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Multiscale Hydrodynamic Phenomena

1. Quick Questions In few words and few formula :
1.1 Scale of pressure for Stokes flow.
1.2 Order of magnitude of drag on a cylinder at small Re.
1.3 Self similar solution of heat equation.
1.4 ∂’Alembert equation : write the equation and the generic solution of it in 1D and 3D.
1.5 Solution of ∇2p = 0 in upper half domain (∀x and y ≥ 0) with −∂p/∂y|0 = f ′(x) and p(∞)→ 0 ?
1.6 In which one of the 3 decks of Triple Deck is flow separation ?
1.7 What are Shallow Water Equations ? Main hypothesis ?
1.8 What is the KdV equation ? What balance is it ? Link with Saint-Venant ?
1.9 What is the Bürgers equation ? Link with Saint-Venant ?
1.10 RATP references to Asymptotics and/or Mechanics ?

2. Exercice
Consider the following equation (of course ε is a given small parameter)

(Eε) ε2d
2u

dx2
+
du

dx
= ex with u(0) = 0 u(1) = e.

We want to solve this problem with the Matched Asymptotic Expansion method.
2.1 Why is this problem singular ?
2.2 What is the outer problem and what is the possible general form of the outer solution ?
2.3 What is the inner problem of (Eε) and what is the inner solution ?
2.4 Suggest the plot of the inner and outer solution.
2.5 Composite expansion.
2.6 What is the exact solution for any ε.
2.7 Compare composite expansion and exact solution.

3. Exercice

Let us look at the following ordinary differential equation : (Eε)
d2y

dt2
+ ε

dy

dt
+ π2y = 0, valid for any

t > 0 with boundary conditions y(0) = 1 and y′(0) = 0. Of course ε is a given small parameter.
We want to solve this problem.
3.1 Solve with Feynman averaging method.
3.2 We want to solve this problem with Multiple Scales Analysis. Introduce two time scales, t0 = t and t1,
what is the relation between t, t1 and ε ?
3.3 Compute ∂/∂t and ∂2/∂t2

3.4 Solve the problem.
3.5 Suggest the plot of the solution.
3.6 What is the exact solution for any ε, compare.

4. Exercice
Solve with WKB approximation the Airy problem

εy′′ = xy,

Hint : show that S0 = ±
∫ √
|x|dx and S1 ∝ ln(|x|)
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M2, Fluid mechanics 2022/2023
Friday, December 1th, 2023

Multiscale Hydrodynamic Phenomena

Part II. : 1h 15 min all documents. Flow of a viscous current down a slope

This is a part of ”low and instability of a viscous current down a slope ” by Herbert E. Huppert, Nature
Vol. 300 2 December 1982.

We consider a broad band of viscous fluid, initialy uniform in depth across a slope (so 2D plane), released
so as to flow down a constant slope of value α. This is a model for avalanche flow of more complex rheology,
here the flow is viscous and newtonian (viscosity µ and ν = µ/ρ). The flowing layer is thin and long (ε is
the ratio of depth by length), the flow is slow. Figure 1 shows the experimental flow down an inclined plate
(flow from rear to front), we see a ”front” of fluid flowing toward us. A sketch is on figure 2. The height of
the flow is h(x, t), see the paper for notations (note that direction normal to the plane is z).

As all the results are more or less in the paper, be careful and rigorous to prove the results. Question 1.
2. 3... are a bit independent. Numbers refer to equations in the papers (Eq. X) or questions (Q. 1.X).

1.1 Write incompressible full NS equations for oil (pay attention to projection of gravity).
1.2 Over the free surface, the influence of air is supposed to be negligible, pressure is supposed constant
patm, what are the small parameters which allow those aproximations ?
1.3 Write boundary conditions at the surface (using hypotheses of Q 1.2), note that surface tension maybe
present, comment the Bond number.
1.4 In a ”boundary layer spirit” use h0 the scale of the depth of the oil (z is scaled by h0), use L = h0/ε
(L� h0), write NS without dimension (say that Π the scale of pressure, define a scale U0 for velocity, time
etc.)
1.5 From transverse momentum (along z) show that as ε is small the pressure is hydrostatic (value of Π ?).
1.6 From the slow flow thin layer analysis we are doing, show that the final equation is (Eq. 1) indeed (but
of course without dimension). Comment the dominant balance done here.

