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Minimal conditions for dynamical stability refer to the necessary criteria that system parameters must meet
to ensure its response to disturbances remains bounded over time. Lyapunov and Kapitza stability criteria are
classical examples that have led to major technological advances and fundamental insights in physics. Here, we
establish new minimal stability conditions for systems whose potential energy curvature varies periodically in
time, extending Kapitza stabilization to what we term optimal dynamical stabilization. Using optimal control
theory, we determine the minimal time-periodic stiffness required to stabilize a linear mass-spring system and
validate our predictions with model experiments. When the potential curvature alternates between negative and
positive values, the set of modulation functions ensuring optimal stability becomes discrete and is governed by
eigenvalue problems mathematically analogous to those describing quantum bound states in one-dimensional
potential wells. These findings deepen our understanding of dynamical systems and lay the foundation for
promising new passive stabilization techniques in applied physics.
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I. INTRODUCTION

Kapitza stabilization is a fundamental passive technique
in physics that consists of periodically varying a system’s
properties in time to dynamically sustain one of its naturally
unstable configurational states [1-3]. By modulating grav-
itational acceleration, pendulums can be stabilized in their
upside-down positions [4—7], and buoyancy can be inverted so
that toy boats eventually float at the bottom surface of a lev-
itating liquid [8]. Periodically varying the electromagnetic or
electric field induced by a Josephson junction or a quadrupole
coil, respectively, enables the reorientation of a nanomagnet’s
easy axis [9] or the trapping of charged particles [10], a key
component of mass spectrometers [11] and trapped ion quan-
tum computers [12]. Kapitza stabilization also lies at the core
of Floquet engineering [13,14], which aims to dynamically
control exotic quantum states in materials by rapidly modu-
lating their electronic properties using time-periodic external
fields such as intense lasers or electric fields [15].

Over the years, researchers have established the necessary
conditions for dynamically stabilizing a diverging mass in the
Kapitza limit [2,3,13] but the minimal amount of local positive
curvature of the potential energy required for stabilization
over time (referred to as optimal dynamical stabilization) re-
mains a broader problem that has so far only been partially
explored [16,17]. We propose to tackle this stability problem
through optimal control theory [18,19] combined with model
experiments. In this article, we focus on a simple mass-spring
linear oscillator with mass m and a T -periodic time-varying
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stiffness k(¢) = k(t + T) and ask: what is the minimal ac-
cumulated stiffness over one period, fOT k(t)dt, required to
stabilize the mass? To validate this theoretical framework,
we design a model experiment that examines the minimal
time-periodic actuation required to keep a compass in its
upside-down (unstable) configuration, i.e., aligned opposite to
the Earth’s magnetic field.

We find that the optimal control for this problem is bang-
bang, and that its solutions can be derived analytically. In
the large 7' limit in particular, the optimal control problem
becomes mathematically equivalent to calculating the ground
state of a quantum particle confined in a finite square-well
potential, with time taking the place of space. More generally,
when searching for all bounded oscillations of the mass-spring
system under minimal stiffness constraints, the admissible
controls for stabilization become quantized and can be pre-
dicted by the eigenstates of a stationary Schrodinger-like
equation. Although the parameter space is found numerically
to be remarkably narrow, optimal dynamical stabilization is
successfully achieved in our experiments, with measurements
closely matching theoretical predictions. This article provides
fresh insights into the stability of dynamical systems and the
mathematics of linear ordinary differential equations. Since
the concept is independent of the scale or nature of the
modulation, it paves the way for improved passive control
techniques in physics by fully leveraging the mathematical
analogy with the one-dimensional Schrodinger equation.

II. THEORY

The fundamental model to get physical insights in dynam-
ical stabilization is the linear mass-spring system of Fig. 1(a)

©2026 American Physical Society
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FIG. 1. Optimal “bang-bang” control of the T -periodic solutions
of a mass in a time-varying harmonic potential. (a) Linear mass-
spring oscillator model with a periodically varying stiffness k(t) =
k(t + T). (b) Solutions of the PMP problem Egs. (2) and (3) in the
(A, T) space for xg = 1, yo = 0, ut = 10, and u~ = —30. The color
bar shows the ratio between the duration 7" of u(t) = u* and the
duration T, given in Eq. (5) in the large T limit. The thin black
line represents the analytical solution A, = cosz(«/uTTOﬁo /2). (c)
Comparison between typical optimal numerical responses x(z) in
blue line and analytical responses Xy~ (7). The optimal control u(t)
is also shown. Solution x;(#), shown for T = 2.5, is the globally
optimal solution, when x,(¢) and x3(¢), plotted for 7 = 3.5, are
locally optimal solutions.

where m is the mass and x(¢) its unidimensional motion as a
function of time. The only difference with a classic harmonic
oscillator is that the spring stiffness k(z) is T-periodic in
time. For simplicity but without loss of generality, we assume
the stiffness is contained between K > 0 and K — AK < 0.
The motion of the mass is simply governed by the following
second-order linear ordinary differential equation (ODE):

X(t)+u)x) =0, (1)

subject to the initial conditions x(0) = xy and x(0) = yo and
where u(t) = u(t + T') = k(t)/m is a T -periodic square wave
function contained between u™ = K/m > Oandu™ = K/m —
AK/m < 0. The goal of optimal dynamical stabilization is to
determine the minimum value of fOT u(t)dt for a nontrivial
response x(t) # 0 to remain bounded for all t > 0 (we recall

that for any 7', if k(t) < O for all ¢, then |x(t)|] — coast — oo
whenever x(0) # 0). To start with this problem, we focus on
modulation function u(¢) associated with T -periodic solutions
x(t) = x(t + T) that we know from Floquet theory [20-22]
are central in structuring the linear time-periodic system given
in Eq. (1).

A. Optimal control of T -periodic solutions

The optimal problem is now to minimize the continuous-
time functional fOT u(t)dt with u~ < u(t) < u' subject to the
linear ODE in Eq. (1) and the endpoint conditions x(0) =
x(T) and x(0) =x(T). Applying Pontryagin’s maximum
principle (PMP), one can actually prove (see the full demon-
stration in Ref. [23] and a summary of it in Appendix A) there
is a unique nontrivial optimal trajectory to this problem such
that

x(r) = y(0),
y() = —u(®)x (), (@)

with x(0) =x(T) =1, y(0) = y(T') = 0, and

if x2(1) < A,

u- <0
if x2(2) > A, G)

u(t) = {u* >0

where the “shooting parameter” A is a real number and the
only unknown of the PMP. There is actually an infinite number
of optimal solutions verifying a(x(0)> 4 y(0)?) = 1 with a #
0 because of scaling and phase independence of the problem
but all are associated with the same value of fOT u(t)dt and we
can assume x(0) = 1 and y(0) = 0 with no loss of generality.
Furthermore, the globally optimal control u(t) is bang-bang
with two switchings and

ut 0Lt <TH)2,
u)y=3u" ifTT/2<t<T-T%)2, @
ut fT -T2 <t<T.

