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Abstract. The presented research attempts to model the interaction between the pharyn-1

geal walls and the respiratory airflow during an apneic episode. Continuum mechanics has2

been considered to describe the upper airway soft tissues and the fluid flow is described3

by applying a Boundary Layer theory. A numerical method which implies Finite Element4

meshing of the walls has been developed for solving the mechanical problem. Preliminary5

results are presented. The partial closure of the airway which occurs during an hypopnea or6

at the beginning of an apnea has been simulated. A first validation has been carried out, by7

means of a comparison between predictions of numerical simulations and the experimental8

data measured on an in-vitro setup. The prediction error has been estimated to be of order9

of 20 %. The influence of physical meaningful parameters accounting for the pharyngeal10

caliber and the stiffness of the walls has been studied. This predictive model is a first11

necessary step before application within a clinical context, for instance in a procedure of12

surgical planning.13

1 Introduction14

Obstructive Sleep Apnea consists in brief and periodic episodes of soft-tissue collapsus within the15

upper airway during sleep [3] [13] [27] [42] [31] [12]. Each partial or total collapsus is followed16

respectively by limitation (hypopnea) or total cessation (apnea) of respiratory airflow. It has17

become a major health care topic, affecting 2 % to 4 % of the adults [43] with many consequences18



such as excessive daytime sleepiness or hypertension [27].19

20

A standard treatment against Obstructive Sleep Apnea is Continuous Positive Airway Pressure21

(CPAP) [40], as its efficiency has been clearly demonstrated [27]. However, this technique is22

shown as compelling and not accepted by all patients, namely due to irritation problems caused23

by the mask or due to inacceptance for psychological reasons. Thus, surgical approaches have24

emerged in parallel to CPAP. Tracheostomy [24] is no longer considered as it was too invasive.25

Uvulopalatopharyngoplasty (UPPP) [15] has proven to be insufficiently efficient [27]. Tongue26

advancement surgery (maxillo-mandibular and hyöıd suspension surgery) [11] [16] seems more ef-27

ficient but not easily accepted by patients. Additionally, conservative treatments, such as weight28

loss or oral appliances, are alternatives both to CPAP and surgery [19].29

30

The basic mechanisms of an obstructive sleep apnea are already known thanks to clinical ob-31

servation and to medical imaging: it is caused by an interaction within upper airway between32

soft-tissue (tongue, soft palate) and respiratory airflow [3]. The most significative factors such as33

anatomy, soft-tissue compliance and neuromuscular activation have been object of several physi-34

ological studies (e.g. [12]), although their relative impact is still controversial [35]. Thus, advances35

in understanding sleep apnea led to improvement of treatments. This paper is a modest attempt36

in this direction. Complementary to in-vivo studies, physical models have been developed, and37

represent another way to investigate the phenomenon which is at the origin of an apneic episode.38

39

From the point of view of physical modelling, the most widespread tool is the collapsible tube [38]40

[23] [22] [6] [36] [8]. Although quite illustrative, such model might be too simplistic for surgical41

planning purposes. Indeed, it is perfectly symmetrical along its main axis, whereas the upper42

airway geometry is strongly asymmetrical. Alternative theoretical models have been proposed43

such as those of Auregan and Meslier [2] and of Fodil and al. [14]: one [2] or two [14] linear44

compliant segments are in interaction with non-viscous (Bernoulli) or viscous (Poiseuille) flows.45
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They proved their ability to reproduce a great diversity of behaviours, among which apnea or46

hypopnea. Their main limitation stands in the assumption that the upper airway can be approx-47

imated using linear discrete compliant segments.48

49

From the point of view of fluid mechanics, numerical simulations of fluid circulation in the rigid50

upper airway have also been proceeded [37], which are helpful to determine velocity profiles as51

well as the pressure forces applied on walls. Of course, they do not account for the flow structure52

interaction, which prevents them to be sufficient for prediction of an apnea. Finite Element models53

of fluid-structure interaction for sleep apnea have been recently published like the bidimension-54

nal model of Malhotra [26]. However, before such models could be used for clinical purpose, they55

ought to be validated through confrontation with experimental data.56

57

The present research is another attempt to develop an accurate theoretical and predictive model58

for sleep apnea. It is based on a description of the soft tissue as a continuous media, for which59

equilibrium equations are solved using the Finite Element method. Boundary layer theory is used60

for the description of the fluid flow. Interaction between fluid and walls is taken into account61

thanks to an iterative algorithm. As it is very difficult to know a priori whether a numerical62

method will provide satisfactory results, especially for fluid-structure problems, comparison with63

experimental data is necessary. So, this model will be quantitatively validated against an in-vitro64

setup. Influence of mechanical parameters which have a physiological meaning will be studied.65

