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Modeling cohesive granular flows: Kinematics, rheology, and morphology
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A model for stationary cohesive granular flows on inclines is proposed based on the
assumption of an ideal Coulomb material supplemented with a linear μ(I ) dependence.
For assessing the reliability of the model, discrete numerical simulations are carried out
in two dimensions, varying both contact adhesion and flow slope on a large range of
values. Focusing both on the surface velocity and on the thickness of the surface plug
flow, a systematic comparison between discrete simulations data and analytical predictions
derived from the model allows for testing the latter. In particular, the ideal Coulomb
material hypothesis, including the independence of friction and cohesion, is corroborated,
together with the applicability of the linear approximation of the μ(I ) flow law. Con-
fronting model and discrete simulations discloses a linear relation between macroscopic
cohesion stress and local contact adhesion, in agreement with Rumpf’s prediction. The
bottom velocity is shown to obey a Navier-Robin condition with a slipping length poorly
dependent on adhesion properties. In addition, the analysis of the surface topography shows
how increasing contact adhesion leads to a more craggy surface line. In the context of a
simplified flow configuration, the present work brings clarification on the intricate roles
of contact adhesion and flow dynamics on the cohesive behavior of granular flows. It
allows for testing the relatively simple theoretical framework and hypothesis used to derive
analytical solutions, thus showing that many salient features of cohesive flows are captured
by basic ingredients. Based on relatively accessible quantities in laboratory measurements,
it may also shed an interesting light on experimental work.

DOI: 10.1103/w1xz-9dbv

I. INTRODUCTION

Dense gravity-driven granular flows are highly relevant to industrial applications (agricultural
transportation, pharmaceutical industries, etc.) and natural phenomena (rock avalanches, landslides,
etc.) [1]. While better understanding has been achieved in the noncohesive case, where grain inter-
actions are dominated by friction and viscoelastic contact forces, the existence of adhesive contact
forces significantly modifies the behavior of systems [2,3]. This may affect our understanding of
natural phenomena, for instance, the catastrophic flow of wet debris or rock material often studied
applying the column collapse configuration [4,5]. It is also an issue in engineering practice, for
instance, mixing in rotating devices [6].

In the simpler case of chute flows along channels, contact adhesion affects the velocity profile,
hindering motion and inducing clogging, and possibly changing the aspect of flow surfaces or
deposits. These aspects have prompted a large number of studies, without a definite picture of
cohesive granular matter being reached. In terms of flow kinematics, the well-known Bagnold
velocity profile characterizing dry flows [7,8] no longer holds in the presence of adhesive contacts,
and a plug region appears at the surface [9–12]. Recently, Vo et al. have augmented the widely used
μ(I ) rheology to include cohesive effects [8,13]; applied to the modeling of cohesive flows, this
extended inertial number allows for recovering the plug thickness, thus providing a promising step
forward [14].
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Another macroscopic aspect pertaining to the existence of adhesive contacts is the formation
of grain agglomerates in cohesive flows. Specific surface patterns may appear on the surface as
a consequence [11,15,16]. Tapia et al. studied the morphology of fractures of granular systems
held in a humid atmosphere causing contact adhesion by capillarity, and showed the existence
of a characteristic length of fracture roughness depending on the air humidity [17]. By means
of discrete numerical method, Abramian et al. studied the deposit left by a granular collapse
and related the deposit surface roughness to contact adhesion strength [16]. Preud’homme et al.
likewise related flow surface fluctuations and contact adhesion [11]. More recently, Deboeuf
and Fall conducted experimental studies of cohesive granular flows over an inclined plane,
and achieved a better agreement between data and theory by introducing a cohesive aggregate
size [12].

In effect, the way cohesive strength relates to the local contact adhesive force is not a resolved
issue. In his pioneering work, Rumpf related the tensile strength of an assembly of particles to
the mean contact adhesive force, packing friction and steric properties [18]. Various authors have
compared their results to this seminal work, recovering the predicted dependence, yet without
allowing new insight in the adhesion-to-cohesion mechanism [19–21].

