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When a horizontal plate vibrates strongly enough, it causes small particles such as sand grains to continually
bounce on it and, over time, to diffuse across its surface. This phenomenon is the cause of the well-known
Chladni figure, which is drawn by a higher density of grains gathering along the nodal lines of a resonating
elastic plate. Using a heterogeneous, nonresonating plate, we investigate experimentally this type of diffusion.
We find that, for the most part, it is comparable to classical molecular diffusion. We can define a temperature for
the bouncing grains, and the system then obeys the fluctuation-dissipation theorem. We also recover Maxwell-
Boltzmann statistics at equilibrium, when temperature is uniform. However, when temperature varies across the
vibrating plate, the microscopic details of the grains’ dynamics affect their macroscopic behavior: Fick’s law, for
instance, no longer applies. Instead, our experiments support a new transport relation that was recently proposed
to represent diffusion in Chladni’s experiment. Finally, we propose an expression for the heat flux associated to

the nonequilibrium steady state predicted by this new relation and test it against observations.
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I. INTRODUCTION

The formation of the Chladni figure—the gathering of sand
grains along the nodal lines of a vibrating plate [1]—has long
been attributed to an average force, of ambiguous origin, that
would deterministically drive the particles [2—4]. The tracking
of individual grains over a vibrating membrane, however, sug-
gests a simpler explanation: The grains are random walkers
which gather where their diffusivity D is weak [5], as first
suggested by Grabec [6].

Perhaps surprisingly, this simple phenomenon cannot be
represented by Fick’s law, which states that the average flux
of particles is

i=-DVp, (1

where p is the average density of particles. In equilibrium,
indeed, the Fickian flux must vanish, and the concentration is
then uniform, regardless of any variation in diffusivity. This
paradox was first noted by Biittiker [7] and Landauer [8] who
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suggested that Fick’s law be replaced with
J=—-V(Dp), 2

under some conditions, which could be those of a rarefied gas
[9-11]. Then, when the flux of particles vanishes, the density
of particles must be inversely proportional to diffusivity:

1

po . 3)

This relation is observed experimentally in Chladni fig-
ures [5]. Sand grains bouncing on a vibrated surface,
therefore, can be seen as a macroscopic analog of the thought
experiment introduced by Biittiker [7] and Landauer [8]—an
analog in which, conveniently, the motion of individual parti-
cles can be experimentally tracked.

Hereafter, we call “statistical equilibrium” the steady state
associated to Eq. (3), in reference to the absence of any par-
ticle flux (j = 0), and in contrast with true thermodynamic
equilibrium, for which the energy flux also needs to vanish.
Biittiker [7] went beyond this statistical equilibrium. He re-
marked that, when combined with a suitable potential force, a
periodic temperature field could sustain a constant current of

©2026 American Physical Society
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particles, thus driving a Brownian motor, now referred to as a
“Biittiker-Landauer (BL) ratchet”—a nonequilibrium steady
state that is not in statistical equilibrium (j 7 0). The analogy
with the Chladni figure implied that a macroscopic version of
the BL motor could be made with bouncing grains. In a com-
panion paper, we present such an experimental realization,
and show that it behaves essentially as predicted by Biittiker
[7]: A constant, average current of particles emerges from the
random bouncing of sand grains [12].

Over the years, the BL motor has attracted the attention of
theoreticians, not only because the development of nanoscale
devices makes its physical realization seem ever more acces-
sible, but also because its thermodynamics is intriguing [13].
The main difficulty in assessing the motor’s efficiency is to
evaluate the leakage of heat along the temperature gradient.
Benjamin and Kawai [14] addressed this issue both theo-
retically and with numerical molecular dynamics, but their
conclusions remain to be experimentally tested—which is
obviously challenging with molecular systems.

Here we use a bouncing-grain experiment to investigate the
statistics and thermodynamics associated to Eq. (2). The setup
is the same as in the companion paper [12], but hereafter we
focus on the steady state associated to Eq. (2), wherein neither
particle current nor external force complicates the picture. It
is thus a simpler system than the BL motor, but it nonetheless
features the heat flux that dominates the energy balance of the
motor. On a more conceptual level, this heat flux also keeps
the system away from thermodynamic equilibrium, even when
the particle flux j vanishes, and thus directly relates to the
departure from Boltzmann’s statistics that the Chladni fig-
ure requires.

We first consider the trajectories of the bouncing grains,
and check classical results from statistical physics, such as
the Maxwell-Boltzmann distribution of velocities and the
fluctuation-dissipation relation (Sec. II). We then justify the
use of Eq. (2) to represent the diffusion of grains bouncing
over a heterogeneous substrate (Sec. III), and finally measure
the heat flux associated to the statistical equilibrium of bounc-
ing grains by tracking their individual trajectories (Sec. IV).

II. BOUNCING GRAINS

A. Experimental setup

Inspired by the historical experiments of Chladni [1], and
more recent versions of it [5,6], we devise a setup in which the
vertical vibration of a plate causes irregular quartz grains to
bounce erratically [Figs. 1(a) and 1(b)]. The grains thus roam
across a horizontal disk (radius R = 3.9 cm), made of rigid
PVC and bounded by a 2 cm-high PMMA wall which confines
the grains over the disk. The surface of the disk is either sim-
ply painted green, and thus remains hard, or machine tooled
with a milling machine to carve a 1 mm-deep groove into
which vinyl polysiloxane (VPS), a soft elastomer, is molded
(pink area in Fig. 2). This groove can cover the entire surface
of the disk [Fig. 2(a)], be absent [Fig. 2(b)], or cover only
a small rectangle [heterogeneous substrate, Fig. 2(c)]. This
allows us to alter the bounciness of the substrate, and thus
cause the grains to behave differently over different areas of
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FIG. 1. (a) Experimental setup. The disk vibrates along the z
axis. The setup can be tilted by a few degrees around the x axis.
Quartz grains bounce randomly over a hard plastic surface (green,
PVC), or a soft silicone polymer (pink, vinyl polysiloxane). (b)
Still frame from an experimental movie (run C). Dashed white lines
show the grains’ trajectories during 1.5s (75 frames). (c) Idealized
representation of the bouncing grains. Their trajectory during a jump
is a free fall (dashed lines).

the vibrating disk. To keep the grains from sticking on the
elastomer, we cover all disks with Parafilm M.

