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The vertical component of the surface tension force on a body partly submerged in a liquid is shown
to equal the weight of liquid displaced by the meniscus. It is upward if the meniscus is depressed
and downward if the meniscus is elevated. Previously this was known for vertical axially symmetric
bodies and for two-dimensional vertical plates. The vertical component of the pressure force on the
body is shown to equal the weight of liquid which would fill the volume bounded by the wetted
surface of the body, a vertical cylinder through the waterline, and the original horizontal free
surface. ©1998 American Institute of Physics.@S1070-6631~98!02111-4#
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A surface tension forceFT and a pressure forceFP act
on a body partly submerged in a liquid at rest. The verti
component ofFT will be shown to equal the weight of liquid
displaced by the meniscus, directed upward if the menis
is depressed and downward if it is elevated. This extend
bodies of any shape the two-dimensional result for the fo
on a vertical flat plate~Rusanov and Prokhorov1! and the
axially symmetric results of Laplace2 for the volume of fluid
raised in a vertical capillary tube and of Schulze3 for the
force on any vertical axially symmetric body. The vertic
component ofFP will be shown to equal the weight of liquid
which would fill a volume bounded by the wetted surface
the body, a vertical cylinder through the waterline, and
original horizontal free surface~see Fig. 1!. The horizontal
components ofFT andFP will be considered also.

The interfacez5h(x,y) between a liquid and gas at re
satisfies the Young–Laplace equation

2T~]xn11]yn2!5rgh~x,y!. ~1!

Here T is the coefficient of surface tension,n(x,y)
[(n1 ,n2 ,n3)5@2hx ,2hy,1#(11hx

21hy
2)21/2 is the unit

normal to the interface pointing out of the liquid,r is the
density of the liquid, andg is the acceleration of gravity
which acts in the2z direction. We assume that the interfa
extends from a curveC on the surfaceS of a partly sub-
merged body to infinity, whereh50. C is given by r (s)
wheres is arclength onC.

The projection ofC on the (x,y) plane is a curveG with
arclengtht and inward normaln(t). We integrate~1! over
the (x,y) plane outsideG, apply the divergence theorem t
the left side, and assume thatn1 and n2 vanish sufficiently
rapidly at infinity. Then we get
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WM is rg times the volume between the interfacez
5h(x,y) and the surfacez50, counted negative ifh.0.
ThusWM is the weight of the liquid displaced by the meni
cus.

To interpret the left side of~2! we note that

FT5TE
C
ṙ ~s!3n@x~s!,y~s!#ds. ~3!

FIG. 1. The vertical component of the forceFT due to surface tension is
positive in ~a! and negative in~b!. Its magnitude is the weight of liquid
which would fill the cross-hatched regions. The vertical component of
pressure forceFP is positive in both cases. In~a! it is equal to the weight of
the liquid which would fill the unhatched region between the body surf
and thex axis. In ~b! the area of the two small triangular regions above t
axis must be subtracted from the area below the axis. Thus in both case
force is less than the weight of the liquid displaced by the body. In~c! both
vertical forces are differences between volumes below and above the
9 © 1998 American Institute of Physics
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We multiply ~3! by ẑ• and observe thatẑ–ṙ3n5n–ẑ3ṙ
5n–n sinw where w is the angle betweenẑ and ṙ . Since
sinw ds5dt, we get from~3!

ẑ–FT5TE
C
n–n sin w ds5TE

G
n–ndt. ~4!

Now ~2! and ~4! yield the result

ẑ–FT5WM . ~5!

The forceFP due to hydrostatic pressure is given by

FP5E rgzN~x!dA. ~6!

HeredA is the area element of the wetted surfaceSandN~x!
is the unit normal toS directed out of the body. To comput
the vertical component ofFP we note that ẑ–N(x)dA
56dx dy. This is the signed area element on thex,y plane
into whichdA projects, where the sign is that ofẑ–N. When
the sign is negative at all points ofS, S projects onto the
interior AG of G and we obtain

ẑ–FP52rgE
AG

z~x,y!dx dy. ~7!

The integral in~7! is just minus the volumeV of the domain
bounded below byS, above by the planez50, and laterally
by the vertical cylinder throughC, which intersects the hori
zontal plane in the curveG. Thus the right side of~7! is just
the weightWV of the fluid contained in this domain, so w
have

ẑ–FP5WV . ~8!

This result remains true whenẑ–N changes sign, as one ca
show by considering separately the regions where it is p
tive and where it is negative.

To obtain the total vertical force on the body, we add~8!
and ~5!:

ẑ–~FT1FP!5WM1WV . ~9!

The right side of~9! is the weight of liquid that would fill the
region bounded below by the interface and the wetted
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face of the body, and above by the undisturbed interfacz
50, whenh(x,y) is single valued. If this region were filled
with liquid, it would obviously be held at rest by the liqui
below it. This provides a direct proof of~9!. Subtracting~8!
from ~9! gives a direct proof of~5!. Weights or volumes
abovez50 must be counted as negative. Similarly, the to
horizontal force on the body is equal to the horizontal for
on a vertical cylinder of large radius surrounding the bod
That force is zero, so we have

x̂•~FT1FP!50, ŷ•~FT1FP!50. ~10!

FP
h , the horizontal component ofFP , is the same as the

horizontal component of the force exerted by the exter
fluid on the vertical cylinder which extends downward fro
C. We assume that the wetted surface of the body lies ins
this cylinder. The forces are equal because there is no
horizontal force on the fluid bounded byS and this cylinder.
Thus

FP
h 5rgE

G
E

z0

z~ t !
n~ t !z dz dt5

rg

2 E
G
z2~ t !n~ t !dt. ~11!

Herez(t) is thez coordinate ofC at arclength positiont on
G. The lower limitz0 , which is chosen below all points ofS,
drops out of the calculation because the integral ofn(t)
around the closed curveG vanishes. ThusFP

h is determined
by the depression of the waterline due to surface tension
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