This preliminary step is necessary before creation of more realistic models that might be useful66

in a context of surgical planning.67

68

2 Theoretical assumptions and methods69

70

Assumptions and method for computing wall deformation are presented in (2.1), while the com-71

putation of the pressure distribution is detailled in (2.2). Obtainment of pressure forces that act72
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on the walls is the object of a specific development in (2.3). Finally, the global procedure to take73

into account the interaction between fluid and walls is detailled in (2.4).74

75

2.1 Description of the walls76

Models for obstructive sleep apnea syndrome such as [2] or [14] consider the upper airway as one77

or two independant compliant segments, governed by equations of general form:78

Ai = f(pi), (1)

where Ai is the sectionnal area of the fluid channel below the segment i and pi is the transmural79

pressure at the level of the segment i. f is a state function. Assuming that the state function is80

linear, the segment acts like a spring and f(x) = k−1.x, k is the stiffness coefficient of the spring.81

However, such simple description might not be sufficient to reproduce accurately the highly com-82

plex behaviour of the upper airway soft tissues, especially in perspective of a realistic prediction.83

A more appropriate representation of soft tissue would be to consider it as a continuous media, in84

which the relationship between local deformation and local constraint is computed everywhere.85

Local deformation is represented by a second-order tensor, for instance the Green-Lagrange ten-86

sor E. Local constraint is reprented by the Cauchy stress tensor σ, another second-order tensor[7].87

88

As a result, continuum mechanics has been chosen as a framework for this study [7]. In addition,89

two assumptions have been formulated so as to simplify the mechanical problem. It is firstly90

supposed that inertia forces are negligible, which is a quasi-static assumption: both apnea and91

hypopnea involve slow tissue motions compared to those observed in speech or snoring. Assump-92

tion of small deformations is also stated: structure deformation from rest position is supposed93

not to exceed 15 %, so that second order terms can be dropped out in E, to obtain the small94

deformations tensor ε. Since material is supposed to be linear, isotropic and homogeneous, the95

elastic hookean law is sufficient to describe its constitutive properties:96
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σ =
Eν

(1− 2ν)(1 + ν)
tr(ε)I +

E

1 + ν
ε, (2)

97

98

where I is the identity tensor, tr(ε) is the first invariant of the small deformations tensor, E is99

the Young modulus, ν is the Poisson’s ratio [4]. The Young modulus E (in Pa) is associated to100

material stiffness, and the Poisson’s ratio ν is linked with compressibility. The closest to 0.5 ν is,101

the less compressible the material is.102

103

For a model of the upper airway, complex repartition of boundary conditions, such as kinematic104

constraints and external forces distribution, prevents from solving the mechanical problem ana-105

lytically. The chosen numerical tool for resolution is the Finite Element method, widely used in106

structural engineering and in biomechanics [44]. The geometry of the structure is approximated107

by a mesh, constituted of a finite number of nodes which delimit elements.108

109

In structural analysis, once the mesh is defined, the best approximation of solution is obtained110

from determination of nodal displacements that minimize total potential energy of the structure:111

this variational formulation of an elasticity problem is detailled in [44]. From nodal displacements,112

values of small deformations tensor ε and of constraint tensor σ are established at each point of the113

structure as the aim of Finite Element method is to provide a continuous approximation. Under114

the assumption of small deformations, and with quasi-static hypothesis, it can be demonstrated115

[44] that requiered nodal displacements are obtained from solving a linear system:116

[K]{u} = {F}, (3)

where {u} is the vector of nodal displacements 4, {F} is the vector of external forces applied to117

each node and [K] is the stiffness matrix, obtained from integration of the constitutive law (2) on118

4 each component of {u}, if not constrained, is called a degree of freedom
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each element [44]. Displacement vector is decomposed as following: {u} = {uf uc}t where uf is119

constituted of all degrees of freedom, and uc of all constrained displacements. Obtention of {F}120

is detailled in 2.3.121

{uf} = [M] {F}+ {uf
∗} (4)

where [M] matrix is derived from the stiffness matrix [K] after simple algebra [20], and will be122

named the compliance matrix. {uf
∗} is a displacement vector induced by constant constraints in123

force and in displacement.124

125

So as to compute the [M] matrix, a commercial finite element solver (Ansys(TM) Software) has126

been employed, which ensures high reliability and accuracy of computations. However, it does not127

allow straightforward computation of this matrix. So, a method similar than the one described in128

