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Stochastic disturbances

Flow systems of engineering interest are often exposed to disturbances
that are erratic, unpredictable, and thus conveniently described by
their statistics.

e wall roughness
e Free-stream turbulence

e Acoustic waves



Statistics
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lllustration of spatial and temporal statistics

n Fukagata Lab.

Time correlation COI’ related




1) Stochastic flow systems

g= Ag+w, coviw)=W

stochastic excitation— stochastic state
g should now be described by its covariance matrix .

How to get /’ from A and W 7



Lyapunov equation
Explicit state solution:

e
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State covariance:
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Differentiating this convolution integral:

P= AP+ PA" W



Numerical solution of the Lyapunov equation
Solve: AX + XA + W =10

1. Schur decomposition A « UA'UY, <+ A" upper diagonal, U orthogonal.
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2. Resulting equation A’ + A 4 =)

3. Use Kronecker product &
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vec(A'X + X'A" 4 W) =0

=(I®A + A ®I)vec(X’) + vec(W")
w
F F has upper diagonal structure

4. Solve by backward substitution



1D example: Ginzburg-Landau

G+ Ugs = vq., + p(z)q

Excitations: w(x,t) = f(x)A(t), Forcing
A € R is white noise, E|w|* = 1. 0s covariance

Convectively unstable region:

State
covariance

Bloggg




1D example: Ginzburg-Landau
One point/Two times covariance:

cov(g(t), q(t)) = P(t,t") = e " P(t,¢),
0=AP 4 PAT + W.

Two points correlation
(normalized to unit rms):




Example: Ginzburg landau
excited by random perturbations
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A flow example:
transition to turbulence in boundary layers

With Luca Brandt



LES: Schlatter & Brandt

Turbulent free-stream
-+ receptivity

-+ Streaks

-+ streak instability
— turbulent spots

—+ turbulent boundary layer




Boundary layer stability

Streaks:
TS waves: Suberitical Reynolds
Large Reynolds Large external disturbances
2D waves Transient growth
Exponential growth
0 290 9 ¢

®




Two-point correlation of FST

Energy spectr:
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Isotropic turbulence: Von-Karman spectrum



Streaky flow excited by FST: Stochastic initial value

problem
Tin:; evolutvion of um,ﬁ rms profile:
Time
evolution,
a=0.05
u .

The FST is the flow initial condition



Comparison of flow structures:
Streamwise velocity

Comparison of flow structures:
Streamwise shear




An other example of flow system with
statistical analysis:
Channel with compliant walls

With Bottaro & Favier (Genova, Italy)
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FIGURE 6. Sketch of the flow deformation for the sinuous mechanism at infinite (left) and
finite (center) wavelengths, On the right the varicose mechanism is sketched.




lllustration of response to random initial conditions

0 2000 4000 6000 8000

K=10'
Flexible channel: slow oscillations
Large amplitude



Now, using these methods to do control



2) Control of stochastic flow systems

Control to reduce flow rms
— Actuators, sensors, feedback law

Minimize for stochastic properties



Actuators and sensors

Disturbances Output
- | -
Flow
Actuator Sensor

Actuators to act on the flow state: e Blowing and suction at the wall
e Wall deformation
% en

Sensors to measure the flow state: e Skin friction

o Pressure



' |

e Sensor

Actuator



Feedback

Disturbances Output
- - —
Flow
Actuator Sensor

Use optimization for the feedback law



Sensor information

+

Dynamic model

Case 1:

No disturbances,
Known initial condition
—+ Need good model

q = Aq
Flow: s s 90)
y=Cq

| q=Ag
Estimator: { o3
y=0Cq

1(0) = gy

Estimation

Case 2:
Disturbances,

Unknown initial condition
v Need feedback

q=Agtw
Flow: { :

y=Cqty
. é = Aq—-L(y
Estimator; { : :
y=Cq

~»  estimate full 3D flow state

_!'

Q(O) = 40

q(0) =0



Control and estimation

g = Agq+w+Bu, . (;‘:Aé'-l,fiy 7).
system , estimator { "

y=0Cq+y y=0Cq
Full information control: ~ Estimation:
Feedback: u = Kg Estimation error g = g — §:
Closed loop: ¢ = (A+ BK - 7 = A+ L) a+-u La

P g= | : ) q q= L ) q

A. = A+ BK is stable? A, = A+ LC is stable?

Output feedback control: u = Kg.



Lyapunov equations
for control and estimation systems

Mean energy= integral of rms

Ex = Tr(P)

System is sensitive or unstable —+ large energetic response to external disturbances

'Full information Control: Estimation:
q=(A+ BK)+ §=(A+LC)§+ u
_T—-/ \—T—d
Lyapunov: Lyapunov:
(A4 BK)"P+P(A+BK)IW =0 (A4 LC)P 4+ P(A4 LC)"+W 4 &’LL" =
A A, A A
0 |

Now: find optimal feedback X and L



Optimization

Constrained minimisation — Lagrange multiplier A
Minimax problem for Lagrangians % and .7,

Chjective Coratraert
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Same structure for control and estimation —+ two Riccati equations



1D example: Controlled Ginzburg-Landau
4+ UqQ: = 7q.x + p(z)q + b{z)ult)
{ y(t) = [ ¢(z)g(z)dx

SQM and actuators




lllustration: control of system subject
to random perturbations
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Controle retroactif:

ecoulement fortement non-parallele

lllustration of control result

Couche limite 3D:

Instabilite de "cross-flow”

Cromaance dos ondes
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Capteur et actioneur




Boundary layer subject to harmonic
point-source excitation
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Animation: Hogberg, Chevalier, Henningson



Conclusions

- Stochastic methods to study flow response to complex perturbations

- For linear system: solve directly for the statistics: Lyapunov equation

- The response properties should be used for control:
mixed dynamic/statistical approach