The PVC disk is fixed on a vertical aluminum shaft, the
motion of which is constrained by two translating positioners
that can only move along an optical rail. The verticality of
this translation device, and therefore the horizontality of the
vibrating disk, can be adjusted manually with a three-axis
rotation stage. A disposable plastic cup connects the lower
end of the shaft to the membrane of a bass loudspeaker (8 €2),
which is driven by a function generator (Hameg HM8030-6)
through a 40 W amplifier (Kemo M034N). The typical vibra-
tion frequency v is between 30 and 40 Hz.

The particles we deposit on the vibrating plate are sand
grains, mostly made of quartz, sieved into size classes (Ta-
bles I and II). For each experimental run, we introduce a
small number of grains (five to ten) from a single class. The

(a) (b)
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FIG. 2. The three substrates used in the experiment. (a) Soft elas-
tomer (pink, VPS). (b) Hard plastic (green, PVC). (c) Heterogeneous
substrate.
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TABLE I. Experimental parameters for the first series of experiments. The substrate is heterogeneous [Fig. 2(c)]. The corresponding data
are used in the companion paper [12]. The vibration amplitude, which is constant during each run, was not recorded for this series. Brackets
indicate sieve size for d;. Numbers in gray indicate difference between autocorrelation and dispersion for D, and standard deviation, computed

over a series of movies, for vy;.

Run A B C D E F G H
Frequency v [Hz] 30.6 30.4 29.8 29.8 40.6 40.6 30.4 29.8

Grain size d,; [mm] [5,5.5] [2.5, 4] [4, 5] [2,2.5] [4,4.5] [3, 4] [2,2.5] [2,2.5]
Tilt range ¢ [deg] [-1.6, 1.6] [-009, 1.3] [-1.5,1.7] [-1.0,1.1] [-2.1,1.2] [-1.5,1.8] [-1.0,1.2] [-0.9, 1.2]
Number of movies 60 30 60 30 20 30 30 30
Diffusivity

Dharg [cm? s 2.3 £0.7 2.9 +£0.5 1.8 £0.8 1.8 £0.6 09 £04 1.4 £0.3 23 +£03 2.8 £0.7
Dios [cm?s71] 4.4 +3.2 3.9 £3.1 54 +£3.7 35 £22 33 +£1.7 3.8 £2.1 3.0 £2.0 46 +29
Horizontal velocity (RMS)

Vrms, hara [cM s™!] 10.5 £3.1  10.7 £2.0 9.0 £4.6 9.2 £3.3 6.8 +2.4 84 +£3.6 99 £1.6 11.3 £3.5
Vs, soft [cm s7] 146 £32 12.8 £3.0 145 +£4.0 122 £1.9 11.7 £34 119 +£34 114 £2.6 139 +£2.6

variability of their size is reported in Tables I and II as the
mesh size of the two sieves in between which the grains of
a given class are collected (except for runs I, L, M, and N,
for which the grains were hand-picked, and their size esti-
mated from pictures). The grains’ roughness causes them to
bounce in random directions—by contrast, smooth beads tend
to maintain their direction over a few jumps. As they bounce
over the vibrating plate, the grains typically jump up to a few
millimeters above the plate’s surface, but we did not measure
this height directly.

We used a top-view camera (Canon EOS 600D) to record
the horizontal trajectories of the grains with a series of one-
minute-long movies at a frame rate of 50 Hz, which is just fast
enough to keep a clear view of individual grains [Fig. 1(b)].
The camera is controlled with the Linux library gPhoto2 [15].
It records images of size 1280 x 720 px, which corresponds to
a spatial resolution of 0.14 mm px~! on the vibrating surface.
The grains appear as whitish over a green or pink background,
and we can thus use the saturation of the image as an indica-
tor of the grain’s presence. After smoothing numerically the
saturation frame over a distance of one grain size (Gaussian
filter), the grains’ centers appear as clear maxima. To track in-
dividual grains, we need to keep their number low enough that
their identity from one image to the next remains unambigu-
ous (about 5 grains for each experiment in practice). Then,
we finally use the Munkres algorithm of the scikit-image
Python library to reconstruct the trajectories of every grain for
the duration of a movie [dashed lines in Fig. 1(b)] [16-18].

Trajectories are broken when two grains come close to each
other, but these events are rare enough to leave us with many
long trajectories. These data are freely available online [19].

Finally, the loudspeaker, vibrating plate and camera are
all fixed on a vertical rectangular frame held by two hinges
which can rotate about the x axis of Fig. 1(a). A stepper
motor (Zaber NM23A200), controlled by an Arduino Motor
Shield, turns a micrometric screw which pushes the frame
away from the vertical, and thus tilts the vibrating disk with
respect to the horizontal. We digitally record this tilt with a ca-
pacitive inclinometer (Meiri ME 26410), the output of which
is converted numerically at a resolution of 0.01° (Microchip
MCP3424). This inclination adds a tunable potential force to
the grains’ dynamics, which makes this setup suitable to run a
BL motor [12]. Here, we will use this feature only to measure
the mobility of the bouncing grains.

During a typical experiment, we start the function gener-
ator, and observe the motion of four or five grains over the
vibrating disk. We increase the vibration amplitude until the
grains start to move randomly (when the amplitude is too low,
the grains appear to hover smoothly over the disk’s surface
[3]). We then check with the naked eye that the grains’ density
is symmetric about the rotation axis of the frame (x axis),
which allows us to finely tune the tilt of the disk and find
its horizontal position. This manual procedure gave us better
results than trying to find the zero of the inclinometer. We then
record the number of movies we wish to use for these exper-
imental conditions (typically a series of five movies, with a

TABLE II. Experimental parameters for the second series of experiments. The substrate is either soft or hard, but always uniform [Figs. 2(a)
and 2(b)]. The disk was kept horizontal for these runs, and vibrated at a frequency of 30 Hz. The vibration amplitude was varied, diffusivity
and root-mean-square velocity changed accordingly. Brackets indicate sieve sizes for d;, whereas gray numbers indicate size variability for

hand-picked grains.

Run 1 J K L M N
Substrate hard soft hard soft hard soft
Grain size d; [mm)] 1.5 £0.2 [2.5, 4] [2.5, 4] 6 £0.6 6 +£0.6 1.5 £0.2
Number of movies 41 24 55 42 41 50
Acceleration range Aw?/g [1.6,2.7] [1.4,2.1] [0.8,2.7] [1.3,2.5] [1.7,2.9] [1.5,1.8]

025420-3



O. DEVAUCHELLE et al.

PHYSICAL REVIEW E 114, 025420 (2026)

30s pause between them). Finally, we change the vibration
amplitude or tilt, and repeat.

