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Parametric instabilities are a known feature of periodically driven dynamic systems; at particular
frequencies and amplitudes of the driving modulation, the system’s quasiperiodic response undergoes a
frequency lock-in, leading to a periodically unstable response. Here, we demonstrate an analogous
phenomenon in a purely static context. We show that the buckling patterns of an elastic beam resting on a
modulated Winkler foundation display the same kind of frequency lock-in observed in dynamic systems.
Through simulations and experiments, we reveal that compressed elastic strips with modulated height
alternate between predictable quasiperiodic and periodic buckling modes. Our findings uncover previously
unexplored analogies between structural and dynamic instabilities, highlighting how even simple elastic
structures can give rise to rich and intriguing behaviors.
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Introduction—Parametric instabilities are a well studied
class of instability that arise in systems subjected to periodic
driving. These phenomena appear across a wide range of
physical systems, including pendula [1,2], surface gravity
waves [3,4], wrinkled elastic sheets [5], and Floquet time
crystals [6,7]. In all these systems, specific combinations of
excitation frequency and amplitude cause perturbations
around equilibrium to become dynamically amplified—a
phenomenon known as frequency lock-in. A classic exam-
ple of a system exhibiting frequency lock-in is the inverted
pendulum [8,9] [Fig. 1(a) and Supplemental Material [10] ].
When its base is oscillated vertically, it is well known that a
statically unstable upright position can become stable for
specific combinations of oscillation amplitude and fre-
quency [18]. More generally, this Floquet system exhibits
alternating stable and unstable regions in the amplitude-
frequency space [19], with the unstable regions forming
characteristic tonguelike shapes. These so-called instability
tongues, often referred to as Arnold tongues [20], corre-
spond to parametric resonances, where the quasiperiodic
response “locks in” to become periodic, with a period either
twice or equal to the driving period 7 [white and black
regions in Fig. 1(b), respectively], while growing exponen-
tially in time to eventually reach a limit cycle.

Another extensively studied class of instabilities is
structural instabilities, such as buckling, creasing, and
snapping [21]. These instabilities arise in elastic structures
when compressive forces exceed a critical threshold [22],
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resulting in sudden and often dramatic shape changes.
These phenomena have attracted considerable attention in
recent years. They have been harnessed to enable functional
behavior such as reconfigurable, adaptive, and extreme
shape morphing [23-31], and they have served as powerful
tools for probing complex physical phenomena, offering
intuitive platforms to visualize effects that are otherwise
difficult to observe. Examples include the amplification of
chirality [32], as well as domain wall motion [33] and phase
transitions [34,35]. In addition, researchers have begun to
draw analogies between structural and dynamic instabilities.
For instance, period-doubling bifurcations, a hallmark of
nonlinear dynamic systems, have been observed in the
postbuckling regime of compressed elastic structures
[36,37], highlighting the rich and complex behavior of
elastic systems.

Motivated by these efforts, we show that the buckling
behavior of certain elastic structures can display key
features typically associated with parametric resonance,
most notably the emergence of frequency lock-in phenom-
ena. To explore this analogy between parametric instabil-
ities and structural buckling, we begin by analyzing an
axially compressed beam resting on a bed of springs with
spatially modulated stiffness [Fig. 1(c)]. Buckling occurs
when the applied force exceeds a critical threshold, giving
rise to a wavy deformation pattern corresponding to the
system’s critical mode. Remarkably, in close analogy to
parametric instabilities, the resulting buckling modes alter-
nate between periodic and quasiperiodic behavior depend-
ing on the amplitude and wavelength of the stiffness
modulation with the periodic regions forming distinctive
tonguelike shapes [Fig. 1(d)]. Building on these results, we
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FIG. 1. Frequency lock-in in dynamics and statics. (a) An

inverted parametric pendulum. (b) Maximum normalized imagi-
nary component of Floquet exponents s; for the inverted
pendulum in the first Brillouin zone. (c) A modulated Winkler

foundation. (d) Maximum normalized imaginary component of s ;
for the modulated Winkler foundation.

construct a three-dimensional analogue consisting of a thin
elastic strip with periodically varying height, clamped and
compressed along its bottom edge. Through a combination
of experiments and numerical simulations, we show that
this system reproduces the essential behavior of the spring-
supported beam and similarly exhibits an alternation
between periodic and quasiperiodic buckling patterns that
is fully governed by the geometric modulation of the strip.