The PMP problem given in Eqgs. (2) and (3) can be solved
for a given T, by a shooting method over [0, 7']. Numerical
results are shown in Figs. 1(b) and 1(c) where we ran 60 000
shooting methods between 7" = 0 and 3.5 s and some initial
guesses of A between 0.01 and 0.99. The branch of A associ-
ated with the globally optimal solution of Egs. (2) and (3) is
denoted by 1 in Fig. 1(b); the corresponding solution x(¢) and
its bang-bang control verifying Eq. (4) are given in Fig. 1(c1).
The optimal solutions exhibit a turnpike property [19]: x(¢)
approaches 0" with u(t) = u~ for the major part of the pe-
riod T — T to minimize fOT u(t)dt until it eventually departs
to fulfill the nontrivial periodicity condition x(¢) = x(t + T)
during the time T+ where u(t) = u™. Interestingly, in the large
T limit, A, the duration 7" of u(t) = u*, and the globally
optimal x(¢) converge toward Ao, TOJgO, and xp(t), respec-
tively, which can be analytically determined as explained
in Appendix B: Ao = cos?(vuTTy" /2), where T, is the
smallest 7> of the transcendental equation

VIu| = Vut tan(Vut T /2), 5)
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and

+7+
cos(vu TOOO/Q)eJFr
e~ VI 1,5, /2

X00o(T) = cos(«/u_+t)

cos(VutT, /2) T
eV ‘”_|To;/2

where the local time t starts at the middle of each T
region and is partitioned in three such that: A={t |t €
(=T/2,-T*/21}, B={t |t e€[-T*/2,T"/2]} and C =
{t | T € [T*/2,T/2]} as shown in Fig. 1(c). Those analytical
quantities show excellent agreement with the globally opti-
mal solution of the PMP already from 7T = 2.5s as shown
in Figs. 1(b) and 1(cl). Note that Egs. (5) and (6) are well
known by physicists because they represent the ground state
of a quantum particle confined in a finite potential well, albeit
with space replaced by time [24].

An infinite number of solutions of Egs. (2) and (3) exists
on top of the globally optimal one as shown by the many
branches of solutions in Fig. 1(b). Those locally optimal so-
lutions can be qualitatively sorted based on the number of
switchings of the control u(z) and the symmetries of x(¢) over
[0, T [23]. Figures 1(c2) (four switchings) and 1(c3) (four
switchings but x(¢) can be negative) show the solutions x(t)
of branches 2 and 3, respectively, for T = 3.5s. In the large
T limit, the shooting parameter A, the durations 7% and the
locally optimal solutions x(#) can eventually be derived from
the aforementioned X, TOJgO, and x (7) given in Egs. (4)—(6)
as shown by the thin black lines of Figs. 1(b) and 1(c).

X0oo(T) = fort € A,

fort e B, (6)

X00o(T) = fort € C,

B. Full stability problem

We now proceed by studying the full region of bounded so-
lutions x(¢) of the original equation of motion Eq. (1), X(¢) +
u(t)x(t) = 0. This time, we impose the T -periodic modulation
function u(z) and compute the response x(z). As suggested
by the previous section, we focus on u(t) with two switch-
ings that read u(r) = u™ > 0 during 7% and u(t) =u~ <0
during the rest of the period T~ =T — T*. According to
Floquet theory, we know that, for any u(t), the solution x(t)
takes the normal form

x(t) = W(t)e" +(t)e™ 7

where W(t) = V(¢ 4+ T) is a complex function with the same
periodicity as u(t) (U(¢) is the complex conjugate of W(t))
and s is a complex number called the Floquet exponent. For
a given u(t), the stability of the mass is usually assessed
by looking at the Floquet exponent or the Floquet multiplier
o = ¢e'T. Fig. 2(a) is typical of linear Floquet systems and
shows the evolution of the imaginary part of the Floquet
exponent s in the (T, 7~) modulation space for u™ = 1052
and u~ = —30s72. As expected from one-degree-of-freedom
linear time-periodic systems, several regions of unbounded
solutions x(¢) with N(s) > 0 (]p| > 1) exist that are separ-
ated by regions of N(s) =0 (|p| = 1) where x(#) remains
bounded for all . Those “stability” regions with 9i(s) =0
are enclosed by T-periodic solutions x(¢) = x(t + T') with
s =0, or p =1 [blue dots in Fig. 2(a)], and 2T -periodic
solutions x(t) = x(t + 2T) with s = in /T, or p = —1 [red

dots in Fig. 2(a)]. Between s =0 and s =ix /T, an infi-
nite number of bounded quasiperiodic solutions are found.
As the duration 7~ of u(¢) = u~ increases, minimizing the
quantity fOT u(t)de, the width of the “stability” regions de-
creases around a discrete set of durations 7. with i € Z"
and T, |, > T.=. We first focus on the first “optimal” region

(i+1)00
associated with the smallest 7,1, denoted 7;;\,, that we already
derived in Eq. (5).

Figures 2(b) and 2(c) show the bounded trajectories x()
with |p] = 1 and their associated modulation functions u(t)
as a function of time for p = 1 (T -periodic solution), p =
—1 (2T -periodic solution) and p = 1/2 + jv/3/2 (quasiperi-
odic response) in the optimal stability region T+ ~ 7&;0 for
T=11and.As T~ =T — T increases for example from
Figs. 2(b) to 2(c), we see that all the u(¢) associated with
bounded solutions converge toward a unique u(¢) with T+ —
TO’;O. Moreover, as shown in thin black lines in Fig. 2(c), all
those bounded trajectories with Floquet multiplier |p| = 1 can
now be expressed as x,(t) = Xpoo(t)I(0") Where x,(¢) is the
trajectory over the nth period with n € Ny and xpo(?) is the
T -periodic optimal solution in the large 7'-limit already ex-
pressed in Eq. (6). In other words, as T increases, the stability
region becomes thinner, and the sole knowledge of TO; and
X000 (1) becomes sufficient to fully characterize all the optimal
bounded solutions of x(¢) + u(t)x(¢t) = 0 characterized by a
Floquet multiplier |o| = 1. As shown in the inset of Fig. 2(f),
one could intuit when the reduction of the full stability prob-
lem to Eqgs. (5) and (6) is reasonable by simply imposing the
normalization condition [ x3.(1)dt = 1 and evaluating the
quantity a = xgoo(7/2). As the stability region narrows such
that a decreases and x(#) becomes compact on each period,
T+ and x(¢) converge to E)to and xp. (f) in a quadratic fashion
with a prefactor close to one, whatever u™ or u™.