1.7 Show that if α small then
∂h̄

∂x̄
comes back in the game.

1.8 Comment the scale of the total derivative of velocity (longitudinal acceleration), introduce a number
without dimension with g, ν and h0. If we want to keep this term, what relation should we write between
this number without dimension (with g, ν and h0) and ε ?
1.9 As a summary, write all the hypotheses used to establish (Eq. 1).
1.10 As a summary write all the scales used to settle (Eq. 1).

2.1 Boundary conditions for ū ?
2.2 Solution of (Eq. 1) is half a Poiseuille flow (or Nüβelt film flow), show it

2.3 From the half-Poiseuille solution compute Q̄ =
∫ h̄

0 ūdz̄, compute
∂u

∂z̄
|0 as function of Q̄ and h̄. Write

them with dimensions.
2.4 What is Lubrication theory ?

3.1 From incompressibility find a relation between
∂Q̄

∂x̄
and

∂h̄

∂t̄
. Establish (Eq. 2).

3.2 Link with Shallow Water (Saint-Venant) equations ?

4.1 Starting from equation (Eq. 2), comment (Eq 3).
4.2 Explain with your words (Eq. 4), (Eq. 5), (Eq. 6) and (Eq. 7).
4.3 We propose here an alternate method to solve (Eq. 2) : self similarity. Using streching invariances of
(Eq. 2), show that the selfsimilar solution is such that h̄ = t̄−1/3H(x̄/t̄1/3). Write the equation for H issued
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from (Eq. 2), solve it and show that H(η) =
√

(η).
4.4 Check that this self similar solution is the same than (Eq. 7).

5.1 The solution of (Eq. 2) is (Eq.7), plot the depth h as function of x at different times.
5.3 This solution has a jump (a discontinuity) at the front. This shows that a new scale must be found to
describe this. Explain then equation (Eq. 8).
5.4 Comment the proposed choice of separated variables and check (Eq. 9)-(Eq. 11).

6.1 As said, solution (Eq. 7) has a jump at the front. Another way to look at this singularity is to reintroduce
the pressure gradient in (Eq. 2) (we looked at this in question Q 1.6 and Q 1.7). This is the right regularisation
process for avalanches as the length of Q 5.3 is small.
Do the analysis and show that the equation (counterpart of Eq. 2 and Eq. 8) with dimensions is now

∂h

∂t
+

g

3ν

∂

∂x
[(sinα− cosα

∂h

∂x
)h3] = 0

6.2 We have a new problem : (Eq. 2) with an extra
∂h̄

∂x̄
with a small parameter in front (if α = O(1)). Explain

that it is a singular problem. Show that the outer problem is the one we have solved with Huppert (Eq. 7).
Introduce the inner problem with a change of scale in x. What is the length of the transition region ? Write
the inner problem. Which matching shall we do ?
6.3 With more algebra the problem can be solved exactly. To your feeling : plot the shape of the front (as
Q.5.1).

After this, from this base flow, Huppert looks at the destabilisation of the front in several ”fingers”, that
is another story...

biblio

http://www.itg.cam.ac.uk/people/heh/Paper49.pdf

https://web.mit.edu/1.63/www/Lec-notes/chap2_slow/2-4spread-mud.pdf
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Laplace, Maison des Examens (et aussi rue Cauchy à Arcueil)
Madame du Châtelet (and Schrödinger Equation by Pierre-Yves Trémois)
Gare du Nord (Equations de Manabe Prix Nobel 2021 avec Hasselmann et Parisi)
Pierre et Marie Curie ligne 7 du métro de Paris,
Place Monge
Réaumur

• correction Ex 2

here there is a trap, x = δx̄ gives by dominant balance δ = ε2

se = DSolve[{e u’’[y] + u’[y] == E^y, u[1] == E, u[0] == 0}, u[y], {y, 0, 1}];

s = DSolve[{u’[y] == E^y, u[1] == E}, u[y], {y, 0, 1}];

Plot[{0, u[y] /. se /. e -> .25, u[y] /. se /. e -> .125,

u[y] /. se /. e -> .05, u[y] /. s}, {y, 0, 1}, Frame -> True,

FrameLabel -> {"x", "u(x)"}]
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Figure 1 –

correction Ex 3
Solution with ε = 0 is y = A cos(πt), and y′ = −πA sin(πt),.
Mean value

< sin2 t >=
1

2π

∫ 2π

0
sin2 tdt =

1

2
< cos2 t >=

1

2π

∫ 2π

0
cos2 tdt =

1

2

hence as the period is now 2, y = A cos(πt), < y2 >= A2/2 and y′ = −πA sin(πt), < y′2 >= π2A2/2
Energy

d

dt
< y2/2 + π2y2/2 >= −ε < y′2 >

y = A cos(πt), < y2 >= A2/2
y′ = −πA sin(πt), < y′2 >= π2A2/2

d

dt
(π2A2/2 + π2A2/2) = −επ2A2

the π disappears
d

dt
A2 = −εA2

...