A boundary value analogue—We start by considering an
elastic beam with bending modulus E7 on a linear Winkler
foundation with a periodic stiffness per unit length [see
Fig. 1(©)],

2r
K(xl):Ko—l—chosTxl, (1)

where K is the base stiffness, K; is the amplitude of
modulation, and A is the wavelength of modulation. The
linearized equilibrium equation governing its transverse
deflection u,(x;) about the trivial flat state u, = 0 upon

application of an axial load P takes the following
form [37,38]:

_ _ 2
ul? + Pull + 16;;4(1 +Kcos7”x1)u2 =0, (2)

where K = K,/K, and P = 4z°P/\/K,EI. Moreover,
A =2/ and X; = x; /Ay, with

EIN\ 1/4
= 2 _—
& ”<Ko) ’ ®)

which corresponds to the buckling wavelength of an
inextensible Euler-Bernoulli beam resting on an unmodu-
lated Winkler foundation (i.e., K; = 0) [37] (see [10] for
details). Equation (2) shows that, much like the inverted
pendulum, the response of the modulated Winkler founda-
tion is governed by a linear differential equation with
periodically varying coefficients. According to Floquet-
Bloch theory [39], the solutions to such equations can be
expressed in the reciprocal space as

E =)

=1 hez

r;?e(ihZIZ/j.-'rS,'))_fl , (4)

where s; € C are the Floquet exponents and rj? eC are
harmonics of a periodic function and are determined by
boundary conditions (see [10] for details). Instead of
computing the full solution, we focus on determi-
ning the Floquet exponents within the first Brillouin
zone, |Im(s;)| <z/2, using the Hill (spectral) method
[40—42], as they offer key insights into the linear behavior
of the system. A nontrivial bounded solution u,(%;) # 0
exists whenever at least one Floquet exponent has zero real
part [ie., Re(s;) = 0]. Therefore, we define the critical
buckling load P, as the minimum applied load at which
the real part of at least one Floquet exponent vanishes. The
imaginary parts of the Floquet exponents satisfying
Re(s;) =0 at P, reveal the spectral content of the
emerging buckling mode. From Eq. (4), it follows that
the wave number spectrum of u,(X;) is given by
Im(s;) + h2r/A, where h € Z. If Im(s;) = 0, the spectrum
reduces to integer multiples of 27/4, meaning the buckling
mode is 4 periodic. If | Im(s;)| = x/A, the spectrum instead
reduces to half-integer multiples of 27/, so the mode
becomes 2/ periodic. In all other cases, the buckling mode
is quasiperiodic, characterized by two incommensurate
wave numbers.

In Fig. 1(d) we show the evolution of the maximum
Im(s;)4/(2x) in the first Brillouin zone as a function of
and K at the onset of buckling. We again see the emergence
of “frequency” lock-in tongues; in these regions, the wave
number response “locks in” to either double (white) or
equal (black) to the “driving” wavelength 1 of the founda-
tion. As with the inverted pendulum, outside of these
tongues, our solution is quasiperiodic.

A physical realization—The results shown in Fig. 1
reveal that the buckling modes of an elastic beam resting on
a Winkler foundation with periodically modulated stiffness
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FIG. 2. Numerically predicted wave number response of the
compressed elastic strip. (a) Schematic of our system. (b) When
compressed along its bottom edge, the strip buckles out of plane.
(c) Critical wave numbers as a function of 4,4 at H;/H, = 0.5.
(d) Example reconstructions; periodicity marked with the gray
dashed line. (e) Wave number lock-in tongues; the horizontal
slice that generates 2c¢ is shown in magenta.

exhibit wave number lock-in tongues. Motivated by this
observation, we seek to design a physical platform that
reproduces the same phenomenon. Because the buckling of
a modulated Winkler foundation is governed by a differ-
ential equation with periodically varying coefficients, our
objective is to realize an elastic system whose response is
described by a similar class of equations, while remaining
straightforward to implement experimentally. To this end,
we consider thin elastic plates embedded in the three-
dimensional space (x,x,,x3) with thickness 7 in the x3
direction, which is small compared to their characteristic
dimensions in the x; and x, directions. The critical
buckling load and the associated buckling mode for such

plates are obtained by solving the following eigenvalue
problem (see [10] for details):

DV () = - 1y 6) 5 <x>) —0. 5)

where a,f=1,2, D= Eh*/[12(1 —1?)] is the plate’s
bending stiffness, x = x;e; + x,e, is the midsurface posi-
tion vector (e; denoting the Cartesian basis vectors), V*
denotes the biharmonic operator with respect to x, « is the
loading parameter, ogﬂ is the in-plane base stress state, and

ii3(x) is the out-of-plane displacement defining the buck-
ling mode.