[9] permits to precompute the [M] and the {uf
∗} vector associated to elementary deformations.129

Furthermore, it avoids carrying complete structural analysis at each iteration of the main loop130

of the fluid-structure coupling algorithm. The precomputation method is described in Appendix 1.131

132

2.2 Description of the airflow133

Characteristics of flow circulation within a constriction have been studied extensively, for in-134

stance in the glottis [33] [32] [18] [29], in a stenosis [5] or in the pharynx [37]. From these studies,135

a schematic description of the flow is illustrated in figure 1. While entering in constriction, fluid136

particles are submitted to acceleration due to the constant flow rate. After the narrowest part137

of the constriction, fluid tends to decelerate and to separate from walls, to form a free jet (figure 1).138

139

The choice of an adequate fluid model for pressure prediction is all the more important as it has a140

direct and significative impact on fluid-structure interactions. In [17], different models have been141

confrontated to experimental measurements on an in-vitro setup. Choice of the model described142
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in this section results directly from this confrontation and is briefly described in the following.143

144

Fluid model is derived from simplifications of the Navier-Stokes (5) and continuity (6) equations145

assuming a quasi-steady, incompressible, laminar and bidimensionnal flow:146

(v.grad )v = − 1
ρ grad P + ν∇2v, (5)

div v = 0, (6)

where P is pressure, ρ is density, ν is kinematic viscosity, v is local velocity. With help of two147

other supplementary assumptions, which are channel transversal dimension h0 smaller than its148

longitudinal dimension D (figure 1) and high Reynolds number Re = U0h0/ν (U0 is the mean149

longitudinal speed), the Navier-Stokes (5) and continuity (6) equations can be simplified so as to150

obtain Reduced Navier-Stokes / Prandtl equations [25] :151

ū
∂ū

∂x̄
+ v̄

∂ū

∂ȳ
= −∂p̄

∂x̄
+
∂2ū

∂ȳ2
, (7)

−∂p̄
∂ȳ

= 0, (8)

∂ū

∂x̄
+
∂v̄

∂ȳ
= 0, (9)

where all variables are nondimensionnal : x̄ = x(h0Re)
−1, ȳ = yh−1

0 , p̄ = P (ρU2
O)−1, ū = uU−1

0 ,152

v̄ = vReU−1
0 . (u, v) are longitudinal and transversal components of velocity v: [17], [25]. Bound-153

ary conditions consist in no slip on the lower and upper walls [17].154

155

For a flow circulation within a constriction, RNS/P equations (7), (8), (9) are appropriate to156

describe the effects of viscosity, that concentrate on a thin layer upon walls: the boundary layer157

[34]. From the RNS/P equations, computation of wall shear stress τwall is possible and used as a158

criterion to determine position of fluid separation from walls, where it vanishes:159
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τwall = ρν
∂u

∂y
|y=ywall = 0, (10)

The accuracy of such prediction has extensively been studied in [17], compared to other predic-160

tion theories such as 1D inviscid flow or 2D boundary layer.161

162

This set of equations is solved using finite differences method with a regular grid [25], [10]. A163

vector p(xpi )i=1,...,nmax , which represents pressure distribution all along a two-dimensionnal chan-164

nel, is then obtained. (xpi )i=1,...,nmax is the abscissa of each grid point where pressure is computed.165

166

2.3 Computation of pressure forces167

As the fluid model is assumed to be bidimensionnal and the structural model is tridimensionnal,168

the structure is divided into slices of small thickness. From fluid simulation on each slice, a pres-169

sure distribution is stored for each element (fig. 2).170

171

For an element (e), the only way to compute deformation from pressure distribution on the172

element surface S is to determine nodal forces equivalent to pressure. This is achieved by use of173

the virtual work theorem:174

{
F

(e)
nodes

}
=

∫

S

[N(x)]
t
p(x) {n(x)} dS, (11)

175

176

where
{

F
(e)
nodes

}
is the vector of equivalent nodal forces. For a point x in the surface S of (e),177

[N(x)] is the interpolation matrix, p(x) is the pressure and {n(x)} is the normal vector to the178

surface element (fig. 3) [44], [7]. For a quadrilateral element of four nodes, with the standard local179

coordinate system (s, t) shown in fig. 4, expression (11) might be simplified in:180
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{
F