Finally, wall slip in noncohesive granular flows is reported in different flow configurations, and
its advent in cohesive conditions is worth assessment [22–24].

All these aspects, namely, the emergence of a macroscopic effective cohesion and its effect
on flow behavior, its dependence on local contact adhesion and packing characteristics, and its
signature in the shape of agglomerates occurrence, are questions of interest [25]. In this contribution,
we develop an analytical solution for cohesive granular flows on inclines, and compare it with
two-dimensional discrete simulations allowing to explore different adhesion strength and flow
slopes. Quantities such as plug height and velocity profile, extracted from discrete simulations,
allow for relating the macroscopic cohesive stress τc to the contact adhesion intensity, thus ques-
tioning the Rumpf prediction. Meanwhile, the consistency between simulation and predictions
give a means to assess the relevance of the cohesive rheology underlying the model, namely, the
ideal Coulomb material assumption supplemented with a linear dependence of friction to flow
inertia. The independence of cohesive stress and frictional properties is questioned and confirmed,
and so is the independence of cohesive properties on inertia. Meanwhile, the study of the sur-
face roughness shows how the latter increases with adhesion strength, in agreement with earlier
work [16,17]. The analysis of bottom velocity reveals a slip condition consistent with a Robin-
Navier condition, with a slipping length essentially independent of adhesion strength but for large
velocities.

The results endorse the use of the relatively simple theoretical framework and hypothesis used to
derive analytical solutions, thus showing that many salient features of cohesive flows are captured
by basic ingredients. It also provides interesting observations of a phenomenology which is not
necessarily easy to capture experimentally, keeping in mind the simplification resulting from the
two-dimensional (2D) configuration.

The work is organized as follows. The discrete numerical method and simulation setup are
introduced in Sec. II. In Sec. III, a theoretical continuum model for a 2D steady uniform flow
over an inclined plane is proposed, based on an ideal Coulomb assumption supplemented with a
μ(I ) dependence. In Sec. IV, the flow morphology involving a surface plug region and surface
roughness is studied. Section V confronts the predictions of the model with the outcome of the
discrete simulations. The results are discussed and summarized in Sec. VI.

II. NUMERICAL PROCEDURE

A. Method

A contact dynamics (CD) algorithm is used in two dimensions to simulate the flow of granular
beds on inclined planes. Unlike explicit numerical methods such as molecular dynamics (MD) or
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(a) (b)

FIG. 1. Contact graphs for normal contact force Ni j and tangential contact force Ti j , with the red line
showing the admissible values for the force: (a) Signorini law supplemented with an adhesive contact limit
−Fc and a rupture length �r; (b) Coulomb friction law with intergrain friction coefficient μgg.

the discrete element method (DEM) [26], contact forces are computed implicitly from dynamics
equations and nonsmooth Signorini-Coulomb contact laws, as illustrated in Fig. 1 [27]. The former
essentially ensures the noninterpenetrability condition, or, in other words, the rigidity of the grains.
Readers can refer to Ref. [28] for a comprehensive presentation of CD.

Interactions at contact are also controlled by Coulomb friction, set by the contact friction
coefficient μgg, and by elastic restitution, set by normal and tangential restitution coefficients, en and
et , respectively [28]. Their values remain the same throughout the present work, namely, μgg = 0.2
and en = et = e = 0. By setting the restitution coefficients to zero, we assume inelastic collisions
at contacts, which is reasonable for adhesive interactions. It is, however, worth noting that the value
of the restitution coefficient, in the limit of moderate values, has little influence on flow properties,
because dissipation through multiple collisions is very efficient. This aspect is specifically addressed
in the Appendix.