We start by focusing on a rectangular plate that, in the
reference configuration, occupies the domain Q = {0 <
x; <L,0<x, <Hy,—1/2 <x3 <t/2}, where L and H,
denote the length and height of the plate, respectively, and
L > H, > t. When the bottom edge (x, = 0) of the plate
is uniformly compressed and constrained against transverse
motion [u3(x;,0) = 0], Eq. (5) has constant coefficients,
and buckling triggers the formation of a wavy pattern with
wavelength [43,44]

e = 3.256H,. (6)

If, however, the plate height is periodically modulated
according to

2
H(Xl):H0+H1 COS%X], (7)

'mod

where H; is the amplitude of modulation, and 4,,,4 is the
“driving” wavelength [Fig. 2(a)], the in-plane stresses
02/3 (x1, x,) become A,0q periodic in x; (see [10] for details).
Equation (5) then becomes a homogeneous partial differ-
ential equation with periodic coefficients, which is
expected to exhibit wave number lock-in tongues in the
(H{,Amoq) modulation parameter space. Since the gov-
erning equation (5) is now a partial differential equation, we
employ Bloch wave analysis [45], a three-dimensional
generalization of the Floquet analysis used for the Winkler
foundation, implemented within a finite-element (FE)
framework to determine the critical buckling load and
characterize the emerging buckling modes.

Specifically, we consider a unit cell of length 4.4, Which
we first compress to some axial strain ¢ under periodic
boundary conditions. We then investigate Bloch-type small
perturbations superimposed on the axially compressed
finite state of deformation,

uright — ulefteﬂﬂmmod’ (8)

where 7 is a wave number and u"€" and u'® denote the
displacement of superimposed perturbation applied to the
right and left edges, respectively. Buckling is triggered at
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FIG. 3. Experimental analysis. (a) An experimental sample

with the top edge highlighted with a black marker. We compress
the larger attached block to impose uniform compressive
strain along the bottom edge of the wavy plate. (b),(c) Exper-
imental, simulation deformation and Fourier transform for
() Apoa = 8.2 mm and H,/Hy = 0.5 and (¢) Apoq = 12.2 mm
and H,;/H, = 0.5. (d) Peak wave number location in postbuck-
ling simulation vs experimental samples; Bloch wave simulation
data are shown in pink.

the lowest applied strain ¢ for which a vanishing eigen-
frequency exists for wave numbers U within the first
Brillouin zone, i.e., D€ [0, 1/A0q); because of symmetry
in our system, we can further restrict ourselves to
7€[0,0.5/Anoa] (see [10] for details). In Fig. 2(c), we
report the calculated critical values of 7, denoted as 7., as a
function of A,,,q for a strip with H,/H, = 0.5. As in the
case of the Winkler foundation, we observe locked-in
regions at ¥.,An.q = 0 and 0.5, corresponding to periodic
solutions with wavelengths 4,4 and 24,4, respectively.

This is confirmed by the reconstructed buckling modes,
shown in Fig. 2(d); in analogy to the transverse displace-
ment u,(x;) in the Winkler foundation, we display the out-
of-plane displacement along the top edge [x, = H(x;)] of
the strip, us(x;) = u3® [Fig. 2(b)].

Finally, we compute the critical wave numbers 7., for 51
amplitude values in the range H;/H,€[0,0.5] and 91
modulation wavelengths A,,,4 € 3, 50] mm (corresponding
t0 Amod/Arec €[0.307,3.07]) and present the results in
Fig. 2(e). As in the case of the modulated Winkler
foundation, we observe the emergence of “instability
tongues,” where wave number lock-in occurs and the
solution becomes periodic, confirming that an axially
compressed elastic strip with modulated height displays
features typically associated with parametric resonance.

Guided by the results of Fig. 2, we fabricate four samples
with H;/Hy = 0.5 and modulation wavelengths A,,q =
8.2,9.4,9.8,10.2, and 12.2 mm. Based on the Bloch wave
analysis, we expect the sample with A,,q = 12.2 mm to
exhibit a periodic postbuckling deformation with period
Amod» While all other samples should display quasiperiodic
postbuckling deformation. The samples are cast from an
elastomeric material (Zhermack Elite Double 32) using a
molding process (see [10] for details). All strips have a
length L = 200 mm, a nominal height Hy, = 5 mm, and
thickness r = 0.5 mm.