(e)
nodes

}
=

(∫ 1

−1

∫ 1

−1

[N(s, t)]
t
p(s, t)dsdt

) {a}
4
, (12)

where181

a = (x1
−1 − x−1

−1) ∧ (x−1
1 − x−1

−1) (13)

is the area vector associated to the element, x−1
−1, x1

−1, x1
1, x−1

1 being element nodes (fig. 4). For182

a discrete pressure distribution p(si, tj)i=1,...,n, j=1,...,m associated to an appropriate subdivision183

(si, tj)i=1,...,n+1, j=1,...,m+1 of the element surface, it can be shown that for each node (k, l), where184

k, l ∈ {−1, 1} stand for node of coordinates xkl , equivalent force is:185

{
Fkl

(e)
}

=


kl

n∑

i=1

m∑

j=1

p(si, tj)ω(ksi, ksi+1)ω(ltj , ltj+1)


 {a}

16
, (14)

186

187

with188

ω(x, y) =
1

2
(y − x)(1 + x+ y). (15)

Obtention of (14) is detailled in Appendix 2. Then, pressure force on each node of the mesh is189

the resultant of all the contributions of forces from adjacent elements, which allows to compute190

the vector {F} of external forces due to the fluid pressure (standard assembly procedure of Finite191

Element method).192

193

2.4 A fluid-structure coupling algorithm194

Both mechanical models of structure and fluid need to be in interaction. This is achieved by195

use of a general iterative fluid-structure coupling algorithm summarized in figure 5. Behaviour196

(structure deformation, flow characteristics) of the model is predicted for an initial condition : a197

given pressure drop ∆P between inlet and outlet of the fluid channel. It is increased step by step198
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: ∆P1 = 0, . . . , ∆Pnsteps = ∆P where nsteps is the number of steps.199

200

For each step i, a given pressure drop ∆Pi is imposed. Geometry of the channel is obtained from201

the structure, after deformation at step i− 1. Fluid model is then used to compute pressure dis-202

tribution along the channel and thus forces applied to the walls, which deformation is predicted203

in response using the structure model. This deformation induces new boundary conditions. As a204

result, a new pressure distribution has to be computed from which a new walls deformation is ob-205

tained. The algorithm keeps on iterating until a fixed number of iterations niterations is reached.206

With a correct choice for niterations , no significative difference between two successive defor-207

mations can be observed (convergence criterion) and equilibrium is then reached (quasi-steady208

hypothesis). Typically, a choice of niterations = 5 was found to be sufficient to ensure convergence.209

At the end of the loop, the step is increased from i to (i+ 1).210

211

3 In-vitro setup212

The pharyngeal airway has a highly complex anatomical structure which can be roughly divided213

into main entities such as the tongue, the soft palate, the uvula and the pharyngeal walls. These214

soft tissues are mostly composed of muscles and fat deposits. Some bony structures are used as215

insertions for muscles: mandibulae, hard palate, hyoid bone. More than twenty upper airway mus-216

cles are thought to be influent on the diameter of pharyngeal lumen [3]. Thus, collapsus has been217

reported to occur in various pharyngeal segments. Sites of collapsus are mostly in oropharynx,218

posterior either to uvula or to radix linguae [30]. They correspond to local minima of pharyngeal219

sectionnal area, in other terms to constriction sites.220

221

Though a very realistic anatomical and mechanical model of upper airway would be the best222

solution for accurate simulation, for the sake of simplicity, our modelling approach will be vali-223

dated at first on an idealized geometry. So, the main goal of the in-vitro setup is to reproduce224

a fluid-structure interaction within a constriction, from which observations and measurements225
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could be obtained in order to allow comparison with simulations predicted from the theoretical226

model. First, the in-vitro setup is briefly described in 3.1. Then, a Finite Element model of the227

deformable wall of the setup is presented in 3.2.228

229

3.1 Description230

The setup under study is depicted in figure 6. It consists of a cylinder attached to a rigid pipe,231

which delimits a channel for the airflow. In first approximation, the cylinder can be considered to232

play the role of the tongue and the rigid pipe to represent the trachea and the posterior pharyn-233

geal wall (figure 6 (c)). The cylinder can either be rigid (metallic) or deformable (thin latex tube234

filled with water). The use of a rigid cylinder is an interesting first step as it allows very accurate235