6



correction Ex 4

Airy
εy′′(x) = xy(x),

WKB expansion
(ε/δ2)S′20 + (2ε/δ)S′0S

′
1 + (ε/δ)S′′0 = x,

so δ =
√
ε et S

′2
0 = x this is the ”eikonale” ( phase)

S0 = ±
∫ x√

|x|dx

next order
S′′0 + 2S′0S

′
1 = 0

writes S′1 = −(1/2)S′′0/S
′
0, c’est aussi S1 = (−1/2)LogS′0 or S′0 =

√
|x| we have S1 = −(1/4)Log|x| solution

is superposition

y(x) = |x|−1/4(C1e
1√
ε

∫ x
√
|x|dx

+ C2e
−1√
ε

∫ x
√
|x|dx

)

C1 et C2 from BC (not given)
For x→∞

Ai(x) = Cx−1/4e−
2
3
x3/2

(on peut montrer par ailleurs C = 1/(2
√
π).

for x→ −∞
Ai(x) = C1x

−1/4 cos
2

3
(−x)3/2 + C2x

−1/4 sin
2

3
(−x)3/2

7



1.1
1.2 air pressure small, density and viscosity of air small, small surface tension... pair/(ρgh0)� 1, ρair/ρwater �
1, µair/µwater � 1, B � 1
1.5 Transverse pressure il large due to a 1/h0, the transverse velocity terms are small (like in BL Theory),
we do a balance with the gravity, so with Π = ρgh0 dominant part of transverse momentum

0 = −(
∂p̃

∂z̃
)− cosα

this gives hydrostatic pressure after integration

p̃ = cosα(h̃− z̃)

1.6 dominant part of longitudinal momentum

0 = −(ρgh0/L)(
∂p̃

∂x̃
) + (ρνU0/h

2
0)(

∂2ũ

∂z̃2
) + ρgα

viscous/ gravity balance (brake/motor) in a small slope sinα ∼ α, but not so small

νU0/h
2
0 = gα

so that

0 = −(ε/α)(
∂p̃

∂x̃
) + (

∂2ũ

∂z̃2
) + 1

if α� ε this is Eq. 1 of paper :

0 = (
∂2ũ

∂z̃2
) + 1

1.7 as cosα ∼ 1 and U0 = gh2
0α/ν, the longitudinal momentum with pressure is

0 = −(ε/α)(
∂h̃

∂x̃
) + (

∂2ũ

∂z̃2
) + 1

if slope is large enough, the pressure term is not present in the equation, as proposed by Huppert and just
seen before. If α ∼ ε, we have the three terms : pressure comes back in the game...

1.8 compare inertia U2
0 /L and viscous νU0/h

2
0, full longitudinal equation is :

(gL3/ν)(h0/L)4dũ

dt̃
= −(ε/α)(

∂h̃

∂x̃
) +

∂2ũ

∂z̃2
+ 1 + ε2∂

2ũ

∂x̃2

jjjjjj



∂ũ

∂x̃
+
∂ṽ

∂ỹ
= 0

Fr2ε5

(
∂ũ

∂t̃
+ ũ

∂ũ

∂x̃
+ ṽ

∂ũ

∂ỹ

)
= −∂p̃

∂x̃
+ (ε2∂

2ũ

∂x̃2
+
∂2ũ

∂ỹ2
)

Fr2ε6

(
∂ṽ

∂t̃
+ ũ

∂ṽ

∂x̃
+ ṽ

∂ṽ

∂ỹ

)
= −∂p̃

∂ỹ
+ (ε3 ∂

2ṽ

∂x̃2
+ ε2∂

2ṽ

∂ỹ2
)− 1.

(1)

Remarquons que le terme Ga = Fr2ε5 = gL3

ν2
ε5
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