adobe Reader required]. Top the velocity field u,v (Prandtl
transform), bottom the wall, here a bump, the perturbation of displacement
thickness from Blasius Ad; (starting from 0 in Z = 1), the skin friction
(starting from Blasius value 0.3 in z = 1) and the outer pressure starting
from Ideal Fluid value 0 in x = 1. Note the pressure plateau associated to
separation.
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Figure 18: Subcritical flow on a flat plate[click to launch the movie, Adobe

Reader required]. Top the velocity field @, v (Prandtl transform), bottom ("
the wall, here a bump, the displacement thickness o1 (starting from Blasius
value 1.7 in = 1), the skin friction (starting from Blasius value 0.3 in
T = 1) and the outer velocity starting from Ideal Fluid value 1 in z = 1.
A positive disturbance of the wall increases the velocity and decreases the
displacement. Separation may occur after the bump.

back
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Figure 19: Supercritical flow on a flat plate [click to launch the movie,

Adobe Reader required]. Top the velocity field @, (Prandtl transform), -
bottom the wall, here a bump, the displacement thickness §; (starting from
Blasius value 1.7 in = 1), the skin friction (starting from Blasius value
0.3 in £ = 1) and the outer velocity starting from Ideal Fluid value 1 in baCk
x = 1. A positive disturbance of the wall decreases the velocity and decreases
the displacement. Separation may occur before the bump, note the long  \

upstream influence.
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Figure 20: Supersonic flow on a flat plate with a wedge [click to launch
the movie, Adobe Reader required]. Top the velocity field @, v (Prandtl
transform), bottom the wall, here a wedge in £ = 3.5, the perturbation of
displacement thickness Ad; (starting from 0 in & = 1), the skin friction
(starting from Blasius value 0.3 in Z = 1) and the outer pressure starting
from Ideal Fluid value 0 in x = 1. Note the plateau pressure and the
separation far upstream of the wedge.
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Exemple: flow in a stenosis
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steady flow
increase the degree
50 i
of closure of the
stenosis
L L 1 1 ' 1 3
0 05 1 s 2 25 3 35 4

-
D e T I I e e e i I LI

- acceleration: boundary layer §; ~ —2

with Re, = ~AUo_ — _Re)
\/ Rey




Exemple: flow in a stenosis
Siegel et al 94 <

[‘--'VS S = aRel/? + bj

Coefficient a and b for the maximum WSS.
solid lines with A and "square” : coefficient @ and b
obtained using the IBL integral method ;

o : coefficient a derived from Siegel for A = 3 ;
x : coefficient a derived from Siegel for A = 6 ;
(O : coefficient b derived from Siegel for A = 3 ;
+ : coefficient b derived from Siegel for A = 6.

Re/\)'/% 43
(1-a)’

WSS = (u5-) /(=) = 0.22¢

Lagrée Lorthois 05, Lorthois et al 00



Exemple: flow over a bump

Incipient separation

-
—
-
—

Re = Re;.
Boujo 14

Ux
s Arec
| Iy ~ a,
=~ -
Xr

hid*
0.5+
0
freefem++ 0

1.51

10
(b) NS
yl6* 5
Xb
/—\
O T T T T
0 10 20 30 40 50
(x—x%)/0"
mm ° ° °

\ separated

100 200 300 400 500 600 700

IBL
NS
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Exemple: flow over a bump ' ' ' TN

yl6* 5

0 10 20 30 40

2 | | ! | [ [ | | |
hlo* =0.5 r|
15 | _

Wall shear stress

Re = Re;.

Boujo 14

freefem++




10
Exemple: flow over a bump BINS
6*

ylo® 5 .
0 . T
0 10 20 30 40 50
5X'IU (x—x*)16"
h/6* =0.5 AR
- |
Wall pressure gradient 0 fe== .N_ .
dplox |
_5_ I |
|
-0} ; : |
0.01 . — | | | | |
hl6*=1.0 |
Y 0 Fr—mr—s————
IBL
dplox —0.01 : NS _
~0.02} : |
-0.03F | | : | | | | | | |
0
oplox 002
Re = Reg* P
-0.04

BOUjO 14 ~0.06

freefem++

(x—x*)/0*




IBL Is not so bad, it allows boundary layer separation,
qualitative and quantitative comparisons with NS

urn now to Triple Deck, the sound asymptotic framework for
flow separation



outline
the classical Boundary Layer

second order Boundary Layer
Interactive Boundary Layer

some examples of numerical resolution with some
comparaisons with Navier Stokes

the Triple Deck, example of numerical solution
the Double Deck, example of numerical solution FD FE

summary



Triple Deck

new scales with balance between inertia and viscosity:
rational asymptotic framework for boundary layer separation

A

boundary layer in the boundary layer

-4 >

Brown Stewartson Williams 69
Neiland 69

Messiter 70

Sychev 72

Smith 77...