mesures of fluid characteristics (velocity, pressure) which are fully described in [17]. The latex236

cylinder is used as a second step for observations of flow-induced deformation. The diameter D of237

the latex tube is 49 mm. The internal diameter d of the rigid pipe is 25 mm. The thickness lt of238

the latex is 0.3 mm. Initial height hc at the level of constriction is the main variable geometrical239

parameter (figure 6 (a)). A pressure tap was drilled in the rigid pipe upstream of the tongue240

replica in order to measure the pressure drop ∆P .241

242

3.2 Finite Element model of the deformable wall243

Within the framework described in (2.1), a Finite Element tridimensionnal model of the latex244

tube, which is the only deformable part of the in-vitro setup, has been designed, in agreement245

with both its geometry and its mechanical properties: constitutive mechanics and boundary con-246

ditions (figure 7 (a) (b)). Choice of a bidimensionnal model would have prevented from taking247

into account boundary conditions with fidelity. Poisson’s ratio has been chosen as close as possible248

to 0.5 (ν = 0.499) since latex is assumed to be perfectly incompressible. Water inside this thin249

latex wall has been taken into account by applying constant pressure forces on elements, which250

is consistent with the in-vitro setup. Kinematic constraints (immobility) have been chosen to be251
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the nearest of those of the in-vitro setup (figure 7 (b))5.252

253

The model is built from hexahedra, which are three-dimensionnal eight nodes elements. Mesh254

regularity and good stability properties of hexahedra ensure a correct approximation of solution.255

As the Poissons’s ratio value is imposed by imcompressibility, the only mechanical parameter of256

the model to fix is the Young modulus E.257

258

4 Results and discussion259

260

First, in (4.1), a method to determine the Young modulus E of the latex tube is exposed. Then,261

numerical simulations using the method described in (2) and the Finite Element model presented262

in (3.2) are carried out and compared to experiments in (4.2). Finally, the influence of the model263

parameters is discussed in (4.3).264

265

4.1 Assessment of mechanical characteristics266

Before proceeding to simulation of the fluid/wall interaction, the mechanical properties of the267

latex tube that belongs to the in-vitro setup have to be determined. It will ensure consistent com-268

parisons in a second stage. In order to estimate the value of the Young modulus E, a preliminary269

experiment has been carried out. A complete experimental protocol of rheology measurement270

would have been necessary to evaluate E with accuracy. Yet, many of the existing protocols are271

not compatible with the specific configuration of the in-vitro setup. As a result, the method ap-272

plied consisted in determining the wall deformation in response to the internal pressure variation273

induced by water, using simulation and experiment.274

275

Experimentally, internal pressure Pint of the water inside the latex tube has been changed and276

measured. Deformation induced by this change has been evaluated through constriction height hc277

5 as it can be visualized on figure 7, repartition of kinematic constraints on the cylinder inforce the
choice of a tridimensionnal model.
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in the middle section, which has been determined indirectly by measuring the intensity change of a278

laser beam. Calibration of the optical device was made against calibrated holes. Typical accuracy279

for hc is of order of 10−2mm. No fluid flow was circulating within the rigid pipe (∆P = 0). The280

experimentally set initial conditions have been reproduced in simulations, by imposing constant281

forces on internal nodes, equivalent to a pressure Pint on surfaces of the elements. The constric-282

tion height hc,num after deformation in the middle section has been computed and compared to283

the experimental value hc,exp.284

285

In figure 8, both experimental and computed curves hc = hc(Pint) are superimposed. Note that286

for values of Pint higher than 2100 Pa, the latex tube is in contact with the floor of the rigid pipe287

and hc is no longer decreasing. From the experimental curve, non-linear mechanical behaviour of288

the latex cylinder can be observed. Nevertheless, as a first approximation, the relationship might289

be linearized. The computed curves are linear, which is due to small deformations hypothesis and290

assumption of a linear relationship between constraint and deformation, with slope proportionnal291

to the inverse of the Young modulus E. Least square estimation leads to a value of the Young292

modulus E ≈ 1.6 MPa. It is consistent with values for latex materials available in the literature293