In the present paper, we use two distinct series of exper-
iments. During the first series (runs A to H, Table I, also
used in the companion paper [12]), we did not measure the
vibration amplitude A, but it remained visibly less than 1 mm.
These runs featured a heterogeneous substrate, as shown in
Fig. 2(c), over which the statistical equilibrium we investigate
in the present paper can establish itself. The setup was tilted to
different angles, and the combination of a heterogeneous sub-
strate and an external force formed a BL motor—the subject
of the companion paper [12]. Here, we use this external force
only in Sec. IID, to measure the mobility of the bouncing
grains.

Runs I to N (Table II), by contrast, were specifically
devised for the investigation of the grains’ microscopic dy-
namics. They were made on a homogeneous substrate [hard
or soft, Figs. 2(a) and 2(b)], which allowed better diffusivity
measurements, especially over the soft polymer which, in runs
A to H, extended only over a small area. The vibrating disk
remained horizontal in runs I to N, and we also affixed a dig-
ital accelerometer on the vibrating disk (Joy-It MMA8452Q)),
and measured the vibration amplitude to be typically about
A ~ 0.5 mm (Table II). The dimensionless acceleration of the
plate, Aw?/g where w = 2mv is the angular frequency and g
is the acceleration of gravity, was thus of order one in all our
experiments. This combination of amplitude and frequency
was set by trial and error but, in retrospect, it can be justified
as follows. If the dimensionless acceleration is less than one,
the grains do not leave the plate, and the diffusivity vanishes.
Conversely, far above this threshold, the diffusivity depends
only weakly on the type of substrate [5], thus impairing the
heterogeneity we are after.

In the next section, we introduce a simple model to rep-
resent the motion of the bouncing grains, and test it against
these two data sets.

B. Ballistic trajectory and random walk

When the vertical acceleration of the vibrating plate ex-
ceeds that of gravity (Aw? > g), the grains start bouncing over
its surface, in a fashion that is similar to what happens in a reg-
ular Chladni experiment [5,6]. To the naked eye, the frequency
of their bouncing is lower than that of the vibrating disk, and
their horizontal motion seems erratic. The latter is confirmed
by particle tracking [Fig. 3(a)]: The horizontal trajectory of a
grain is irregular and, over time, seems to explore the entire
disk over which it is confined.

To ground this observation in measurements, we compute
the mean-square displacement of a collection of trajectories,
namely

o = (Ix — xoll*), 4

where x is the position of a grain at a given time, Xy its
position at the onset of its trajectory, and (-) is the ensemble
average, which we approximate with the average over our
data set. To mitigate the influence of the walls, we cut each
trajectory wherever it comes too close to a wall, and treat
the resulting pieces as independent trajectories. The square
displacement o2 is averaged over many trajectories, and we
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FIG. 3. (a) Examples of trajectories over hard and soft disk
(runs L and M, f = 30Hz, d, = 6 mm, dimensionless acceleration
Aw?/g = 1.6 and 1.9, respectively). (b) Average dispersion o2 of
trajectories with time (dots). Dashed lines show linear fits with
slope 4D. Hard: D = 9.6cm?s™!; soft: D =20.2cm?s™!. Dotted
gray line indicates box size R”. (c) Autocorrelation function of
the grains’ velocity (dots). Dashed line shows exponential fit, with
amplitude from Eq. (5). Hard: D = 8.8cm?s™!, 7, = 0.049s; soft:
D=199cm?s7!, r, = 0.073s.

can plot it as a function of its duration ¢ [Fig. 3(b)]. As
expected, the square displacement grows with time, and this
growth becomes linear after about 0.05 s. Beyond about 0.2 s,
however, the displacement becomes comparable to the box
size [dotted line in Fig. 3(b)], and our measurements become
meaningless beyond this point.

We interpret the linear regime as the signature of a random
walk, and therefore the slope of this relation as a measure-
ment of the corresponding diffusivity. For run M, for instance,
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we find D = 9.6cm?s™! over a hard substrate. For compar-
ison, run L is made under similar circumstances, but over a
soft elastomer disk; we then find D = 20.2 cm? s~'—about
twice the diffusivity over the hard substrate. Diffusivity also
depends on grain size and plate acceleration, but we will not
investigate these dependencies here (Appendix A).

If the random-walk interpretation is correct, then the faster-
than-linear growth of the square displacement that occurs
before the linear regime corresponds to the ballistic regime,
that is, to the free trajectory of a grain before it hits the
substrate. Accordingly, we expect that the correlation time 7.
of a trajectory be comparable to the crossover time between
these two regimes.

To check this, we now compute the autocorrelation func-
tion of the horizontal velocity, «a(t) = (v(t) v(0)), and plot
it as a function of time [Fig. 3(c)]. We find that it can be
represented by an exponential decay, at least for a correlation
time of less than about 0.1s. The characteristic time of this
decay is 7. = 0.049s for run M (0.073 s for run L), which
is comparable to the cross-over time visible in Fig. 3(b). For
completeness, we now use the autocorrelation function to
estimate again the diffusivity, by invoking the Green-Kubo
relation:

D— /oooz(t)dt. 5)
0

For run M, for instance, we find D = 8.8 cm?s~! with this
method, to be compared with D = 9.6 cm?s~! from the linear
fit of the dispersion as a function of time [Figs. 3(b) and 3(c)].
We generally obtain values differing by less than 10 % from
the dispersion measurements, which indicates that, over a flat
uniform surface, bouncing grains diffuse randomly. Based on
the decorrelation time of their random walk, we expect that
their jumps typically last a few hundredths of a second.

We now wish to interpret these observations within a sim-
ple theoretical framework, in which we will favor clarity over
exactness. In particular, we assume that the randomness of
the grain’s motion is limited to its rebounds, during which the
roughness of its surface diverts it from their initial horizontal
course. In between jumps, accordingly, we expect its trajec-
tory to follow a ballistic parabola. The duration 7 of a jump of

height 4 then reads
2h
T=2/—. (6)
8

Interpreting the autocorrelation decay time 7, as the typical
jump duration t, this expression yields a bouncing height of
h ~ 3 mm. This order of magnitude matches the estimate that
one can make with the naked eye.