Another important feature of the full stability problem
highlighted in Fig. 2(a) is that the optimal modulation
functions u(r) associated with T+ — T," are not the only
functions leading to bounded solutions x(#) with small
fOT u(t)dt in the limit T — oo. When the stability regions
become thinner, there is actually a countable infinite set of
durations 7,1 with i > 1 that correspond to higher modes
of stabilization [17]. For example, Figs. 2(d) and 2(e) show
the mode of stabilization in the region 7+ ~ T} = 1.65s
where x(¢) have the “time” to do two oscillations during
T™. Although not optimal in the sense of the PMP problem
given in Egs. (2) and (3), these solutions of ¥(¢) + u(t)x(t) =
0 with |p| = 1 converge toward a unique modulation func-
tion u(t) with T+ — TI;’O and a bounded trajectory x,(t) =
Xico ()M (p") in the large T limit as shown in Fig. 2(e). For
T — 00, X(t) 4+ u(t)x(t) = 0 becomes

d2
<_ﬁ + AM)x,-OO(t) =utxio(r) ifT| > T /2,

d2
<—ﬁ + 0>xioo(7) =u"xino(T) if 7] < TL/2, (8)

with Au =u" —u~ and where the local time t starts at
the middle of each Tl;’o region as shown in Figs. 2(c)-2(e).
Upon normalization of x;.,(t) and because of the turnpike
property of the solution x(¢) in the large T limit, we get
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FIG. 2. Local stability analysis of ¥(¢) 4+ u(t)x(t) = 0 with u(t) = u™ = 1052 during 7% and u(t) = u~ = —30s~2 the rest of the period

T~ =T — T™. (a) Evolution of the imaginary part of the Floquet exponent in the (7", T ™) space. (b), (¢) Modulation function u(¢) and their
associated responses x(¢) in the first “optimal” stability region about 7" ~ T, for three stable trajectories corresponding to a T-periodic
(p = 1), 2T-periodic (p = —1) and a quasiperiodic (p = 1/2 + j+/3/2) case. Two different periods are shown: 7 = 1.1 s in panel (b) and
3.3 s in panel (c). (d), (e) Same as panels (b), (c) but in the second stability region about 7+ ~ T;7 . The period in panel (d) is T = 2.1s
and T = 4.2s in panel (e). (f) Convergence of the duration 7% of u(r) = u™ associated with T and 27T -periodic solutions toward their 7.}
counterparts in the large 7' limit for various K and AK. Inset describes how the T'-periodic x(#) and u(¢) converge toward x,(¢) and T in the
first “optimal” stability region and explains the meaning of the quantity a = xo(7/2).

Xioo(—00) = Xjo(+00) — 0. Again, Eq. (8) is the mathemati-
cal analog of the stationary Schrodinger equation of a particle
in a finite potential well. For a given “height” Au, the 7,1,
are the widths of the potential well that allow u™ to be an
eigenvalue of Eq. (8) and the functions x;»(f) are the asso-
ciated eigenfunctions. The smallest duration T}, associated
with the first eigenfunction xg.,(?) are the optimal solutions of
the PMP problem given in Egs. (2) and (3) in the large 7" limit.
AsT~ =T — T increases, all the modulation functions u(t)
and associated bounded responses x(¢) of ¥(¢) + u(¢)x(t) =0
associated with |p| = 1 eventually converge toward the solu-
tions of Eq. (8) in a quadratic fashion as shown in Fig. 2(f).

III. EXPERIMENTAL PROOF OF CONCEPT

The experimental proof of concept consists in a com-
pass centered and aligned between two Helmholtz coils as
shown in Fig. 3(a). The dipole’s configurational state is fully
parametrized in time by the angle 6(¢) between the axis of
the coils e,, coincident with the north-south magnetic axis of

Earth, and the N-S$ axis of the magnetized needle. This classic
one-degree-of-freedom nonlinear oscillator can be modeled
by the following equation of motion:

é(t)+2§,/—|B(i;eX|Mé(t) —

where £ is the damping ratio and w(i) = +/|B(i)e,|n/I is the
natural frequency of the dipole about its stable equilibrium
position that can be either 6(¢) = 0 or 6(t) = = depending
on the current i in the coils. B(i) = —(Br + Ai)e, is the uni-
form magnetic field felt by the dipole with By =47 uT the
Earth’s magnetic field, A = 4496 uT/A a property related to
the Helmholtz coils configuration and i the current in the coils.
Measuring the natural frequency and damping ratio of the
magnetic dipole when perturbed from its stable equilibrium
position for various i (see Fig. 5 of Appendix C [25]), we
find & = 0.3 and the ratio between the magnetic moment i
and moment of inertia / to be /I = 6.4 x 10* A.kg~!. When
i > —Br /A =~ —10 mA, the magnetic field is pointing toward
—e, and so is the north pole of the compass: B(i)e, < 0

B(ie. 1

sin(6(t)) =0, (9)
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FIG. 3. Experimental proof of concept. (a) A compass, fully
parameterized by the angle 0(¢) between e, and its N-S local axis
is placed at the center of two Helmholtz coils oriented along e,.
We impose a T -periodic magnetic field B(z) = B(t + T') with B(t) =
B~ = —Br = —47uT (i = 0 A) during a time 7~ and B(r) = BT =
852 uT during T* (i = —200 mA) so that 7 =T~ + T*. (b) Evo-
lution of AW = [ |6(1)B(1)sin(6())|d1 as a function of T+ for
T- =2.5s. Red crosses show experimental data when blue and
green lines represent numerical simulations with £ =0 and & =
0.3, respectively. Vertical black lines represent 7+ = T} computed
from Eq. (8) withut = Bt /I =54.5andu™ = B /I = —3. Inset
shows the evolution of the absolute value of the Floquet multipliers of
the numerical stability problem about = 7 as a function of T*. (c)
Evolution of the measured normalized variance ( f_Tﬁz O] =1
of the oscillation angles about & = 7 at various phase of the periodic
imposed field B(r) for TT = 70 ms (vertical red dashed lines) and
various values of 7~. The first eigenfunction 9500(1) of Eq. (8)
for T;t, = 62 (shown in gray shade) ms, Au = u™ — u~ = 57.5 and
u™ = 54.5 is shown in black line.

and therefore & = 0 is stable when 6 = 7 is unstable. For a
constant current such that i < —10 mA, the stability of the
equilibrium configurational states is reversed: a compass with
any initial condition eventually ends up toward 6 = 7 in a
damped oscillatory fashion and diverges from 6 = 0.