_ 1 Lower Deck
$53 53 — 65
- X3 —

iIntroduce new scale longitudinally and transversally as
we look at vanishingly small perturbation of the Blasius

boundary layer



Lower Deck

$53 53
- X3 —
% %
—— Au ~ ¢

Neiland 69



Lower Deck

$53 53 —
- X3 —
» y ué’u
U ~ & — Au ~ ¢ 0x




J/\/\/\/\/\/\/

Lower Deck

$53 53 — €0

=

x3

a4 — Y
7 Au ~ € u(?a: Re 0y

the new small longitudinal scale is :L'S — &




= 0,

_ 7  Lower Deck
= —=
_ \
—
—
—
=
$53
- —
x3
_ _
= = 0, 0,
é Ox oy

uiu + vﬁu
after dominant balance the equations are Ox dy
& lim u(z,y)
Yy— 00

which are again Prandtl with different scales !

_ 4
- T dzt 8y2u'

= 0, v(z,y=f(z))=0

= y+A.\

anticipating matching



Main Deck

—1
N . . . &VRe_
uw=Up(y)+ect, v= U1
X3
4
Jiy Oy T
7 Ji 0, (UB By —|—’U1Up) = 0.

Brown Stewartson Williams 69

no pressure

The displacement function appears as a perturbation
of the boundary layer at a small scale: the Main Deck



Main Deck

1
. - - eV Re_
w=Ug(y) +ety, U= 1
T3
-
\ 4
ou Ov Ot
- 1 1 1~ oy
or "o 0 WUsg, t0il) =0 no pressure

1 = A(x)Ugz(y) and 01 = —A'(2)Ug(7)

The displacement function appears as a perturbation
Brown Stewartson Williams 69 of the boundary layer at a small scale: the Main Deck



Main Deck

1
. - - eV Re_
w=Ug(y) +ety, U= 1
T3
-
\ 4
ou Ov Ot
- 1 1 1~ oy
or "o 0 WUsg, t0il) =0 no pressure

1 = A(x)Ugz(y) and 01 = —A'(2)Ug(7)

l matching

The displacement function appears as a perturbation
Brown Stewartson Williams 69 of the boundary layer at a small scale: the Main Deck



Upper Deck

Main Deck

Lower Deck




Upper Deck

Main Deck

Lower Deck

Upper Deck




Upper Deck

Ap ~ Av
Upper Deck
Ap ~ g* _
AV ~
Main Deck Ap ~ g* T
Au ~ g
Ap ~ g2
Lower Deckl P ¢ - Au ~ ¢

<




Upper Deck

Ap~Av &= Re /8
Upper Deck t
Ap ~ g2 _
> o1
Av ~ }2%6
- T E
Main Deck Ap ~ 2
Au ~ €
Ap ~ g2
Lower Deck : P q — Au~e 16 v

<




triple deck scales

e = Re 1/8
Upper Deck A
- -
3 -3/8
- : H
Main Deck N N

-5/8

Lower Deck




matching

Upper Deck
= P
Main Deck
i = Ug() + eA(x)Ux(9).
lim u = AU (0
Lower Deck| ( Jm u=(y+ A(z))Up(0)

< >

The displacement funct{i%rgappears as a perturbation
of the boundary layer ata small scale: the Main Deck




matching

p= ;fp d¢  the Laplacian in the ideal fluid

1 00 A the Hilbert integral solves
=
0 with a Neumann BC at the wall

Upper Deck

36—1/4}'5 - U= —R6_1/4A/(£IZ)

Main Deck

( Jim_w= (y+ A(@)Up(0)

Lower Deck ‘




coupled problem

pressure displacement
1 <A . -
D= —fp/ de N incompressible
-

N f
Upper Deck
a a 11 1) . .
Ut e v = 0, Prandtl” equations with
, v 8y ] o different boundary conditions
Lower Deck +2u+0vZu = — Pt 5
O Oy Oy?
uw(x,y=f(z)) = 0, w(r,y=f(z))=0
& lim u(x,y) = y+ A.