Based on the same assumptions, the horizontal extension £
of a step is

L=vr, @)

where v is the norm of the grain’s horizontal velocity. In our
simplistic model, this velocity is a constant, but of course in
practice it varies from one bounce to the next. To get a sense
of scales, we will later identify it with the root-mean-square
velocity we measure in experiments, but this will only be
a rough approximation. Returning to the model, we neglect
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FIG. 4. Velocity distribution over a uniform substrate (runs L
and M, f = 30Hz, d, = 6 mm, dimensionless acceleration Aw?/g =
1.6 and 1.9, respectively). Colors correspond to type of sub-
strate. Bars: experimental probability distribution. Dashed lines:
Maxwell-Boltzmann distribution with the same root-mean-square
value (vms = 26.1cms™! over the soft substrate, and 20.6 cms™!
over the hard substrate).

the friction of air, and accordingly assume that energy is
conserved as long as the grain is detached from the plate. We
can thus relate the vertical velocity of the grain at the onset of
a jump to the height £ of that jump:

22h
v =Y ®)
tan 6

where 6 is the initial angle of the trajectory with respect
to the horizontal [Fig. 1(c)]. We do not expect any specific
value for the angle 6 based on general principles; we rather
expect it to depend on microscopic details such as the shape
of the grains. Despite its mundane origin, this angle deter-
mines the partition of energy between vertical and horizontal
directions—equipartition requires 6 = 45°.

Overall, Egs. (6) to (8) leave us with two free parameters:
The bouncing angle 6, which we cannot measure directly, and
the horizontal velocity of a grain v, which we can measure
with particle tracking. We do so in the next section.

C. Maxwell-Boltzmann distribution

Using the trajectories resulting from the grain tracking
procedure, we can compute the horizontal velocity v of a grain
between two camera frames. The frame rate of the camera
is accurate, so the uncertainty of this measurement stems
from the grains’ position only. The latter is of the order of a
pixel, which yields an uncertainty of about 1 cms~!. Figure 4
shows the distribution of the grains’ velocity for experimental
runs L and M. We find that these distributions are broad
and, within the uncertainty of our measurements, they are
well represented by a two-dimensional Maxwell-Boltzmann
distribution, that is

2v _ 2
Oy = vz e (v/Vrms) , (9)

rms
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where vy = +/(v2) is the root-mean-square of the horizon-
tal velocity, measured for all the movies in an experimental
run that were shot with the same vibrational acceleration.
In other words, like in an ideal gas, the probability density
of a grain in the two-dimensional velocity space decreases
exponentially with its kinetic energy. Under otherwise sim-
ilar conditions, the grains are faster over the soft substrate
(Vims &~ 26.1cm s™!) than over the hard disk (20.6cm s™1). In
that sense, they are more energetic over the elastomer, as one
would intuitively infer from their higher diffusivity (Sec. II B).

Invoking the energy balance during a jump, in the form of
Eq. (8), and identifying the horizontal velocity of our sim-
ple model with the root-mean-square velocity, we find that
the bouncing angle is about 6 ~ 50° on the hard substrate
(Abramian et al. [5] measured 53° in their Chladni experi-
ment). We will get another estimate of this angle in Sec. II D,
but this value is certainly compatible with direct observation
of our bouncing grains.

D. Temperature

We now turn to the randomness associated with a grain’s
bouncing. We hypothesize that a grain loses memory at each
bounce, and that it takes off from the vibrating plate in any
direction with equal probability. Projected on the vibrating
plate, that is, on the (x, y) plane, the trajectory of a grain is thus
a two-dimensional random walk with a correlation time ,
and a characteristic step size £ = vt. On average, this random
walker diffuses over the plate with diffusivity

2 vitanh
D=—= : (10)
4t 2g
We can test this expression with experimental grain trajecto-
ries, assuming that all its parameters are constant, including
the bouncing angle 6.

To do so, we use experimental runs A to H, wherein the
grains bounce over a heterogeneous substrate. This allows us
to measure the diffusivity D and the root-mean-square veloc-
ity vrms over the two substrates at exactly the same vibrational
acceleration, provided we distribute the data into two bins
corresponding to the hard and soft substrates. In addition, we
changed the tilt angle of the substrate for these runs, and this
will allow us to measure the mobility in the same runs.

Identifying the constant velocity of the model, v, with the
root-mean-square velocity that we measure in experiments,
Urms, We find that diffusivity consistently increases with ve-
locity in runs A to H [Fig. 5(a)]. The associated relation
is compatible with an exponent of 3 (a least-squares fit in
log-log space yields an exponent of 3.3 4= (0.5). Assuming the
exponent is indeed 3, we can fit Eq. (10) to the data, and
we thus find a bouncing angle of 6 &~ 75° £ 6°. This value
is significantly different from the estimate of Sec. II C.

Here we face the limitations of our order-of-magnitude
model. The bouncing angle 6 and the velocity v vary from
one bounce to the next, and should be thought of as random
variables. Their mean or root-mean-square values, therefore,
cannot be directly injected into Eqs. (8) and (10)—hence
the discrepancy between the two estimates. A better model
wherein each parameter has its own distribution can be envi-
sioned, but our experimental setup gives us no access to the
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FIG. 5. Empirical evaluation of the bouncing-grain model
(Sec. II, runs A to H only). (a) Diffusivity as a function of root-
mean-square velocity. Dashed line: Eq. (10) with a bouncing angle
of 6 = 75° (fitted to data). (b) Mobility as a function of root-mean-
square velocity. The product mu is independent of the mass m of a
grain. Dashed line: Eq. (11) with 8 = 75°. (c¢) Fluctuation-dissipation
relation. Dashed line: one-to-one relation, Eq. (12).

angle 6, and such a model would therefore be overkill. About
the bouncing angle, we can only say with some confidence
that its tangent is of order one. Unfortunately, this leaves
us without any definitive answer about the equipartition of
energy between the horizontal and vertical directions, which
we cannot rule out. We would find it surprising, however,
that equipartition be always satisfied, thus fixing the bouncing
angle to 45° regardless of the grains’ shape and the type of
substrate.

To further the comparison with microscopic thermody-
namics, we now investigate the inseparable companion of
diffusivity—mobility. If a horizontal force f acts upon a grain
of mass m, then the latter will accelerate in response to the
force as long as it is detached from the plate. Over the duration
t of its flight, it acquires an additional velocity equal to ft /m.
Since we assume that, at each bounce, the grain’s velocity is
reset to zero, the acquired velocity averages over the duration
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FIG. 6. Measurement of mobility in the experiment. (a) Exam-
ples of truncated trajectories, all starting near the y = O line, and
split into two subdomains corresponding to hard and soft substrates
(run C). Each trajectory starts from the dot. (b) Average velocity of
the truncated trajectories as a function of the tilt angle for run C. For
each domain (soft and hard) the data are distributed into nine bins and
averaged therein. Error bars show standard deviation. The slope of
the linear fit to the data is an estimate of the mobility u (dashed lines).
We find mgu = 52cms™! over the soft pad, and mgu = 43 cms™!
over the hard disk.