[41].294

295

4.2 Simulation of an hypopnea296

In order to replicate the in-vitro behaviour of the latex wall in response to a fluid flow circulation,297

the following experiment has been realized: for a given value of the internal pressure Pint and of298

the initial constriction height hc, a pressure drop ∆P has been imposed gradually between the299

inlet and the outlet of the rigid pipe. Evolution of the constriction height has been measured300

through intensity change of a laser beam (as explained in section 4.1). The relative deformation301

of the latex structure is evaluated through the quantity ∆hc = (hinitc −hdefc )/hinitc , where hinitc is302

the initial height and hdefc is the height after deformation. The deformation of the walls has been303

simulated, using the same parameters as those chosen for the experiment. A curve ∆hc,comp(∆P )304
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is then obtained, which allows quantitative comparison with the experimental data.305

306

A typical example is illustrated in figure 9 for a constriction height hc of 1.20 mm, a pressure drop307

∆P of 200 Pa and an internal pressure Pint of 200 Pa. Another example is presented in figure 10308

for a constriction height hc of 0.87 mm, a pressure drop ∆P of 290 Pa, and an internal pressure309

Pint of 400 Pa. In both cases, 3 sets of experimental data corresponding to measurements made310

at different times, are compared to the numerical simulations. The general conclusions that can311

be drawn from this study are summarized as follows:312

313

For an initial constriction height small enough, an increase of the pressure drop ∆P results into314

a decrease of hc (hypopnea phenomenon). This relationship is observed and simulated to be315

approximately linear. The constriction height decrease is a natural consequence of the negative316

pressure forces at the level of constriction [17].317

318

Compared with experimental data the simulations appear to be in reasonable agreement. Overall,319

typical discrepancies are of order of 20 % at the most which is quite satisfactory considering the320

amount of theoretical simplifications involved.321

322

Experimentally it is observed that mechanical instabilities are observed when the pressure drop323

∆P reaches a critical value. This critical value is a function of both the mechanical characteris-324

tics of the tongue replica and of the initial geometrical conditions. Typically these instabilities325

lead to self sustained oscillations which can’t be simulated numerically due to the assumption of326

quasi-steadiness. From a pathological point of view such a situation would however correspond327

to snoring rather than apnoea.328

329
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4.3 Sensibility of the model to geometrical and mechanical parameters330

In order to illustrate the potential usefullness of the simulation software, the influence of three331

important geometrical and mechanical parameters have been studied. The choice of these param-332

eters is led by the physiological interpretation that can be done. These parameters are the initial333

constriction height, the Young modulus and the internal pressure of water inside the latex tube.334

The influence of all these parameters is evaluated through computation of relative constriction335

height variation ∆hc.336

337

The first parameter investigated is the initial constriction height, which influence can be observed338

in figure 11. Simulations had been proceeded for a pressure drop ∆P of 150 Pa and an internal339

pressure Pint of 200 Pa. The higher is the value of the initial constriction height, and thus the340

wider is the channel, the less important is the pressure drop within the constriction.341

342

In terms of obstructive sleep apnea, the constriction height corresponds to the minimal pharyn-343

geal caliber, which is well known to be a critical anatomical factor, directly in relationship with344

the upper airway collapsus [12]. The result of figure 11 seems to be qualitatively in agreement345

with in-vivo and clinical observations. For instance, Isono & al. showed that the pharynx of ap-346

neic patients was narrower than the pharynx of a reference group [21]. Indeed, an increase of the347

pharyngeal caliber corresponds to a decrease of apnea or hypopnea frequency and severity. This348

explains the efficiency of surgical procedures that enlarge upper airway like maxillo-mandibular349

advancement [16] or oral appliances [19].350

351

The second parameter examinated was the Young modulus E of the latex tube. Simulations352

where carried out with a pressure drop ∆P of 150 Pa, an internal pressure Pint of 200 Pa, an353

initial constriction height hc of 1.5 mm. E has been chosen within a range of values that went354

from 0.4 MPa up to 2 MPa. The curve that shows incidence of E on variation of the constriction355

height has been plotted (figure 12). As the Young modulus is increased, the walls are more rigid356
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and less influenced by the fluid flow pressure, which results in a less important collapsus. This357

is consistent with the findings of precedent numerical simulations [28]. This is also in agreement358

with the already mentionned study of Isono & al in which the pharynx has been found more359

collapsible in apneic patients than in normal subjects [21] 6.360

361

Finally, the influence of internal pressure Pint has been investigated. This parameter is inter-362

esting as it modifies both the elasticity and the initial constriction height hc at the same time.363

In physiological reality, input parameters are indeed seldom independent. Moreover, this study364

allows to check if the model response to a complex input is correct. Simulations had been carried365

out, for a pressure drop ∆P of 150 Pa and an initial constriction height hc of 1.5 mm. The impact366

of varying the imposed internal pressure on the constriction height variation is depicted in figure367

