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Friday, December 5th, 2014

Multiscale Hydrodynamic Phenomena

Part I. : 90 minutes, NO documents

1. Quick Questions In few words :
1.1 What is ”dominant balance” ?
1.2 What is the dimension of the kinematic viscosity ?
1.3 Write Navier Stokes without dimension
1.4 What is the usual scale for pressure in incompressible NS equation ?
1.5 What is the usual scale for pressure in incompressible NS equation at small Reynolds ?
1.6 Which problem exhibits logarithms ?
1.7 What is the Bürgers equation ?
1.8 What is the KDV equation ?
1.9 What is the natural selfsimilar variable for heat equation ?
1.10 In which one of the 3 decks of Triple Deck is flow separation ?

2. Exercice
2.1 What is the name of the following equation (of course ε is a given small parameter)

(Eε) u
∂u

∂x
= −ε∂

2u

∂x2
. with u(−∞) = −1, u(∞) = 1.

We want to solve this problem with the Matched Asymptotic Expansion method.
2.2 Say in few sentences where does it come from 2.3 Why is this problem singular ?
2.4 What is the outer problem and what is the possible general form of the outer solution ?
2.5 What is the inner problem of (Eε) and what is the inner solution ?
2.6 Solve the problem at first order (up to power ε0).
2.7 Suggest the plot of the inner and outer solution.
2.8 What is the exact solution for any ε.
Hint : tanh′(x) = 1− tanh2(x)
3. Exercice

Let us look at the following ordinary differential equation : (Eε)
d2y

dt2
+ ε

dy

dt
+ y = 0, valid for any

t > 0 with boundary conditions y(0) = 0 and y′(0) = 1. Of course ε is a given small parameter.
We want to solve this problem with Multiple Scales.
3.1 Expand up to order ε : y = y0(t) + εy1(t), show that there is a problem for long times.
3.2 Introduce two time scales, t0 = t and t1 = εt
3.3 Compute ∂/∂t and ∂2/∂t2

3.4 Solve the problem.
3.5 Suggest the plot of the solution.
3.6 What is the exact solution for any ε, compare.
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M2, Fluid mechanics 2014/2015
Friday, December 5th, 2014

Multiscale Hydrodynamic Phenomena

Part II. : 1h 15 min all documents.

Compressible flow in a hypersonic reentry problem
We will settle the ideal fluid boundary layer decomposition for compressible flows. Read Bush for more
informations
1.1 The Navier Stokes equations in steady 2D are :

∂ρu

∂x
+
∂ρv

∂y
= 0

ρu
∂u

∂x
+ ρv

∂u

∂y
= −∂p

∂x
+

∂

∂x
τxx +

∂

∂y
τxy and ρu

∂v

∂x
+ ρv

∂v

∂y
= −∂p

∂y
+

∂

∂x
τyx +

∂

∂y
τyy

ρu
∂H

∂x
+ ρv

∂H

∂y
= u

∂p

∂x
+ v

∂p

∂y
+

∂

∂x
(τxxu+ τxyv + k

∂T

∂x
) +

∂

∂y
(τyxu+ τyyv + k

∂T

∂y
)

where H = h+ 1
2(u2 + v2) is total enthalpy h = cpT is enthalpy ;

the viscous stress tensor is (λ = −2/3µ) :

τxx = µ(2
∂u

∂x
− 2

3
(
∂u

∂x
+
∂v

∂y
)), τyy = µ(2

∂v

∂y
− 2

3
(
∂u

∂x
+
∂v

∂y
)), τxy = τyx = µ(

∂u

∂y
+
∂v

∂x
)),

the ideal gas law p = rρT , or p/p∞ = (ρ/ρ∞)(T/T∞), and heat capacity cp = γcv = γr/(γ − 1)
Write them without dimension using for any variable q = q∞q̄ (see Bush paper).
Define ReL, the Mach number M2 = U2

∞/(γp∞/ρ∞)
1.2 What are the equations for 1/ReL = 0 ?

2. Ideal Fluid problem
It can easily be shown (from compressible inviscid shock wave theory) that the compressible inviscid flow
along a wedge of angle θ is such that the pressure is

p

p∞
= 1 +

γ(γ + 1)

4
K2 + γK2

√(
(γ + 1)

4

)2

+
1

K2

where K = Mθ and γ = cp/cv, for air γ = 1.4
2.1 expand this relation at small angle θ when M > 1, but M = O(1).
2.2 Show that this is the same than the solution of the ∂’Alembert equation for compressible perturbations
of a uniform flow (no demonstration).
2.3 What is the incompressible relation linking perturbation of pressure to perturbation of velocity in ideal
fluids (no demonstration) ?
2.4 There is another limit for the pressure-angle equation when M � 1 and 1 � θ with Mθ � 1, show
that the pressure is now proportional to the square of the angle. This is the hypersonic strong interaction case.
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3. Boundary layer problem
3.1 Show from 1. that the boundary layer problem reads (in Bush Pr is σ.) :