Figure 1 shows the values of contact normal forces admissible in the adhesive hysteretic version
of Signorini’s graph used in this work. The graph is shifted toward negative values, to allow for
tensile stress at contact between two grains. This tensile (adhesive) force is characterized by a
threshold, giving the maximum adhesive force sustainable at contact. We choose to express this
adhesive force threshold Fc as a function of the grains’ mean weight, introducing the granular Bond
number Bog [10] :

Fc = Bogmi jg, (1)

where mi j = 2( 1
mi

+ 1
mj

)−1, and i and j are the two grains in contact. The system’s cohesive level
can thus be varied by tuning the grains’ normalized adhesive force strength Bog = Fc/mg [29,30].

Moreover, Fig. 1 represents how the tensile force can outlive a finite opening of the contact (i.e.,
δ > 0). This effect mimics the existence of capillary bridges in unsaturated wet media, involving
a hysteresic behavior: adhesive contacts will survive when the contact is opening up to �r, but no
adhesive contact forms while two grains approach until they are actually physically in contact. In
practice, the algorithm does not use explicitly this part of the graph to solve contact forces, the graph
branch being shown simply to convey the correspondence between forces and distance at contact.
Numerically, the survival of the adhesive force at an opening contact is achieved by introducing
locally a rupture (or debonding) length, which causes existing tensile contact to be further detected
when grains move apart. Therefore, we define the rupture length �r = krd , d being the mean radius
of the contacting grains: a cohesive contact will not vanish until the gap between the two grains in
contact has increased beyond �r. However, in this work, we do not aim at mimicking wet granular
matter, for which kr ≈ 1 × 10−1. Instead, we choose kr = 5 × 10−4, which would rather correspond
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FIG. 2. Example of a 2D granular system counting 5280 grains with length L ≈ 80d and height H ≈ 64d .
Orange indicates free-moving particles, pink indicates grains images through periodic boundary conditions, and
dark gray indicates grains glued at the bottom. The angle θ gives the orientation with the horizontal defined by
gravity.

to a polymeric coating such as designed by Gans et al. [31]. Although very small, the existence of
this rupture length has a stabilizing effect on the computation of contact forces [29]. The value of �r

is kept constant in this work.

B. Numerical setup

We simulate 2D granular free surface flows over an inclined plane with periodic conditions in
the longitudinal direction. The system is created by allowing 5280 grains initially distributed on
a regular hexagonal mesh to fall under a reduced gravitational acceleration to limit initial grain
overlap. Grain diameters are uniformly distributed in [dmin, dmax] with dmax/dmin = 1.5 and mean
grain diameter d ≈ 5 × 10−3 m. The bottom is made rough with grains with the same diameter d;
the contacts involving free-flowing grains only, or involving a bottom roughness grain, have the
same properties. The final state forms a packing of length L ≈ 80d and height H ≈ 64d (Fig. 2).

The system is then tilted at an angle θ with the horizontal to produce a flow under gravity
g = 9.8 m s−2. Each simulation is allowed to run 5 × 105 time steps with �t = 2 × 10−4 s, which
corresponds to approximately 555

√
H/g and allows for a stationary regime to fully develop over the

last 300
√

H/g. Simulation outcomes (grain positions, velocities, and contact forces) are recorded at
each 500�t , meaning approximately every 0.5

√
H/g. The present study focuses on the stationary

flow regime.

C. Typical behavior

To capture the phase diagram of the flows thus simulated, we vary the inclination angle θ in the
range [12◦ : 28◦], while the contact adhesion Bog is varied in the range [0 : 50], thus carrying out
69 simulations. The system height is fixed: H ≈ 64d .