7 of a flight to ft/(2m). Defining the mobility px of the grain
as the ratio of this velocity to the force that induces it, we find

T v

We can measure the mobility by applying a force on bouncing
grains, and then track their trajectories. The ratio of the aver-
age velocity of a grain to the intensity of the force that drives
it is the mobility.

To generate a horizontal force, we tilt the vibrating sub-
strate with respect to a horizontal, and measure its angle (runs
A to H). As arough estimate of the average velocity (v,) along
the y axis (the direction of the force), we first distribute the
trajectories into two subdomains, namely the soft pad, and a
circular domain of similar area over the hard disk [Fig. 6(a)].
We now need to perform a Lagrangian measurement of the

velocity (as opposed to the average velocity of a population
of grains considered in a fixed domain). This measurement is
valid only away from any boundary.

To get a Lagrangian average, we truncate the trajectories
where they cross the x axis, and then where they leave the
domain of interest. Finally, we average the velocity over those
truncated trajectories, and plot the resulting value as a function
of the tilt of the plate [Fig. 6(b)]. The data appear scattered
around a linear trend, the slope of which is an estimate of
mobility (actually, an estimate of mgu).

We are now ready to test Eq. (11) against experiments
provided, again, that we identify the typical velocity of a grain
v with the root-mean-square velocity vi,s. We then plot the
product mu as a function of the root-mean-square velocity
[Fig. 5(b)]. No free parameter remains at this stage, and we
can directly plot the linear relation of Eq. (11) on the same
plot. For a bouncing angle 6 = 75°, this expression appears
compatible with the data, despite a large scatter. For unknown
reasons, run F (soft substrate) appears as an outlier.

Finally, following classical convention, we define the
macroscopic temperature k7 as the ratio of diffusivity to
mobility:

D mv?
kT = — = —. (12)
" 2

Unsurprisingly, in the present theory, the macroscopic temper-
ature of our bouncing grains is just their kinetic energy in the
horizontal plane. This was to be expected for such a simple
model; we now test this relation against observations.

Using the grains’ trajectories, we estimate independently
their diffusivity D, their mobility p and their mean-square
velocity v2 . Identifying the latter as the temperature (up to
an m/2 coefficient), we can test the fluctuation-dissipation
relation, in the form of Eq. (12), without any reference to the
bouncing angle [Fig. 5(c)], nor to any other fitting parameter.
Again, we find a large scatter around the line corresponding
to the exact relation, with run F still an outlier—the result,
perhaps, of our fragile measurement of the mobility.

Overall, however, the data appear to accord with the
fluctuation-dissipation relation. This allows us to consistently
define a macroscopic temperature, either as the ratio of dif-
fusivity to mobility, or as the average kinetic energy of the
grains (in the plane of the vibrating substrate). In that sense,
the bouncing grains are a sound analog of molecular ther-
modynamics; they might prove useful, for instance, for the
teaching of elementary statistical physics. Their macroscopic
size, and the simplicity of the setup, might foster a developing
intuition for thermodynamics.

The analogy with molecular thermodynamics, however,
cannot be pushed too far. As we will see in Sec. III, indeed,
it breaks down when the temperature is not uniform—and the
diffusion law is at the core of this breakdown.

IIL. ITO DIFFUSION

A. Non-Fickian diffusion

So far, we only considered a random walk over a uniform
substrate. Although we did use data from heterogeneous ex-
periments, we split it into two substrate classes and treated
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these classes independently. We now investigate in detail the
behavior of bouncing grains over a heterogeneous substrate
[Fig. 2(c)]. Their diffusivity is now a function of space, and
so is the temperature, since the two quantities are related by
Egs. (10) and (12), which we can recombine into

ir = (8P ” (13)
T 213\ tan#@ '

We thus exit the realm of thermodynamic equilibrium.

In the present paper (and its companion [12]), we follow
Abramian et al. [5] and claim that Eq. (2) is a better repre-
sentation of the diffusion of bouncing grains than Fick’s law
(1). Although a formal derivation of this expression from first
principles (i.e., from Newton’s laws) is outside the scope of
the present paper, we support this claim with three arguments.
Namely, (i) the inevitability of Eq. (2) for an explicit, unbiased
random walk [10,20,21]; (ii) the notion of bouncing, which
implies that the external noise acts intermittently, at the onset
of each jump (Sec. II); (iii) the heterogeneity of the statistical
equilibrium reached in experiments, to which we now turn.

If Fick’s law (1) were to hold on a heterogeneous substrate,
then the grains would distribute themselves uniformly in sta-
tistical equilibrium (j = 0). Instead, Eq. (2) yields

_(p)aD)y _ (D)

D 7R
at statistical equilibrium, where (-), is the harmonic average
over the vibrating disk, whereas (-), is the arithmetic average.
Both are space averages, and (p), = 1/A, where A is the
area of the domain. Telling the two theories apart is now
straightforward—one simply needs to measure the density of
the bouncing grains in an experiment at statistical equilibrium,
and plot it as a function of diffusivity. Figure 7 leaves no

(14)

ambiguity as to which theory better accounts for observations
[Eq. (14) requires no fitting parameter, and Fick’s law predicts
pR? = 1].

In the next section, we investigate the difference between
Eq. (2) and Fick’s law, and the microscopic origin of these
relationships.

B. Drift

To underline the peculiarity of Eq. (2), we momentarily
turn to numerical simulations. As it turns out, the simulation
of a random walk that obeys Eq. (2) is simpler than one that
yields Fick’s law. One simply needs to use a random generator
whose standard deviation depends on the current position of
the walker, add its output to the walker’s position, and repeat.
Mathematically, one then simulates an explicit, unbiased ran-
dom walk [10]—in mathematical terms, a martingale.

Figure 8 shows the results of such a simulation in one
dimension. For illustration, we choose a step length that varies
with the position x of the particle according to

£ =,1-=09sin2mx); (15)

so that diffusivity, D = 02 /(2t), depends sinusoidally on
space [we assume that the time step is constant, Fig. 8(a)].
The simulation is made periodic, and thus x is confined to the
interval [0,1]. Starting with a uniform distribution of walk-
ers, we find that they quickly gather around the diffusivity
minimum, and their distribution then reaches a heterogeneous
steady state [Fig. 8(b)].

To put Eq. (14) to the test, we simply compare the (nor-
malized) equilibrium distribution of the walkers with (D), /D,
which is a function of x [dashed line in Fig. 8(b)]. This
expression matches the numerical distribution, thus showing
that this simple simulation behaves like bouncing grains.