To apply axial compression, each thin strip is bonded to a
larger block of the same material [Fig. 3(a)], which is then
compressed to induce buckling in the strip. We mark the top
edge of each strip in black and track its deformation during
compression. The resulting buckling patterns for A,,4 =
82 mm and A, = 12.2 mm are shown in Figs. 3(b)
and 3(c), respectively. All samples were compressed to
between 5-6.5% strain, which is much larger than the
compressive strain needed for buckling onset (see [10] for
details). As expected, the sample with A,,4 = 8.2 mm
exhibits a disordered postbuckling deformation, while the
sample with 4,,,¢ = 12.2 mm shows an ordered, apparently
periodic postbuckling pattern. To quantify these observa-
tions, we perform a discrete Fourier transform (DFT) on the
experimental data. For the sample with 4,4y = 12.2 mm,
the DFT shows a spectral peak at D4, = 1.0, confirming
that the deformation is periodic with a spatial period equal to
Amod- In contrast, the spectrum for 4, = 8.2 mm exhibits a
peak at DA,.q = 0.71, indicating that the response is
quasiperiodic.

Concurrently, we perform FE simulations on strips of the
same dimensions used in the experiments (L = 200 mm).
As in the experiments, the models are compressed into the
postbuckling regime, with the first linear buckling mode
introduced as a geometric imperfection to initiate the
instability (see [10] for details). As shown in Figs. 3(b)
and 3(c), we observe good agreement between simulations
and experiments, both qualitatively and quantitatively, in
the out-of-plane deformation of the top edge.
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Finally, we compare these results with those obtained
from the Bloch wave analysis, theoretically valid for an
infinite strip length. In Fig. 3(d), the magenta markers
indicate the values of 7,..4,, predicted by the Bloch
analysis (same data as in Fig. 2(c), but here we also display
the extended region in a lighter shade), while the blue and
green markers represent the dominant DFT peaks extracted
from the numerical simulations and experimental data,
respectively. We observe good overall agreement between
the experimental and numerical results, demonstrating that
the transition from quasiperiodic to periodic behavior is
accurately captured even for the relatively short strip length
used in our study. Importantly, this agreement is not limited
to the two representative cases shown in Figs. 2(b) and 2(c)
but also holds across the three additional tested samples
(see [10] for details).

In summary, we have demonstrated the realization of a
static analog of parametric instabilities. We first estab-
lished this in the archetypal case of a beam on a modulated
Winkler foundation, where Floquet analysis revealed the
same frequency lock-in tongues that characterize dynamic
systems exhibiting parametric instabilities. We then
extended the concept to a physical platform: an elastic
plate with modulated height. Using a combination of
Bloch wave analysis and experiments, we again observed
the characteristic lock-in tongues, confirming the predict-
able alternation between quasiperiodic and fully periodic
buckling patterns. As such, this work sheds light on the
analogy between boundary value problems (BVPs) in
elasticity and initial value problems (IVPs) in classical
dynamical systems. Nevertheless, important conceptual
differences remain between IVPs and BVPs. In IVPs,
solutions evolve uniquely in time, with linear responses
typically decaying or diverging under parametric excita-
tion until nonlinear effects give rise to limit cycles. In
contrast, in BVPs, nontrivial buckled solutions emerge at
critical parameter values when the trivial state loses
stability. Consequently, BVPs naturally admit bounded
periodic or quasiperiodic equilibrium solutions, whereas in
IVPs dissipation and temporal evolution determine
whether energy is amplified or absorbed. The wave
number lock-in phenomenon uncovered in this paper in
the framework of elastic buckling should offer promising
opportunities, for example, in the spectral enrichment of
elastic wrinkling patterns [29,46—48]. For the wrinkling
pattern modulation to be real time, one could control the
underlying periodic geometry with programmable and
active elastic metamaterials [49-51]. Another promising
direction is to extend the analogy with parametric insta-
bilities, where recent work has shown that, in a certain
modulation regime, Floquet-Bloch theory becomes math-
ematically equivalent to the linear algebra of quantum
mechanics [52,53]—opening new opportunities for exotic
functionalities in buckled elastic systems.
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