Y—00



Upper Deck

Lower Deck

coupled problem

p=pp [ e

—oow_g
or P = +A
or A =0
dA
or = ——
b dx
or
0 0
%U—l—a—y?} = O,
o 0. d
“or U@yu - T dt oy?

pressure displacement
IN Incompressible

super sub critical
in long tube (Double Deck)

super sonic

"Prandtl” equations with
different boundary conditions

U(ZE,y:f(CC)) = 0, U(ZE,y:f(QZ‘)):O

lim u(x,y) = y+ A.

Y—00



lower deck.

layer couche

Triple Deck Triple Pont (tHpte-cotehe)



—--I

Link with IBL

definition of displacement thickness

61 = (Re™'/?) /O (1= u(w, 9)dg 5(Z,0) = Re Y2 —(7i.01)

shape of perturbation in Main Deck
i = Up(y) + cA(@)Up(9).

0= —Re YA ()
by substitution

5, = (Re /%) /O (L= Up(§))dij — eA(z) — O(2)}.

the -A function is the perturbation of the displacement thickness



Link with IBL

5, = (Re /%) /O T (1= Up(@))dj — eA(x) — O(2)}.

the -A function is the perturbation of the displacement thickness

remember the coupling with velocity in IBL

R —1/2d(811e)
/ AGRR

this is exactly the same than the Triple Deck
(variation of velocity are the opposite of variation of pressure)

| dA©
p= [ g

m) x—&




exemple: incompressible

pressure displacement
IN Incompressible

| dA©)
pz—/ T dE

m) x—& |
{. / it
coupled to lower deck ™ ke & ﬂ
o 0 Aot/
— — v = 0 \
8£Cu —|_ ayv 7 ) 1 1 L 1 1
8 a d 82 -6 -4 -2 @ b B 6
Yzt TV T @l T oz non linear simulation, note the
w(z,y = f(z)) = 0 v(z,y = f(z)) =0 shear max before the summit, the

’ B A recirculation after the bump, the
yLHolou(x’y) = ¥4 pressure drop



linear solution

004
—1kiq = 0,

Oy

—ikyﬁl —+ 2/}1 — Zkﬁl

924

—ikyf'l —



linear solution

(3A3'(0)) 1 (—ik)/3
1/|k|,0,1, —1, ik




Triple Deck

L] L] L]
3.10 Plots of linearised solutions
Hilbert subsonic
3 ‘ 3 ;
f(x) —— f() ——
T(x) - () -
25 | Pl 25| Pl
2 oL
15} 15k
Y SN S — T o i
0.5 0.5
[ e e S S [
-0.5 -0.5
4 ‘ ‘ ‘ ‘ 4 ‘ ‘ ‘ ‘
4 0 2 4 4 0 2 4
X X
supersonic p=-A
3 ‘ 3 o ;
f(x) —— ) f(x) ——
T(x) - \ T(x) -
25 Pk - 25 pb) -
2 b oL
15 F 151
S A —— o o N
0.5 0.5
0 ] W —
-0.5 -0.5
4 ‘ ‘ ‘ ‘ 4 ‘ ‘ ‘ ‘
-4 0 2 4 -4 0 2 4
X X
A=0 p=A
3 ; ; 3 ; ;
fx) —— fx) ——
T(x) - T(x)
25 Pl - 25 Pl -
2 2|
15 151
o e
0.5 0.5
Op=——— e T o U=
05 05
4 \ \ \ 4 \ \ \
4 2 4 4 2 4

Figure 3: Friction distribution and pressure over a bump in 6 cases, linear
solution. Top left the Hilbert case, just to compare. Top right the subsonic

case p = Wl f dc" df Middle left, the supersonic p = —A’ case. Middle
right, p = —A case. Bottom left, the A = 0 case. Bottom right, the p = A



incompressible
1
p=—fp
(s

— o §
subsonigue
2 1 | 1 | |
f(x)
& tau(x) -
\ 'H.
{ |
1.5} A
1 | - oo s o vt
8.5 |- -
@
-05 1 1 J- 1 1
-4 -2 @ 2 4
X

linear



-@.5

pipe/ subcritical

p:

subcritique
1 | | | |
f(x)
tau(x) = =
,,,,,,,,,, R
1 1 1 1 1
-4 -2 @ 2 4
X

linear

A



supercritical

supercritique
1 | i
F(x)
tau(x) = =
n(x)
o 4 . =
- -
= R gy G g i S| [, WECD (D S — — —
-
v -t
1 1 1 1 1
-4 A @ 2 4
X