A. Optimal dynamical stabilization

We now focus on the configurational state 6(¢) = 7 that
is naturally unstable when i(r) = 0, i.e., when no power is
consumed by the coils. Optimal dynamical stabilization con-
sists in trapping the south pole of the compass toward the
magnetic south pole of Earth (stabilize 6 about 6(¢) = ) with
a minimal energy, which is here represented by [ |i(t)|dz. To
do so, we impose a T -periodic magnetic field B(t) = B(i)e, =
B(t 4+ T) that reads B(t) = B~ = —47 uT during T~ (i(z)=0
in the coils) and B(¢t) = B™ = +852 uT during T (i(¢) =
—200 mA) such that T = T + T~. An electromagnet keeps
the compass in () = 7 and 6(¢) = O until at ¢t = 0, the elec-
tromagnet is turned off and the compass starts to be subjected
only to B(t).

Figure 3(b) shows the evolution of AW =

O6T |0(t)B(t) sin(6(t))|dt as a function of T for a fixed value
of T~ =2.5s with red stars representing experimental data
and green and blue lines displaying numerical data obtained
by integrating Eq. (9) with § = 0 and § = 0.3, respectively
(and initial conditions 8(0) =0 and 6(0) =7 +35 x 1073
as the only fitting parameters). We see very good agreement
between experimental data and numerical ones for £ = 0.3
(see, e.g., Fig. 6 of Appendix D to see the evolution of the
experimental and numerical trajectories over six periods
for TT =70 ms [25] and T = 200 ms [25]). For most of
the T, the compass is rapidly having large 6(¢) due to the
periodic magnetic field B(t) and the quantity AW, that is
proportional to the work done by the dipole in the magnetic
field, is large. But there are “absorption rays” of T+ where
AW drops drastically because the needle’s south pole is
dynamically stabilized about & = 7. The inset of 3(b) shows
the evolution of the absolute value of Floquet multipliers
lo| as a function of T obtained from the stability analysis
of Eq. (9) about 6§ = for £ =0 and & = 0.3. Unlike the
undamped case shown in the first section of this paper, the
damping breaks the symmetry of |p| with respect to |p| = 1
and as a consequence, the width of the stability regions
increases and the latter are slightly shifted toward larger
T as shown in Fig. 3(b). The vertical black lines, which
coincide with the local minima of AW for & = 0 are the
values of Tt =T} one finds by solving the eigenvalue
problem Eq. (8) where now u™ = BT /I, u= = B~ /I, and
the eigenfunctions x5 (T) = 65 (7) should now represent the
oscillations of the dynamically stabilized compass.

Figure 3(c) focuses on the optimal stability region about
T,., in Fig. 3(b). When imposing AB = (ut —u")u/l =
899 1T and to obtain a first eigenvalue ut = B*u/I with
B* =852 uT in Eq. (8), one needs to ensure 7,7 = 62 ms
as shown in gray shade in Fig. 3(c). This value is in good
agreement with experiments where the smallest value of AW
in the first “absorption ray” was found at 7T =70 ms as
represented with vertical red dashed lines in Fig. 3(c). In
the same pulse-centered elementary periodic cell representa-
tion, we investigate the predictive power of the eigenfunction
000 (1) of Eq. (8) with regard to the stable experimental os-
cillations 6(z) about 8 = 7 for T+ = 70 ms. For practical
purposes, because the dynamically stabilized motion even-
tually undergoes a symmetry breaking on each successive
modulation period, sensitivity to initial conditions makes it
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impossible to reproduce the same experiment twice (see, e.g.,
Fig. 7 of Appendix D [25]) and it is therefore meaningless to
directly predict the experimental evolution 6(7). As shown in
Fig. 3(c) for 100 s of recorded motion though (the theoreti-
cal and experimental variances have been normalized so that

[ 160s(7)I*> = 1 and f_Tﬁz 0%[6(7)] = 1), what is conserved

throughout experiments is the variance o> of the experimental
trajectories 6(tr) on each modulation period which remark-
ably scales with |0y (7)|?, because of the property x,(t) =
X000 ()R (") in the large T-limit [see Figs. 2(b) and 2(c)].
It is interesting to note that in the optimal stability region
for Tt = 70 ms, we have been able to turn off the coils
3.8 s, i.e., more than 98% of the time [25]. The fact that we
cannot go to higher 7~ in our experiment (for 7~ higher than
3.8 ms, 8 = 7 destabilizes after few periods) is because not
only the width of the stability regions about 7} eventually
becomes too small according to linear stability analysis like
in Fig. 2(a) but the same is true for the basins of attraction
about 0 = 7 [17].

B. Analogue of a particle in a finite potential well

Following the analogous Schrédinger equation in Eq. (8),
higher modes of stabilization should exist besides the “ground
state” shown in Fig. 3 that corresponds to the only 7" one can
impose for a given Bt and AB = BT — B~ in the thin stability
region limit. Imposing Au = u*™ —u~ = ABI/ju with AB =
2000 uT and T35 = 630 ms, Eq. (8) gives three bound states
associated with an eigenfunction 6;(t) and an eigenvalue B}
such that Bj, | = 235 uT, B, = 908 uT and Bj__ = 1845 uT,
as shown in Fig. 4(a) where |6;(t)|? is represented in black
lines.

To confirm that at least two modes of stabilization are
possible in our experiment in the thin stability region limit,
we fix Tt =630 ms and 7T~ =320 ms (7~ =320 ms is
the maximum duration before the compass destabilizes and
determines our experimental thin stability region limit) and
impose a BT and B~ to respectively match the aforementioned
theoretical B} and B;_, = B}, — AB. We find the compass
is stabilized about 6 = & on its first mode when imposing
Bt =245+ 5uT and B~ = —1746 & 5 uT, with a trajectory
having one maximum per period as shown in Fig. 4(b). Be-
cause the dipole is undergoing a symmetry breaking every
period in the large T limit, two experiments with the same
initial conditions will give two different trajectories, as illus-
trated by the red and yellow dots in Fig. 4(b) [25]. However,
the variance of those trajectories at various phase along an
elementary periodic cell remains identical upon normalization
as shown in Fig. 4(a) where we chose ffﬁz a2[0()] = 1.
The experimental variance is well predicted by the variance
o2[A(¢t)] of the numerical solution 6(¢) of Eq. (9) linearized
about 6 = mr, with no fitting parameters except from & = 0.3
and 6(0) = w + 5 x 1073, These variances can be compared
with |0peo(7)|? from Eq. (8) [shown as the thin black line in
Fig. 4(a)], albeit with a small discrepancy. This discrepancy
comes from the damping £ = 0.3 that is important in our sys-
tem. When computing the numerical variance of the solution

of Eq. (9) with £ = 0 as shown in purple dots in Fig. 4(a),
the agreement with |6y, (7)|*> becomes remarkable. Like in
Fig. 3(c), this confirms that the square of the ground state
16000 (T)]? of the Schrodinger-like Eq. (8) is a good approxima-
tion of the variance of the optimally stabilized 6(¢) of Eq. (9)
over a period of modulation.