∂ρ̃ũ

∂x̃
+
∂ρ̃ṽ

∂ỹ
= 0, ρ̃ũ

∂ũ

∂x̃
+ ρ̃ṽ

∂ũ

∂ỹ
= −dp̄e

dx̄
+

∂

∂ỹ
(µ̃
∂ũ

∂ỹ
),

ρ̃ũ
∂h̃

∂x̃
+ ρ̃ṽ

∂h̃

∂ỹ
= ũ

dp̄e
dx̄

+ µ̃
∂ũ

∂ỹ

∂ũ

∂ỹ
+

∂

∂ỹ
(
µ̃

P r

∂T̃

∂ỹ
)

3.2 Notice that due to a subtility of hypersonic flow the velocity at the edge is ūe = 1 (the flow is very very
fast) and that the temperature in the boundary layer will be of order M2. Boundary conditions ?
3.3 As the viscosity is supposed to be proportional to the temperature, show that µ̃/ρ̃ = CT̃ 2/p̃, the C is a
constant of proportionality (in Bush paper µ varies with Tω, here ω = 1).
3.3 Looking at a self similar solution (x̃ = X∗x̂, ỹ = Y ∗ŷ etc), show that the invariance of ρ̃ũ∂ũ∂x̃ versus
∂
∂ỹ (µ̃∂ũ∂ỹ ) gives Y ∗2/X∗2 = 1/X∗/P ∗. And show next that V ∗ = Y ∗/X∗. Verify that invariance ρ̃ũ∂ũ∂x̃ versus
dp̄e
dx̄ is consistent, idem check the heat equation. Do not try to write the final coupled ODEs problem.

4. Interactive Boundary Layer problem (hypersonic strong interaction)
From 2.4 we have the pressure in the ideal fluid p proportional to a certain power of the angle θ of the body
in the ideal fluid description. In hypersonic strong interaction, we assimilate this θ to the blowing velocity
coming from the boundary layer.
4.1 What do you think of this ? Does it ring a bell ?
4.2 From this relation between pressure and velocity show that the final self similar variable is η = y/x3/4.
4.3 Identify the interaction parameter defined by Bush.
4.4 Conclusion : the boundary layer is in x3/4, what is the final scale ? Find the power of pressure, the power
of the angle of the shock wave.

Figure 1 – The space shuttle has been designed with lot of experiments and asymptotic theory (and some simulations)
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Part I
Error, it was originally

(Eε) u
∂u

∂x
= ε

∂2u

∂x2
. with u(−∞) = −1, u(∞) = 1.

in fact, nobody really detected this error (it was such as ε is négative !).
The external problem is

(E0) u
∂u

∂x
= 0

so the solution is u(x < 0) = −1 and u(x > 0) = 1, solution is discontinuous in x = 0, and this gives the
limits for the matching u(0−) = −1 and u(0+) = +1

By dominant balance we find the scale of the solution is with x = εx̃ so that

ũ
∂ũ

∂x̃
= −∂

2ũ

∂x̃2
. with ũ(−∞) = u(0−), ũ(∞) = u(0+)

first integral
∂

∂x̃
(
ũ2

2
− 1

2
) = −∂ũ

∂x̃
+ 0

dũ

1− ũ2
= dx̃/2 so that

dũ

1− ũ
+

dũ

1 + ũ
= dx̃/2 hence − Log(1− ũ) + Log(1 + ũ) = x̃/2

so ũ = tanh(x̃/2)

Part II

Clearly the expansion at small θ gives

p

p∞
= 1 +

γ(γ + 1)

4
K2 + γK2

√
1

K2
+ ... = 1 + γK + ...

so pressure
p

p∞
= 1 + γMθ + ...

the Ackeret formula valid for small angles

p

p∞
= 1 + γ

M2

√
M2 − 1

θ + ...

at small θ and for M enough large (but Mθ << 1) gives the same
we have µ/µ∞ = CT/T∞ (linear behavior of the viscosity) but as p/p∞ = (ρT )/(ρ∞T∞) then

µ

ρ
=
µ∞
ρ
C
T

T∞
= C

µ∞
ρ∞

p∞
p

(
T

T∞
)2

orders of magnitude ũ∂ũ∂x̃ is 1/X∗ as the velocity is U∗ = 1, versus ∂
ρ̃∂ỹ (µ̃∂ũ∂ỹ ) which is (1/P∗)(1/Y ∗2) (using

the µ
ρ order of magnitude)
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This gives Y ∗2/X∗2 = 1/X∗/P ∗. And we show next that V ∗ = Y ∗/X∗.
hence

Y ∗ = X∗3/4

We have a boundary layer ideal fluid interaction, the result is a shock wave in x3/4 and a boundary layer
in x3/4. Both interact strongly : pressure increases the boundary layer, which in turn develops the shock
wave and pressure change, looping back. This is called viscous strong interaction.
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