linear



-@.5

supersonic

supersonique
| § 7 |
f(x)
tau(x) = =
1 1 A 1 1
-4 A @ 2 4
X

linear



shear flow

A=0
T T /\1 T f(x)‘
¢r I\ tau(x) =— — . -
/ \ o(x)
/ \
1 S o / \ e
/ \
/ \
1 o S e ™ et S G St ety // \ e c——— e
\ i
X e
8.5 -
@
'0.5 - Y
_1 1 1 N 1 1
-4 -2 8 2 4
X

linear



Exemples with Boundary
layer separation

small separation bubble



incompressible

4 6

non linear



supersonic

, T
OUMP e
tau
@
A -
p -

non linear



shear flow

) I | { | | { L}
oump
tau
E e
A ——
- p — )
e ————anra— A ¢
\ \7-‘_'_’_”(
™~
\ /
\‘\ F A
- \\ ! =D
v N / o e
\ S
P \‘ ’_‘/ o
\ S
\ 2z
' /
4
= \ ) -
N
1 1 L 1 1
-6 -4 -2 e 2 . 6

non linear



subcritical

1 | | | | | | | | ; 1 §
bump -
tau
& \ O
s
\ B

-~ \ —q

\\
e
/ B

/ /
:-FL\\ ’

\ / s —— S

p '\ / . =

A\ / Y

i \‘\\// ’/0' 3
A\ e

E - T4 4

1 1 1 1 L 1 1
-4 -3 -2 -1 @ 1 2 3 5 6

non linear



subcritical

i |
DUMP  s——

4 5 6

non linear



Trailing Edge

Figure 12. Triple-deck solutions for subsonic/incompressible fluid flowing past
nonaligned trailing edges with separation [141].

[141] F. T. Smith: IMA J. of App. Math. 28, 207 (1982).

[T. Cebeci, K. Stewartson, |. H. Whitelaw _ (auth(BookZa.org).pdf

pl44



Why Triple Deck!?



ck.

lower de









turkey, melted provolone cheese, peooer
and honey muenster, toasted hero s

116 ARISTOCRAT Hot roast beef, meited swiss cheese, colesiaw &
russian dressing, toasted hero

TRIPLE DECKERS

CALORIES 510-820
7.95




Remarks

e unsteady triple deck is the lower branch of
the Tollmien-Schlichting branch in the theory
of stability of the boundary layer (linearly
unstable)

I
I
!
I
|
I
I

e through the coupling of the Lower Deck and |
Main Deck perturbation appear far upstream.
Coupling a supersonic hyperbolic equation

e®
Py

. . ne.

and a parabolic Lower Deck gives @ = et &7

solution to the "upstream #E="»  hyperbolic
............... /

influence paradox” BN .

e and lot more




Case with no displacement A=0 “Double Deck”

h/2
N Yw(X)

In the case of pipe flow for a bump length of scale h
and height hRe™'/3 we are with no displacement A=0
it is the “Double Deck” (Smith 77)

0 0
%U‘F 6—yv = 0,
0 0 d 0?
u%u—l—va—yu = —%p—l— 8—3/2u

u(az,y:f(x)) = 0, U(ZE,y:f(ZE)) =0
& lim u(z,y) = v.

Y—>00



Case with no displacement A=0 “Double Deck”

h/2
N Yw(X)

In the case of pipe flow for a bump length of scale h
and height hRe™'/3 we are with no displacement A=0
it is the “Double Deck” (Smith 77)

< Ou /0yl — 1



Double Deck equations

0 0
U + a—yv = 0,
ugquvgu = —ipnt 8—2u
ox 0y dx 0y?
U(I,y:f(ilf)) = 0, v(az,y:f(x)) =0
& lim u(x,y) = y.
Y—>00

remember these equations are solved with marching in space in finite differences

Chouly Lagrée 09 proposed a variational formulation

(f u@+va—u C+l @%jt ) @+@ 6C+85
@\ ox oy Re Jo0y0y Jo \Ox 9y /\ox Oy
\

ol  O¢ ou ov\
e (Gt ay) * o5 ay)

elements P2 P1 PO Barrenechea Chouly 09

compare with Keller Box, Finite Differences



Double Deck (and Triple Deck) have a simple analytical
solution Iin Fourier space

T = U + Uy (34i(0))(Uy) P TF ' [(~ik) P TFy, ]

p = (Up)* (37 (0))(Up) ' TF[(—ik) " " TF[y, ]

2.5

bump ——
tau RNSP FE -------
tau NS FE --------
tau RNSP FD oo
/ DD KB ——--
2| ey
/s A
!X )
I.’;# ‘,}\\
.I./'l/ 2
15 i /'/.4; ;\
_/.:,I' ‘!
2 i
\
P %3‘
1 - _
N S -:_: _________
o :f: """""""""
05}
0 e
° ° 4 6 8 10

Skin friction with a max before the bump.