For B =933+ 5 uT and B~ = —1081 £ 5 uT, a second
mode of stabilization is experimentally observed as displayed
by the two trajectories of Fig. 4(c) [25]. For these stable
trajectories, that are again impossible to experimentally du-
plicate given the sensitivity to initial conditions, the compass
is oscillating about 8 = 7 with an angular response having
two local maxima per period. The normalized variance of
those trajectories is conserved and in good agreement with a
numerical computation of Eq. (9) linearized about & = & with
only £ =0.3 and H(0) = + 5 x 1073 as fitting parameters
[blue dots in Fig. 4(a)]. Again, the discrepancy between the
experimental variances and theoretical |0} |* is due to damp-
ing since a simulation with & = 0 nicely matches the second
eigenfunction of Eq. (8).

The marginal stability framework adopted throughout the
manuscript focuses on undamped bounded oscillations 8(7),
corresponding to solutions of linear time-periodic systems
(LTPS) with Floquet multipliers satisfying [p| = 1. Re-
markably, this framework accurately predicts experimentally
observed optimal dynamical stabilization, even in the pres-
ence of dissipation. Owing to the quantum analogy in the thin
stability region limit, key experimental information, such as
the modulation parameters and the shape of the variance of the
bounded oscillations over one modulation period, are in good
agreement with the results obtained from the Schrodinger-like
Eq. (8), as shown in Figs. 3 and 4. To obtain more refined
theoretical predictions, dissipation must be explicitly taken
into account by considering an LTPS such as Eq. (9) linearized
about 6 = m, with a damping ratio £ > 0. The presence of
damping shifts the Floquet multipliers associated with the
marginally stable solution 6(7) inside the unit circle in the
complex plane, rendering the dynamically stabilized equilib-
rium 6 = w Lyapunov stable, so that 8(t) — 0 as T — oc.
This asymptotic behavior, however, is not observed in experi-
mental optimal dynamical stabilization. Instead, the compass
permanently oscillates with a bounded but finite amplitude
0(t). In reality, small imperfections are eventually ampli-
fied by the persistent symmetry breaking experienced by the
system about 6 = 7, preventing convergence to the equilib-
rium. This behavior corresponds to the notion of practical
stability, or ultimate boundedness, which is well known in
control theory, for example in the dynamic stabilization of
systems with dry friction, where Lyapunov stability is gen-
erally unattainable [26]. To gain further physical insight into
practical stability and into the sensitivity of experimentally
observed optimal dynamical stabilization to initial conditions,
deterministic models such as Eq. (9) should be generalized to
a stochastic framework. Such an approach would allow one
to account for the long-term bounded fluctuations observed
experimentally and constitutes a natural direction for future
work.
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FIG. 4. Experimental modes of dynamical stabilization. (a) Time
analog of a quantum particle confined in a finite potential well with
AB = 2000 uT, T, = 630 ms, Bf,, = 235 uT, B}, =908 uT, and
B;oc = 1845 uT. |0i|* With ;o solution of Eq. (8) is shown in
black lines with a local origin at B; . Color dots represent the
variance of the experimental and numerical trajectories with & = 0
and € =03 for Tt =630ms, T~ =320 ms and (i) BT =245 +5
uT and B~ = —1746 = 5 uT for the first mode and (ii)) Bt =933 £ 5
uT and B~ = —1081 £ 5 uT for the second mode. (b) Evolution of
two stable trajectories with the same experimental initial conditions
corresponding to the first mode of optimal stabilization [25]. (c)
Same as panel (b) but for the second mode of stabilization [25].

IV. CONCLUSIONS

We have demonstrated a new minimal condition for the
dynamic stability of systems with periodically time-varying
parameters through the fundamental example of a mass in
a local potential harmonic well whose curvature is varying
between a positive and negative curvature. We have shown
one can maintain stability while maximizing the time spent
with a negative curvature as soon as the duration of positive
curvature belongs to a discrete set of values that are remark-
ably predicted by the bound states of a quantum particle in
a finite square potential well. This finding is fundamentally
different from Kapitza stabilization, which operates in the

regime where the modulation timescale is much shorter than
the natural timescales of the system to be stabilized. In that
case, stability arises over a large and continuous region of the
modulation parameter space, with a minimal threshold that
can be theoretically derived using time-scale separation and
averaging techniques. By contrast, although we consider the
large-T limit to access the regime of thin stability regions cor-
responding to optimal dynamical stabilization, no time-scale
separation is possible here. Instead, stabilization relies on a
mode-selection mechanism based on a resonant interaction
between the oscillator to be stabilized and the external forcing.

Optimal dynamical stabilization should offer a promising
opportunity for a new type of passive control in dynamical
systems whose design will be based on quantum-like rules
such as quantization as shown in this article, but possibly su-
perposition or electronic band gaps since those concepts have
a physical interpretation in our framework. The proof of con-
cept in this article has been done for a one-degree-of-freedom
system but it would be interesting to investigate what happens
for more dynamical state variables. Also, we have focused
on parameters varying in time but a similar approach should
hold for parameters varying in space, allowing us for example
to derive new minimal conditions for waves propagating in
periodic media.
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APPENDIX A: PONTRYAGIN MAXIMUM PRINCIPLE

Here we apply Pontryagin maximum principle to our lin-
ear mass-spring system where the stiffness is 7'-periodic in
time. We recall the goal is to find the optimal control u(z)
that minimize the continuous-time functional fOT u(t)dt with
u~ < u(t) < u' subject to the first-order dynamic constraints

x(1) = y(),
y() = —u(®)x (),

with T > 0 and some boundary conditions to specify.
Theorem. For the command u(¢) and the trajectory x(t) =
{x(®), y@)}T to be a normal optimal, it is necessary that it
exists a real p® < 0 and an adjoint vector function p(¢) =
{px(t), py(1)}7, so that the couple (p(¢), p°) should verify

(AL)

x(t) = y(),
y() = —u(t)x(1),
Dx(t) = py()u(t),

py(t) = —px(1), (A2)
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with the maximum condition

(P° = py(O)x(@))u(t) = max- <o) [(P” — py(O)x(0))v],

which is equivalent to

ut if py(t)x(r) < p°,
ut) =qu- if py(t)x(t) > p°,
undefined if p,(t)x(t) = .