As the grains gather around the diffusivity minimum, their
center of mass shifts. By definition, its position is (x), where
() is the ensemble average (formally, (-) = (p -), when the
system is ergodic). Initially, the grains are uniformly dis-
tributed over the domain, that is, (x) = 0.5. As steady state
is reached, this position shifts to

_ [x/Ddx

W= Dax

~ (0.322, (16)

when steady state is reached, as visible in Fig. 8(c). This
observation is just a direct consequence of Eq. (14) but, when
looked upon from a slightly different perspective, it can prove
illuminating.

To see this, let us now release the walker from the domain
[0,1] and assume, instead, that it roams through an infinite, pe-
riodic diffusivity field, still defined by Eq. (15). One can think
of a grain bouncing on an infinitely long, one-dimensional
Chladni plate. As it turns out, the numerical simulation of this
problem is exactly the same as before, only without folding
the particle’s position over a single period when we calculate
its average position. We then find that the mean position (x)
of the particle does not change [Fig. 8(c)].

This apparent paradox is yet another way to distinguish
Eq. (2) from Fick’s law. Based on the former, indeed, the
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effective diffusion, Eq. (20).

Smoluchowski equation reads
ap 9’
at x>

to which we need to adjoin boundary conditions. In the case

of a walker in an infinite domain, the probability density and

current vanish at infinity—provided the initial distribution is
compact. Therefore, the average position of the particle reads

(Dp), a7)

a(x) / 32

— = x—(Dp)dx = —[Dp]>, =0, 18
” N a2 ) [Dp]Z, (18)

where we have integrated by parts the first integral. This result

accords with our simulation, but it contrasts with Fick’s law,

which induces a finite drift in a heterogeneous diffusivity field
(Appendix B).

In the simulation presented here, the length of a step de-
pends only on the walker’s position at the onset of the jump. A
direct consequence of this fact is that, at the onset of each step,
the walker can go either left or right with the same probability,
and with the same step length and velocity. Therefore, in the
absence of any external force, its average position at step i + 1
is the same as at step i—the definition of a martingale. Unless
some boundary is reached, therefore, the average position
of a grain cannot change [Fig. 8(c), dark blue line]. In that
sense, this process appears as the natural generalization of a
random walk for heterogeneous diffusivity (we will mitigate
this statement in Sec. III C).

By contrast, when we introduce periodic boundaries in
Eq. (18), the integration by parts yields finite constants which
allow the average position of the particle to drift [Fig. 8(c),
light green line]. This is because the initial distribution,
mapped on an infinite periodic domain, now extends to
infinity—it is not compact any more.

Returning to the infinite domain, we note that, although
the average position of the walker does not change, it still
disperses as diffusion goes on. Using again the Smoluchowski
equation (17) to get the variance of the particle’s position, we
find

9 2 o0 32
% _ / 2 (Do)dx
ot oo OX2
. (19)
:2/ Dpdx = 2(D).

oo

Once the walkers have diffused over many periods of the dif-
fusivity field, we may assume that their distribution is locally
close to the equilibrium distribution (3). Accordingly,

ol ~ 2(D)t (20)

and the effective diffusion coefficient is (D). This expression
accords with numerical simulations [Fig. 8(d)], and with the
general treatment of this problem recently proposed by Gior-
dano and Blossey [22]. The fact that the effective diffusivity
is the harmonic mean of diffusivity is yet another signature of
the special kind of diffusion that Eq. (2) stands for.

This problem is reminiscent of a travel at varying veloc-
ity, the duration of which involves the harmonic mean of
the velocity. Because the harmonic mean is always less than
the arithmetic mean, the fastest diffusion of bouncing grains
happens for uniform diffusivity, just like constant speed makes
for the fastest travel. Conversely, introducing heterogeneity in
the diffusivity creates traps which slow down the diffusion of
the walker.

C. Markov chain

We now treat the bouncing of a grain explicitly as a discrete
Markov process, wherein the length and duration of a jump
depend only on the grain’s starting position; in that sense, it
is explicit. In one dimension and setting the initial position to
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x = 0, we may thus write, for N steps,

N
Xy =y x)w;, 1)
i=1

where w; is a random variable of vanishing mean and vari-
ance unity, which is independent of the grain’s position. For
illustration, we choose here w; = £1. Because the length of
a jump depends only on the position x;, and not on its next
position x;, 1, this sum converges to an Itd integral in the limit
of infinitesimal jumps. For this reason we hereafter refer to
this process as “Itd diffusion.”

By referring to an It6 process, we implicitly contrast it with
the Stratonovich integral, a discrete version of which would
read

N
iy = Z w w;, (22)
i=1

and with the anti-It6 integral—sometimes called “isothermal”
or named after Hinggi [23]—which reads

N
= L) wi. (23)

i=1

Both the drift-free Stratonovich and anti-It6 sums immedi-
ately appear unsuited to the random bouncing of a grain: How
would the grain know on which substrate it will land at x;;,
before hitting it [24]? (In the continuous limit, however, both
yield legitimate descriptions of different microscopic dynam-
ics.) This question is of little relevance when the diffusivity
is uniform, as the three sums—Itd, Stratonovich, and anti-
Ito—converge to the same integral when the characteristics
of the steps are uniform. However, when these characteristics
depend on space, choosing Eq. (21), Eq. (22), or Eq. (23)
changes the macroscopic diffusion process, even in the limit
of a vanishing step length [10]. The It6 integral yields Eq. (2),
whereas the anti-Itd one corresponds to Fick’s law. As for the
Stratonovich integral, it lies in between the two, and yields
j= —/D V(\/B,o). Van Kampen [[25], p. 231] noted that
this point, although well established mathematically, often
remains a source of confusion.

We now return to Eq. (21), which defines the displacement
of the grain, and complement it with its counterpart in time,
namely,

N

ty = Z T(x;), (24)

i=1

where ty is the duration of the trajectory. This expression,
again, corresponds to an Itd process. An unusual fact about it
is that, if the step duration 7 is not constant, then the number
of steps NV at a given time depends on the grain’s trajectory—a
consequence of Egs. (21) and (24) being discretized in terms
of individual bounces.

Let us first check that, on average, the grain does not move.
By definition,

N

(ov) = Y (L) wi), (25)

i=1

and, since w; is uncorrelated with the grain’s position,
(€xp) wi) = (£(x;)) (w;) = 0. (26)

Thus, for a fixed number of jumps N, the mean displacement
(xny) vanishes. It is not obvious, however, that this result holds
for a fixed physical time ¢. Because t varies from one jump
to the next, indeed, the total number of jumps N depends on
the trajectory, according to Eq. (24). The above derivation,
however, can still serve as a heuristic explanation of why
the mean position of an isolated Itd random walker does not
change, as per Eq. (18).