Double Deck non linear numerical solution

te. B

Skin friction with a max before the bump, decrease of pressure



Double Deck non linear numerical solution,
shear at the wall T = 0u/0Y|w

1.5

|
unit bump ——
T KB _______

o

*
.
+
0
s
s
*
*
.
.
.
.
.
.
5,

............
.........

.......

. . .

,,,,,,,,,,,,,

fe. T T et e
...................

.................
..............
..................
.................
..................

with finite elements we can compute very large recirculations



everything perfect ?

Nnol!
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some problems: unsteady boundary layer

14

ke b g e e
NI ININ

121 =025
,

C
ox Oy ’ °T

ou ou ou du.  0*u ,,| o
ot Yo ey T dn oy of

u(x,0,t) = v(z,0,t) =0,
u(x,y > 0,t =0) —ue( )

v(z,y >0,t=0) =

) =

L and u(z,00,t > 0) = ue( ), with wue(x) = sin(z).

1 1 1 1 1 1 1 1 1 1
0.5 1 1.5 2 35 0 05 1 1.5 2 2.5 3 3.5

,]
|

My
U
(LTI
RO
S

O

_x\‘.rzeu’_/

finite time singularity



outline
the classical Boundary Layer

second order Boundary Layer
Interactive Boundary Layer

some examples of numerical resolution with some
comparaisons with Navier Stokes

the Triple Deck, example of numerical solution
the Double Deck, example of numerical solution FD FE

summary



summary

with various scales

dominant equations are "Prandtl” equations

0 0 9 J 0 02
U—Uu
ox  dy Ox dy ox 9y

with no slip conditions
with various boundary conditions at the top

parabolic
sometimes coupled with an external ideal fluid

which makes a global retroaction



summary

Reduced NS Prandtl




summary

— ///
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|
—_— —_ S—
\
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62
IBL

Reduced NS Prandtl




summary

Reduced NS Prandtl




summary

\ ///
\/
' R-
|
—_— _ —_—l — —_—
|
\
/A""’"\
/ e \\
— e~ b >

= = Triple Deck
3 " RRe

Reduced NS Prandtl



summary

— /// ///
\Il R /
— _— 4 1 —
| |
/““"\\ \\
— /]\ - \\\ / \\\ /\
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2
€ RR@ Double Deck

Reduced NS Prandtl



summary

Uoo

vV v VY




summary deal fluio

Uoo

vV v VY

f/7/'/7 B
OUDQ’G ry Lay
er

thin Boundary Laye,



summar
. y deal fluid

1

U v Re

vV v v Y

small pressure gradient every thing OK

|deal Fluid drives Boundary Layer




summary deal flui

1
U v Re

larger pressure gradient IBL

|deal Fluid interacts with Boundary Layer




summary

1
U v Re

e

vV v v Y

larger pressure gradient IBL

|deal Fluid interacts with Boundary Layer




summary deal flui

Uso

vV v v Y

—
R€_3/8

small size structure Triple Deck

|deal Fluid interacts with Boundary Layer



summary

ideal fluid
Re5/4 1
Uoo / \/ Re

weak “short bubble”

Marginal Separation Theory Ruban 82




summary

ideal fluid

ideal fluid, no velocity

ideal fluid

Triple Deck and large size separation
coupling with Kirchhot-Helmholtz wake



summary

U v Re

vV v v Y

R€_4/8

small pressure gradient every thing OK

|deal Fluid drives Boundary Layer




summary

1
U v Re
> R€_5/8
R€_4/8
—
Re3/8

small pressure gradient every thing OK

d’Alembert is solved by Kutta-Joukowski
But Kutta-Joukowski is maybe solved by Triple Deck



Conclusion

Interactive Boundary Layer allows separation

Triple Deck is in IBL, this is the rational framework for
boundary layer separation

longitudinal transverse equilibrium
Prandtl balance is very strong
strong viscous-inviscid interaction

allows to “understand” the key feature of the flow



Open problems

unsteady : finite time singularity (Van Dommeln)
Vortex Breakdown

better numerics for large separated bulbs

adapt this for better modelization in Shallow Water

need for numerical help
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