We are interested in periodic boundary conditions so that
x(0) = x(T) and y(0) = y(T). If x(0) and y(0) are free, then
the optimal solution of the PMP is the trivial one x(z) =
y(@#)=0 and u(t) = u~ for all r € [0, T]. We are of course
interested in nontrivial solutions.

The problem in Egs. (A2) and (A3) being invariant
by scaling (if (x(¢), y(¢), u(¢)) is an optimal solution then
(ux(@), uy(t), u(t)) with u # 0 is a solution), we can limit
ourselves to the initial conditions x(0)?> + y(0)?> = 1. The
problem then becomes to properly formulate the transversality
condition of the PMP, a task that is not straightforward to
achieve. A summary of the demonstration is shown here but
the interested reader can find a complete detailed version of
the theorem in Ref. [23].

The first thing to prove when x(0)? +y(0)> =1 is the
periodicity of the adjoint p,(0) = px(T) and p,(0) = p,(T)
that is proved in Ref. [23] but we will simply assume here. It
is then possible to show [23] that there is an infinity of optimal
solutions of Egs. (A2) and (A3) verifying x(0)?> + y(0)> = 1
that are simply the same solution switched from o € R in
time. One of those solutions corresponds to x(0) =1 and
¥(0) = 0 (the associated optimal trajectory is unique) and
can be considered the optimal solution without any loss of
generality. This solution has the following symmetry property
vVt € [0, T]: x(T —¢t)=x(), (T —t)=—y@), (T —1t) =
u(t), po(T — 1) = —py(t), and p(T —1) = p,(1).

The next step in the demonstration comes from the assump-
tions on the control u(?). If u~ < 0 (and py(0) # 0), which
is the case in this manuscript, then we can prove [23] that
x(t) = —py(0)/1py(0)] and y(t) = p.(t)/|p,(0)| ¥t € [0, T].
Also, assuming u™ > 0 and VutT & 27 N*, we can demon-
strate we are in the normal case, i.e., p° = —1, and there
is no singular arc, i.e., u(t) is bang-bang. Thus, letting A =
1/1py(0)|, there is a unique optimal solution to Eqs. (A2)
and (A3), with x(0) = x(T) = 1 and y(0) = y(T') = 0, such
that

(A3)

x(t) = y(@),
() = —u(t)x(@), (A4)
with a maximum condition
fut >0 ifx*() > A,
u(t) = {u <0 ifx*(t) < A, (AS)

where A > 0 is the only unknown of the reduced PMP prob-
lem.

Finally, we can also prove a few more properties of the
optimal solution [23]. Notably, the control is bang-bang with
two switchings:

ut if0 <t < TH)2,

ult)=qu- ifTY/2<t<T—-T7/2,
ut ifT —-T%/2 <t <T.

(A6)

Also, x(t) is never zero. The optimal trajectory with x(0) =
x(T)=1 and y(0) =y(T) =0 follows 0 < xpin <1 Vt €
[0, T'] where Xy, depends on T and converges toward 0 when
T — oo. Actually, in the large T limit, it is straightforward
to determine the duration T+ of the bang-bang control u(r)
and the corresponding optimal solution x(¢), as shown in the
following Appendix.

APPENDIX B: QUANTUM ANALOGY
IN THE LARGE T LIMIT

We focus here on the linear equation x(z) + u(t)x(¢) = 0,
where u(t) is the T -periodic modulation function with u(t) =
ut > 0 during T* and u(t) = u~ < O during the rest of the
period T~ =T — T, In the large T limit, the bounded so-
lutions x(¢) and the unknown duration 77, denoted xo(7)
and TJ, respectively, are described by the ordinary differential
equation

dZ
(—ﬁ +ﬁ(r))xoo(r) = U Xoo(T), (B1)
where
d(r)y=u"—u" =Au fort <-T7/2,
i(t)=0 for 7| < T.5 /2, (B2)
i(t)=ut —u" = Au fort>T]/2,

with the boundary conditions x,,(7) — 0 for T — —o0 and
T — +00. Since the PMP problem of Egs. (A4) and (AS)
and the stability of x(¢) + u(¢)x(¢) = 0 is independent of the
phase, we fixed the latter in Eq. (B1) by symmetrically cen-
tering the modulation function ii(7) about T = 0. Doing so,
the Boundary Value Problem in Eq. (B1) is directly analo-
gous to the quantum problem of the stationary Schrédinger
equation of a particle in the one-dimensional finite potential
well i(t) = 0 for |t| < TZ /2 and ii(t) = Au = ut — u~ for
|t| > TZ /2 where space has been replaced with time. For a
given width 7% and height Au of the finite potential well,
one is looking for an expression of the eigenvalues u* and
eigenfunctions x.,(7) as shown in Fig. 4(a). This expression
is well-known in the case of a finite potential well and is
summarized in the following.

The set of solutions [u™, xo] of Eq. (B1) is discrete when
ut >0 and u~ < 0 as it is the case in this manuscript and
we denote [uj’, Xiso(T)] the ith set of solutions. The solution
approximating the PMP problem of Eqgs. (A4) and (AS5) when
T — oo is characterized by the width of the finite potential
well 7};;0 and the eigenfunction xp,(7) associated with the
smallest eigenvalue u(“; (the ground state in quantum mechan-
ics). The solutions of Eq. (B1) have the general form

XA (1) = GeVI It - Fer Vvl fort < -7 /2,
x8 (t) = Asin(vutt) + Beos(Vutt) for|t| < TS/2,

xS (t) = He VI 4 eVl fort > TS /2.
(B3)
For the solutions x.,(t) to be square integrable, we need

F =1 = 0. Next, we know that the x,,(t) function must be
continuous and differentiable. In other words, the values of the
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functions and their derivatives must match up at the dividing
points:

A (=TF/2) = 8 (-1 )2),
(=TS /2) =8 (-15/2),

Xoo(T35/2) = x5 (T /2),
R(TE/2) = 3T /2).
(B4)
These equations have two types of solutions, symmetric, for
which A = 0 and G = H (like the optimal solution or “ground

state” associated to 7, ), and antisymmetric, for which B = 0
and G = —H.

1. Symmetric solutions and ground state

Introducing the symmetric condition A = 0 and G = H in
Eq. (B3), the continuity condition in Eq. (B4) imposes

Ge V2 = Beos(Vut TS )2),
—GVume V2 = _ it Bsin(WutT/2).  (BS)
Introducing the second line in the first line of Eq. (B5), we get
VIu | = Vut tan(Vut TS /2). (B6)

This transcendental equation (called the energy equation of
symmetric wave functions in quantum mechanics) cannot be
solved explicitly but it allows to find for example the set of
discrete Tl;ro, where i is even, for a given u™ and u~, as shown

in Fig. 2 or Fig. 3. The smallest of all the 7,7, denoted T,
is the one that approximates the PMP problem of Egs. (A4)
and (AS) in the large T limit when 7" — oo.