As is customary for a random walk, we can also compute
the variance of the grain’s position:

where the cross terms vanish because the conditional mean
of the increments vanish (they are orthogonal in expectation).
We now introduce the time step in the above sum:

N

(%) = 2<Z D(x,->r<x,->> =2(Dty), (28)

i=1

where an overlined quantity is time-averaged over a trajectory.
Again, this equation is exact for a fixed number of steps, but
its validity when the physical time is fixed is unclear. In the
continuous limit, however, In the continuum limit, however,
one expects Eq. (28) to become (x%(¢)) = 2¢(D), which is the
time-integrated form of Eq. (19).

Because they introduce a correlation between the size of
a step and its end point, neither the Stratonovich sum (22)
nor the anti-Itd one (23) yield Egs. (25) and (28)—just like
Fick’s law did not yield Egs. (18) and (19) in Sec. IIB.
Instead, although this is less straightforwardly to show, only
the anti-Itd formulation yields Fick’s law, and therefore the
moments associated to it [10,25,26] (Appendix B). The above
discussion thus supports the use of Eq. (2), which corresponds
to It6 diffusion, rather than Fick’s law, to represent the diffu-
sion of bouncing grains. The reason for this is that we can
fairly represent the random walk of a bouncing grain as an
explicit, unbiased process, wherein the noise manifests itself
only when the grain hits the substrate, and vanishes while it is
aloft.

The interpretation we propose thus departs from the con-
ventional view that choosing the Itd, Stratonovich or anti-1t6
formalism is just a matter of mathematical convenience, since
an additional drift term turns one into the other. Instead,
following Van Kampen [[25], p. 236] and Volpe and Wehr
[10], we prefer to interpret these formulations as the con-
tinuous limits of distinct microscopic models that represent
different physics. The drift term that distinguishes one from
the other then takes on a physical meaning, and expresses
itself visually in Chladni’s experiment. From this perspective,
bouncing grains are an instance of It6 diffusion, because the
random impulse occurs at takeoff, and then fully determines
the subsequent displacement.

This interpretation, hopefully, clarifies the debate between
Tailleur and Cates [27], who concluded that Eq. (2) could not
describe a random walk, and Schnitzer [28], who treated the
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same equation as a possible representation of heterogeneous
diffusion. The first authors, indeed, used a continuous mech-
anism to represent random walks, in which the probability of
moving or stopping was a function of the current particle po-
sition, thus excluding the possibility of Itd diffusion, wherein
the particle carries the memory of its last jump over to the next
bounce.

At this stage, it might be instructive to return to the con-
clusions of Sec. III B, and consider again the generality of
Itd diffusion which, after the above, might appear as the
unbiased—and therefore natural—generalization of homoge-
neous diffusion [29]. There is, however, no one-size-fits-all
generalization. Brownian particles, for instance, are known to
follow Fick’s law, even when their diffusivity is heterogeneous
[30]. If their motion is to be modeled with an overdamped
random walk, therefore, it ought to be with the anti-Itd integral
[10]—unlike bouncing grains. In other words, the 1t6 diffusion
model presented here cannot represent Brownian particles in
contact with a thermal bath, whose overdamped dynamics
must relax to the Boltzmann distribution.

IV. HEAT FLUX

In the absence of any external force, bouncing grains gather
in places of lesser diffusivity (Sec. IIT A), which are also
colder places if Eq. (13) holds. While a statistical equilibrium
can then be reached (j = 0), it does not necessarily correspond
to a thermodynamic equilibrium, wherein the heat flux q
would vanish.

If, for illustration, we consider the heterogeneous substrate
of Fig. 2(c), we can say that, at statistical equilibrium and
per unit time, the number of particles entering the area cor-
responding to the soft pad equals that of the particles leaving
it (on average). Now, those that exit carry, on average, more
kinetic energy than those that enter, thus causing a heat flux
from the soft pad to the rigid disk. In accordance with intu-
ition, thus, the heterogeneity of the substrate induces a heat
flux from hot places to colder ones.

Of course, this heat flux is a key component of the ther-
modynamics of bouncing grains. In particular, the leakage of
heat along the temperature gradient of the BL motor is a fun-
damental limitation on the latter’s efficiency [14], because it
cannot be separated from the driving mechanism. We now use
our experiments to assess the heat flux carried by bouncing
grains in statistical equilibrium, when no horizontal force acts
on them.

We now introduce a phenomenological model for the trans-
port of horizontal kinetic energy—which we call heat. We
assume that, during a jump, a grain typically carries the kinetic
energy kT associated with its departure point. Combined with
the particle flux law (2), this suggests

q = —V(DpkT), (29)

where q is the heat flux parallel to the vibrating plate. This
expression neglects possible correlations between the direc-
tion and the length of a jump, and the dissipation associated
to flight and impact.

In statistical equilibrium, Eq. (3) implies that the heat flux
becomes proportional to the temperature gradient:

q = —k{p)(D),VT, (30)

where we have introduced (p) = N/A to account for the total
number of particles N, and the area A of the domain they
explore. We may then define the thermal conductivity as
k{p){(D)n, which is a constant for a given system in statistical
equilibrium. The system thus uniformizes its thermal conduc-
tivity as it relaxes toward steady state.

The temperature gradient in Eq. (30) becomes singular
when the temperature field is discontinuous [14]. This is a
problem in the present experiment, in which we assumed so
far that the bouncing grains adjust their temperature instantly
to local conditions. In reality, this adjustment most likely
occurs over the course of a few bounces, that is, over a length
of the order of the step size, which we write £/y, thus defining
the dimensionless relaxation parameter y. In statistical equi-
librium, the total exchange of heat Q through the boundary of
the soft pad then reads

y AT

Q ~ k(p)(D) L, €1V

where L is the length of the interface between the two types
of substrates, and AT is the (macroscopic) temperature dif-
ference between the two corresponding domains. Combining
Egs. (6), (7), and (8), we can relate the step length to the
temperature of a grain as

0= 4kT tan 6
= o

; (32)

and thus rewrite the total heat flux (31) in a convenient form:

. mgl AT
~ D —
Q =~ (p){ >W4tan9 =

assuming that the relative change in temperature AT /T is not
too large. Based on the grains’ trajectories, we can measure
every term in the above expression, and therefore estimate the
value of the relaxation parameter y.