13. The curve shows a positive quasi-linear relationship between varying internal pressure and368

resulting variation in constriction height. Such a comportmental behaviour curve is of practical369

interest in clinical research as it allows to predict a critical pressure Pcrit ≈ 1400 Pa for which370

the channel would be closed (apnea).371

372

5 Conclusion373

A method for simulating the interaction between airflow and walls within the upper airway during374

an apneic episode has been described. A preliminary quantitative validation has been carried out375

based on comparison between predictions from numerical simulations and measurements on an376

in-vitro setup. Concerning the prediction of deformations the average error is of order of 20377

indirect determinations that needed to be done. Further, simulation results were shown to be378

qualitatively consistent with medical and clinical observations, especially through the simulation379

of an hypopnea.380

6 and compliance of the pharynx has always been pointed out as an important mechanical factor of sleep
apnea [12].
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Of course the ultimate goal of this research project, build a validated physical model of Sleep Ap-381

noea, is far to be achieved. In particular, in its present state, the simulations are basically limited382

to hypopnea effects for two reasons. The first one is due to the small deformations assumption383

as well as the assumption of a linear elastic Hook law which are probably both erroneous when384

a full collapse of the airways is involved. An hyperelastic law, within a framework of large de-385

formations, might thus be more appropriate to simulate apnoea. A second theoretical problem386

occurs with the description of the contact between the soft tissues and the pharyngeal walls as is387

expected during a complete apnoea. Different theoretical solutions based on Hertz models [39] are388

currently investigated. Because of the strong nonlinearity induced, the collision model is expected389

to be of major importance for the validity of the simulations. It must be noted that during the390

closure of the airways the Boundary-Layer flow model is also subject to question. A fully viscous391

description fro the flow seems to be a better alternative.392

A similar effort concerning the experimental validation of the simulations must be developed in393

parallel. In practice this involves measurements of two (or even three) dimensional deformations394

together with accurate fluid mechanical measurements. A set-up involving a digital camera cou-395

pled with pressure and velocity sensors is currently developed for this purpose. More realistic396

pharyngeal geometry need of course to be considered although, concerning in-vitro experiments,397

the design, the realization and the control of complex geometries is quite challenging. Concerning398

the simulations however, and in view of clinical application, the specific anatomical and biome-399

chanical properties of upper airway soft tissues can be considered in a less simplistic manner. A400

first important step will be to build models from imaging datasets such as x-ray bidimensionnal401

sagittal radiographies or CT-scans. Therefore, the anatomy of apneic patients could be accu-402

rately taken into account. Then, the complex properties observed on muscular and fat tissues403

such as inhomogeneity or anisotropy should be integrated in the elastic law, in addition to values404

measured from in-vivo rheological experiments. Then, such models might be of interest for the405

planning procedure of surgery.406
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Appendix 1. Precomputation method412

The aim is to obtain [M] and {uf
∗} that appear in the following relationship:413

{uf} = [M] {F}+ {uf
∗} . (16)
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If it is not possible to obtain directly from the Finite Element solver the requiered matrices and414

vector, the following precomputation method can be applied, based on the fact that any solver415

will give the value of displacement {uf} for a given set of forces {F} :416

417

1. compute {uf
∗} by application of forces {F} = {0}. In the particular case of the latex cylinder,418

with boundary conditions described in figure 7 (b), {uf
∗} is already known to be {0} since419

kinematic constraints are immobility constraints.420

421

2. compute [M]. Set {F} = {Πi}, for each component i of {F}, where422

{Πi} = {0, . . . , 0, 1︸︷︷︸
ith position

, 0, . . . , 0}t, (17)

it is clear from (16) that the vector
{
uf

i
}

obtained is the ith column {Mi} of [M].423

424

3. build [M] from all the {Mi} and store it,425

426

Appendix 2. Computation of pressure forces on each element427

The aim is to demonstrate how formula (14) is obtained for a discrete pressure distribution on428

an element. First, from (12), let’s explicit [N(s, t)] for a linear four nodes element:429

[N(s, t)] = [ Q(−s,−t)I Q(s,−t)I Q(s, t)I Q(−s, t)I ] , (18)

with430

Q(s, t) =
1

4
(1 + s)(1 + t), (19)

and I the identity matrix of dimension 3 [1]. Since the
{

F
(e)
nodes

}
is a column vector constituted431

from the
{

Fkl
(e)
}

vectors, for (k, l) ∈ {−1, 1}, it is straightforward from (18) and (12) that:432
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{
Fkl