The second piece of information one gets from Eq. (BS)
is B= Ge ™V T/2/ cos(v/utT}/2) so that the symmetric
eigenfunctions of Eq. (B1) reads

X (t) = GeVln T fort < =T;% /2,

—VIu=1T% /2
X (T) = G- " cos(vutt) for|t| < Tt /2,
cos(VutT} /2)
Xjao(T) = Ge™VII* fort > T,1 /2.

(B7)

The solution x;»(7) is defined up to one constant G, as ex-
pected since x;»(7) is the solution of Eq. (B1) that is a linear
ODE.

In particular, the boundary conditions we chose for the
PMP problem in Eqgs. (A4) and (AS5) and illustrated in Fig. 1
are x(0) = x(T') = 1 and y(0) = y(T') = 0 with the maximum
condition u(t) = ut > 0if x>(r) > A and u(r) = u~ <0 if
x2(7) < A Introducing this information in Eq. (B7) we get

G = cos(Vu' Ty /2)/e 1" T/2 50 the ground state reads
cos(~/ut /2)
X (T) = 7”7 “It fort < =Tyt /2,
x§ (t) = cos(Vutt) for 7| < Tyt /2,
cos(~/ut /2) =
x§ (1) = 7\/“7 00l VT fort > Tt /2.
(B8)

The solution [T" oo X000 (T)] given in Egs. (B6) and (B8) is the
one shown throughout the manuscript where only the phase
has been varied to match the purpose of each figure. The real
A from the maximum condition one gets at each switching
of the control at T = T} /2 shown in Fig. 1(b) simply reads

Aoo = (cos(VutTy", /2))? in the large T limit, T — oo.

2. Antisymmetric solutions

The continuity conditions Eq. (B4) give, for antisymmetric
solutions with B =0and G = —H,

Ge VI = _Asin(Vut TS )2),
GVume VIR = Jut A cos(Vut T /2). (BY)
Introducing the second line in the first line of Eq. (B9), we get
VIum| = =vut ) tan(Vut T /2). (B10)

This equation cannot be solved analytically but it allows to
find the set of discrete 7,7 associated with antisymmetric
solutions x;»(7), where i is odd, such as the one given in
Figs. 2 and 3.

The second piece of information one gets from Eq. (B9) is
A = —Ge V" L2/ sin(v/uT T /2) so that the antisymmetric
bound states reads
X (1) =GV

1

fort < —-TZ /2,

V=T /2
xilio(‘[) = —Ge— sin(vutt) for|z| < T /2,
sin(vutT /2)

xE (1) = —Ge VIl fort > T2 /2.

(B11)

The solution x;.(7) is defined up to one constant G The
solution [ngo, X100(T)] given in Egs. (B10) and (B11) is the
one shown in Figs. 2(e) and 4(a).

APPENDIX C: EXPERIMENTAL CHARACTERIZATION
OF THE COMPASS

For the governing equation of the motion of the compass
inside the two Helmholtz coils to be complete, we measure the
damping ratio £ and the ratio between the magnetic moment
n and moment of inertia / through the classic characterization
experiments depicted in Fig. 5. The experiment consists in
carefully orienting a compass along the main axis of two
Helmholtz coils that are themselves collinear to the Earth’s
magnetic field. Doing so, the S-N axis of the compass is
collinear to a uniform unidirectional magnetic field that is
the sum of the Earth’s magnetic field and a magnetic field
eventually generated by a current i in the coils (this setup is
the one used by high-school students to simply measure the
Earth’s magnetic field). When i = 0, the south pole of the
compass points toward the south geographic pole that is up
when looking at the picture of the inset of Fig. 5(a) (this equi-
librium position is denoted & = 0). When i > i, = —0.01 A,
the total magnetic field becomes upside-down and the south
pole of the compass points down toward the geographic north,
the stable equilibrium is now 6 = 7.
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FIG. 5. Experimental characterization of the linear oscillatory
behavior of the compass as a function of current i in the Helmholtz
coils. (a) Example of damped oscillations of the south pole of the
compass about 8 = for i = —0.35 A [25]. The “pseudonatural
period” T is obtained by measuring the duration between two sub-
sequent crest in the compass’s oscillations. Inset shows a top picture
of the compass at a given time. (b) Evolution of the pseudonatural
frequency w = 2 /T of the free vibrating compass as a function of
current i. Above a critical current i = i, = —0.01 A, the south pole
of the compass oscillates about 8 = 0 (geographic south). Below
i = i., the stability is upside-down and the south pole of the compass
oscillates about & = 7. The solid lines are the theoretical predictions
leading to a measured /I = 6.4 x 10* A.kg™'. (c) Evolution of the
damping ratio £ as a function of i. The damping ratio is measured

The initial condition of the characterization experiments
consists, for a given current i in the coils, in bringing the south
pole of the compass away from its stable position thanks to
an electromagnet. We then turn off the electromagnet and we
record the motion of the compass about its stable equilibrium
position. Monitoring the distance X between the south pole
of the compass and the geographic south-north axis, we can
measure the pseudonatural frequency and the damping ratio
of the damped oscillatory motion. An example of an ex-
perimental oscillatory motion about the equilibrium position
6 = m is shown in Fig. 5(a) for i = —0.35 A [25]. For each
i, one can extract a pseudonatural period 7', and therefore a
pseudonatural frequency w = 27 /T as shown in Fig. 5(b) (the
red stars correspond to oscillations about & = 0 when i > i,
and the blue stars correspond to oscillations about 6 =
when i < i..). Taking By = 47 uT for the Earth’s magnetic
field in our laboratory and A = (2)®/2 uoN/r = 4496 uT/A
a property of our Helmholtz coils with o= 4m x 1077
Tm/A the permeability of vacuum, N = 500 the number of
coils and » = 10 cm the radius of the coils, those experimen-
tal pseudonatural frequencies w best follow the theoretical

curve
. N
(i) = [(Br +Al)7, (CDH

when the ratio /I is chosen to be /I = 6.4 x 10* A.kg™".
The theoretical curves given in Eq. (C1) are plotted with
continuous blue and red curves about 8 = 7r and 8 = 0, re-
spectively.