For this, we need to evaluate the flux of kinetic energy
through the boundary of the soft pad. We first collect all the
segments in a trajectory that intersect the boundary of the soft
pad, and record their direction s;, as s; = 1 (or s; = —1) if the
grains leaves (or enters) the soft pad. We first check that the
mass balance is statistically in equilibrium, that is

(33)

1N
I ; s <1, (34)
where N is the number of intersections for a single experimen-
tal movie. This ratio is 2 x 10~ on average over all movies
(and always less than 4 x 1073), indicating that our data set is
large enough to estimate equilibrium statistics.

For each intersection, we also record the length of the
trajectory segment that crosses the boundary. Since the frame
rate of the camera is fixed, this gives us a (horizontal) crossing
velocity v;, based on which we estimate the heat flux as

N
. m 5
Q = E E SiV; (35)

i=1
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Relative temperature difference AT/T

FIG. 9. Heat flux from the soft substrate to the hard substrate. (a),
(b) Dimensionless heat flux for experiments A and B, respectively.
Each dot corresponds to a movie. Dashed line: average value. (c)
Average heat flux as a function of the relative temperature difference
for experimental runs A to H. Dashed line: fitted linear relation with
y = 1.75, Eq. (33).

for each experimental movie of duration t,,. In Figs. 9(a) and
9(b), we represent this flux as a function of the tilt angle ¢,
which was varied for runs A to H. We find that, despite a
large scatter, we can estimate a statistically significant heat
flux. Its value does not seem to be much affected by the tilt of
the setup in our experiment, probably because the temperature
gradient is orthogonal to the force induced by the tilt. We thus
use all the data we have to get better statistics, thus assuming
we can neglect the external force when we measure the heat
flux. Plotting the mean value of this flux as a function of the
relative temperature difference, we find that our observations
are compatible with a linear relation [Fig. 9(c)]. Fitting Eq.
(33) to these data, we get an estimate of the relaxation param-
eter, y &~ 1.7 £ 0.5. As expected, its value is of order one.

V. DISCUSSION

In many respects, bouncing grains behave like Brownian
particles. They diffuse like random walkers, and drift along
external forces. Their temperature is well defined and they
satisfy the fluctuation-dissipation relation. Their velocity also
seems to follow the Maxwell-Boltzmann distribution. As long
as their temperature is uniform, therefore, they can be treated
as an analog of classical thermodynamics—perhaps a useful
one in the classroom.
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Before bringing this analog in front of students, however,
one should keep in mind that this system departs from classi-
cal statistical physics in subtle ways. As soon as the diffusivity
of the grains varies, indeed, their macroscopic behavior re-
veals the nature of their microscopic dynamics—a series of
repeated, dissipating collisions with the vibrating plate.

This was visualized even before the establishment of sta-
tistical physics by Chladni [1], whose experiment shows the
departure from Boltzmann’s statistics in the form of convo-
luted nodal lines. To phrase it metaphorically, in Chladni’s
experiment, the grains carry their inertial memory forward in
time, and forget all about it at the next bounce. Because the
characteristics of each of their steps are fully determined at
takeoff, their coarse-grained diffusion follows Eq. (2), which
allows heterogeneous statistical equilibria that escape Fick’s
law. That the combination of path memory with its own era-
sure produces strange average dynamics should not surprise
us—the bouncing droplets of Couder et al. [31] have been
doing so for more than 20 years [32].

Due to the microscopic mechanism that draws them,
Chladni figures are sustained at a cost. The vibrating substrate
needs to supply the heat flux that necessarily arises from the
heterogeneity of temperature. This flux follows a diffusion
law that is consistent with Eq. (2)—at least, based on our
observations. We interpret this disagreement with Fick’s law
as the macroscopic signature of an Itd random walk.

A remarkable property of the transport of heat by Itd dif-
fusion is that, as the system reaches statistical equilibrium,
its thermal conductivity becomes uniform, even though the
density of grains does not, as shown by Eq. (30). This, again,
would not be true with Fickian diffusion. Is this intriguing
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observation a coincidence, or does it reveal some deeper prop-
erty of Itd diffusion? We would not venture any answer yet.
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APPENDIX A: ACCELERATION OF THE PLATE

Bouncing grains constantly dissipate energy, by friction
with air and during their impact with the vibrating plate. The
latter compensates for the energy loss by providing kinetic
energy to the grains, in such a way as to maintain steady
state. The mechanism by which this balance is reached is
still unclear. It has attracted sustained attention in the simpler
context of an elastic bead bouncing over a vibrating surface
[33-35], due to its connection with the Feigenbaum cascade of
bifurcations [36] and, ultimately, with the Fermi-Pasta-Ulam-
Tsingou problem of thermalization [37]. Beyond a threshold
acceleration (Aw? /g large enough), such a bead bounces with
an energy that increases with acceleration, perhaps linearly
[38]. This is qualitatively consistent with the behavior of
bouncing grains, whose diffusivity also increases with accel-
eration, although the specific expression of this dependency is
not yet known [5].

We observe a similar behavior in the present experiment
[Figs. 10(a)-10(c)]. For any grain size, diffusivity increases
with the acceleration of the plate, and it is always larger over
the soft substrate than over the hard one. Our data set does not

allow us to make this observation systematic, but we can plot
the ratio of the soft diffusivity to the hard one, to find that it
increases with grain size [Fig. 10(d)]. We qualitatively inter-
pret this observation as heavier grains being more sensitive to
the softness of the elastomer—but we will not venture further
than this speculation here. In this paper, we simply take its
value as an experimental fact, which we use to interpret our
observations.

APPENDIX B: FICKIAN DRIFT

Here we calculate the drift of a Fickian particle in a het-
erogeneous diffusivity field, following the procedure of Sec.
IIIB. We again assume that the particle density and current
vanish at infinity. We thus find

d *© 9 a
ﬂ — / X — D_p d_x
dt oo OX 0x

R ) oD
[l

after integrating by parts twice. Unlike Eq. (2), Fick’s law
causes the mean position of a localized distribution to drift
toward increasing diffusivity. As a result, to account for Fick-
ian diffusion in the Itd representation, one needs to add a drift
term proportional to the gradient of diffusivity. On average,
therefore, a Brownian particle moves toward places of higher
diffusivity. This remark shows that, when diffusivity is hetero-
geneous, Fick’s law represents a biased random walk.

In the same fashion, we can now compute the spread of
a parcel of Brownian particles in a heterogeneous diffusivity
field, according to Fick’s law:

d(x? o 0 d
(x) :f 22 D_p dx
ot oo OX dax

=2(D) + 2<x—>. (B2)
X

This result is similar to Eq. (19), but for an additional contri-
bution proportional to the diffusivity gradient.
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