(e)
}

= Ikl
{a}
4
, (20)

with433

Ikl =

∫ 1

−1

∫ 1

−1

Q(ks, lt)p(s, t)dsdt. (21)

For a discrete pressure distribution p(si, tj)i=1,...,n, j=1,...,m, with p(s, t) constant on each rect-434

angular element (i, j) of corner coordinates (si, tj) and (si+1, tj+1), the integral (21) can be435

rewritten:436

Ikl =
n∑

i=1

m∑

j=1

P (si, tj)

∫ si+1

si

∫ tj+1

tj

Q(ks, lt)dsdt. (22)

Thanks to formula (19) which explicits Q, this last integral can be expressed analytically:437

∫ si+1

si

∫ tj+1

tj

Q(ks, lt)dsdt =
1

4

∫ si+1

si

∫ tj+1

tj

(1+ks)(1+lt)dsdt =
1

4

∫ si+1

si

(1+ks)ds

∫ tj+1

tj

(1+lt)dt.

(23)

The last two separate integrals are easy to compute (areas of trapezoids), so that:438

∫ si+1

si

∫ tj+1

tj

Q(ks, lt)dsdt =
kl

4
ω(ksi, ksi+1)ω(ltj , ltj+1), (24)

with ω(x, y) the function given in (15). Finally,439

Ikl =
kl

4

n∑

i=1

m∑

j=1

P (si, tj)ω(ksi, ksi+1)ω(ltj , ltj+1). (25)

From (20) and (25), (14) is then obtained.440
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27



(a)

����������������������

Nodes of the latex tube

Nodes of the latex tube
in contact with the rigid structure
(kinematic constraint of immobility)

in contact with the fluid
(static constraints due to pressure load)

Rigid pipe

Airflow circulation
y

z

�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������

�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������
�������������������������������

������������������������������������������

(b)

Fig. 7. (a) Model of the in-vitro setup. (b) Boundary conditions associated to the latex tube.

28



0 500 1000 1500 2000 2500
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

P
int

 [Pa]

h c [m
m

]

experimental data
computed relation (best fit) (E ∼ 1.6 MPa)
initial constriction height

Fig. 8. Variations of the constriction height hc in response to variations of the internal pressure Pint.

29



(a)

(b)

−20 −15 −10 −5 0 5 10 15 20

−5

0

5

10

15

20

x−axis [mm]

y−
ax

is
 [m

m
]

initial configuration
deformed configuration (∆ P = 200 Pa)

(c)

0 20 40 60 80 100 120 140 160 180 200
70

75

80

85

90

95

100

105

pressure drop [Pa]

no
rm

al
iz

ed
 c

on
st

ric
tio

n 
he

ig
ht

 [%
]

computed relationship
experimental data 1
experimental data 2
experimental data 3

(d)

Fig. 9. Simulation of a hypopnea, for ∆P = 210 Pa, Pint = 200 Pa and hc = 1.2 mm. (a) Velocity
profile (absolute value). Note the acceleration of the fluid while entering the constriction. Flow separation
and jet formation are observed. (b) Pressure distribution. Note the negative pressure at the level of the
constriction. (c) Lateral view of the latex tube, in initial position (dashed line) and after computation of
the deformation (solid line). (d) Constriction height variation in response to inlet pressure. Comparison
of theoretical and experimental values. 30
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Fig. 10. Simulation of a hypopnea, for ∆P = 290 Pa, Pint = 400 Pa and hc = 0.87 mm. (a) Velocity
profile (absolute value). (b) Pressure distribution. (c) Lateral view of the latex tube, in initial position
(dashed line) and after computation of the deformation (solid line). (d) Constriction height variation in
response to inlet pressure. Comparison of theoretical and experimental values.
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Fig. 11. Influence of the initial constriction height hc on the partial closure of the channel. Simulations
with parameters : ∆P = 150 Pa, Pint = 200 Pa, E = 1.6 MPa.
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Fig. 12. Influence of the Young modulus E on the partial closure of the channel. Simulations with pa-
rameters : ∆P = 150 Pa, Pint = 200 Pa, hc = 1.5 mm.
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Fig. 13. Influence of the internal pressure Pint on the partial closure of the channel. Simulations with
parameters : ∆P = 150 Pa, hc = 1.5 mm, E = 1.6 MPa.
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