A measure of the damping ratio £ of the compass is shown
in Fig. 5(c). By fitting a constant to the measure of the
damping ratios for various i, we find that £ = 0.3 is a fair
approximation to take in our numerical model of Eq. (9). The
damping ratios have been measured on experimental data such
as the one in Fig. 5(a) using the decrement logarithmic method

3 0 (C2)
where the logarithmic decrement reads § = In(X(¢)/X (¢ +
T)) and where X(¢) and X(t + T) are the amplitudes of
two successive peaks illustrated by red crosses in Fig. 5(a).
The logarithmic decrement method is usually adequate for
lightly damped systems with & < 0.1 but we will see in this
manuscript that the value of & = 0.3 is doing a good job
in predicting the stable responses and associated modulation
functions of our experimental system.

APPENDIX D: EXPERIMENTS IN THE OPTIMAL
STABILITY REGION

In this Appendix, we give Supplemental Material [25]
information regarding Figs. 3(b) and 3(c) of the manuscript
about the stabilization of the south pole of the compass toward
the magnetic south pole of the Earth while minimizing the
quantity f i(t)dt where i(t) is the current in the Helmholtz

through the classic logarithmic decrement method applied on the two
successive peaks of the damped oscillation shown in panel (a).
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FIG. 6. Experimental and numerical results showing the angular position 6(¢) of the south pole of the compass (6(¢) = 7 is the south pole
of the compass pointing toward the magnetic south pole of Earth that is naturally unstable if i(#) = 0, i.e., there is no current in the Helmholtz
coils) as a function of time for six periods of current modulation i(¢) and initial conditions 6(0) = 7 and 6(0) = 0. In this experiment, we
turn off the current in the Helmholtz coils (i() = 0) during T~ = 2.5's and we put a current i(¢) = —0.2 A during a duration 7™ that we vary
across different experiments. The period of the modulated current is T = T~ + T and the modulated current i(t) = i(t + T) is shown with
light green lines (the quantity f06T i(¢)dt is highlighted in light red). The red dots are experimental 0(¢) and the blue line is the one obtained
by solving Eq. (9) of the manuscript with a damping ratio £ = 0.3. In the numerics, the initial conditions are #(0) = & + 5 x 1073 (a fitting
parameter coming from Fig. 3(b) of the manuscript) and 6(0)=0.(a) Tt = 70 ms [25]. (b) T+ = 200 ms [25].

coils. In the first experiment described in Figs. 6 and 3(b)
of the manuscript, we fix i(t) =0 (B(t) = B(i)e, = B~ =
—47 uT) during T~ =2.5sand i(t) = —0.2 A (B(t) = B" =
+852 ) during T7. For initial conditions #(0) =7 and
0(0) =0 and for various TF, we look at the angular re-
sponse 0 (¢) during six periods of modulation T =T~ + T,
In Fig. 6(a) for T+ = 70 ms [25], the compass is dynamically
stabilized and the south pole of the needle slightly oscillates
about 6 = (0 is represented in the inset of the figure for
information) as represented by red dots. This experimental
results is in good qualitative agreement with the numerical
data in blue line that have been obtained by solving

0(t) + 25,/%9(:) _ B@ew sin(@(1)) =0, (D1)
with £=03, u/[=64x10"Akg™" and B()=

—(Br + Ai)e, with By = 47 uT and A = 4496 uT/A with

(@)210

initial conditions #(0) =7 +5 x 1073 and 9(0) = 0. The
experimental and numerical results both agree that T+ = 70
ms corresponds to a dynamic stabilization of the compass
in its upside-down equilibrium state and lead to similar
quantity AW = foﬁT |6()B(t)sin(f(t))|dt as shown in
Fig. 3(b) of the manuscript but a more quantitative agreement
is not possible because the numerical 6(¢) will eventually
converges to 0(¢) = m for large + when the experimental
one is always oscillating about 6 = m due to repeated
symmetry breaking about 6(¢t) = m that is unstable when
i(t) = 0. Figure 6(b) shows the same experiment but for
T+ =200 ms [25]. This time, both the experimental and
numerical angular response 6(f) dynamically diverges
from 6(t) = m confirming that 6(¢) = m is unstable for
this TF. Again, the numerical and experimental results
qualitatively agree, notably on the quantity of work

(b)
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FIG. 7. Two experiments showing the angular position of the south pole of the compass 6(¢) during 90 s for B(t) = B(i)e, = B~ = —47

uT (i(r)=0 in the coils) during 7~ = 3.8 s and B(r) = B™ = +852 uT during 7% = 70 ms. (a) Experimental 6(¢) of the two experiments
along with the amplitude of the modulated magnetic field B(t) = B(t + T) where T = T~ + T [25]. Although the two experiments have
been realized for the same initial conditions 8(0) = 7 and 8(0) = 0 and the same modulated parameters, the experimental outcome is different
because the compass is undergoing a symmetry breaking every period of modulation, which makes it sensitive to initial conditions. (b) Here
we plot the variance o%(¢) of the angular position 6(¢) within the modulation period (the period is centered about the pulse of B*) in red for
the first experiment and yellow for the second one.
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done by the compass in the magnetic field represented
by AW = [T |0()B(t)sin(0(1))|ds, but quantitatively
disagree on the angular position 6(¢), even after few modul-
ation periods, because again of the periodically diverging
nature of the motion.

We focus now on the particular case where T+ = 70 ms
and try to experimentally increase 7~ until the south pole
of the compass is not dynamically stabilized on the mag-
netic south pole of the Earth anymore. The highest 7~ we
obtained was T~ = 3.8s (i(t) = 0 98% of the time) and the
corresponding angular position 6(¢) about 8 = &, recorded
during 90 s, is given in Fig. 7. Figure 7(a), shows the evolution
of 6(t), along with the amplitude of the magnetic field B(t)
for two experiments realized with the same conditions and
B(t) [25]. Again, because of the repeated symmetry breaking
that are imperfection sensitive, we cannot reproduce the same
experiments, and the two experimental 6(¢) of Fig. 7(a) look

different, almost already from the first modulation period.
What is conserved throughout experiments though, is the
shape of the oscillations about & = m on each modulation
period, which is an inherent property of optimal dynamical
stabilization we have described in the theoretical part of the
manuscript. This property is observed when one plots the
variance o'2(¢) of 6(t) on each period as shown in Fig. 7(b)
where we chose a pulse-centered elementary periodic cell.
For the optimal mode about 7;'_, the one corresponding to
the ground state of the quantum analog, the dispersion of the
oscillations 6(¢) is higher at the middle of the pulse and almost
zero far away from it because then, the south pole of the needle
is almost always close to 6 = . We will show in Fig. 4 of the
manuscript that the square of the absolute value of the eigen-
functions 6;x(;) of the stationary Schrodinger equation (8) of
the manuscript gives a good prediction of the variance of the
dynamically stabilized motions.
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