The outcome is shown in Fig. 3(a). For small inclination angles, no flow starts beside slight grain
rearrangements at the surface: we refer to this phase as the “no-flow regime.” For large inclination
angle, the flow keeps accelerating: we refer to this phase as the “accelerated flow regime.” Between
these two regimes, the system reaches a steady uniform state, characterized by a constant velocity.
This picture holds for the whole range of values explored. However, larger values of Bog increase
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FIG. 3. (a) Flow phase diagram: existence of a steady uniform flow over an inclined plane, in the range of
parameters θ ∈ [16◦ : 26◦], Bog ∈ [0 : 50]. (b) Velocity profiles corresponding to the two circled points, with
respectively Bog = 20 (solid line) and Bog = 0 (dashed line). Inset graph shows the corresponding volume
fraction profiles with the same line-style convention.

the inclination for which flow starts, and reduce the interval of angle θ in which a steady uniform
flow is observed. Eventually, beyond Bog = 50, the whole granular layer forms a cohesive plug, and
no flow is observed any longer, independently of the value of θ .

Our results are consistent with previous studies [32,33], although direct comparison is made
difficult by the flow conditions (two versus three dimensions, numerical versus experimental) or the
differences in numerical parameters (different grain properties).

For illustration, Fig. 3(b) shows the mean velocity profiles in the steady flow regime, for adhesive
grains (Bog = 20) and nonadhesive grains (Bog = 0), flowing on a plane inclined at θ = 20◦. We
observe how cohesion induces a slower motion and the emergence of a zero-shear region (plug) at
the surface, the thickness of which is denoted Hc in the following. The volume fraction φ is also
displayed in Fig. 3(b), exhibiting a nearly constant profile of φ ≈ 0.8, which makes the hypothesis
of flow incompressibility reasonable. In both cases, the bottom slipping velocity is nonzero.
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III. A THEORETICAL MODEL

In this section we derive the velocity profile of a 2D steady incompressible uniform flow on
an incline satisfying a linearized μ(I ) dependence [34]. The flow consists of a layer of constant
thickness H , inclined at an angle θ with the horizontal, and uniform in the longitudinal (x) direction.
The equilibrium equations between the pressure P(y) and the tangential stress τ (y) give

P(y) = φρg(H − y) cos θ,

τ (y) = φρg(H − y) sin θ, (2)

with tan θ = τ (y)/P(y).
Following Refs. [16,21], we suppose stresses to combine a Coulomb contribution, given by the

effective friction coefficient μ of the media and the pressure P, and a cohesive stress τc:

τ = μP + τc, (3)

assuming that friction μ and cohesion τc are independent properties [19,35].
In addition, we suppose a dependence between the friction coefficient μ and the inertial

number I ,

I = d γ̇√
P/ρ

, (4)

where γ̇ = ∂u(y)/∂y is the local shear rate [8]. The nature of the dependence between friction and
inertia is not a settled point [36,37]. However, for simplicity, we slightly deviate from the “classical”
form adopted in Refs. [38,39] and propose a linearized version of the latter:

μ(I ) = μ0 + �μ

I0
I, (5)

which is reasonable for relatively small values of I � 0.3. The term μ0 designates the static friction
coefficient, and �μ/I0 renders both the final value of friction for larger I through the term �μ,
and the shape of the evolution through the term I0. The values of μ0 and �μ/I0 are both material
dependent. Since it is assumed that friction and cohesion are independent properties, μ0 and �μ/I0

are independent of the contact adhesion Bog. Both quantities can thus be calibrated from discrete
simulations with Bog = 0, which is done later in Sec. V A. Likewise, the independence of cohesive
stress τc on friction requires that τc is independent of I . The validity of both assumptions is verified
in Sec. VI.

Combining equilibrium equations (2) and rheology equations (3) and (5), we get

tan θ = μ(I ) + τc/P = μ0 + �μ

I0

d γ̇√
P/ρ

+ τc

P
, (6)

which can be rewritten

γ̇

√
H

g
= ∂u

∂y

√
H

g
= K1

(
1 − y

H

)1/2

− K2

(
1 − y

H

)−1/2

, (7)

where K1 and K2 are dimensionless parameters:

K1 = (tan θ − μ0)
I0

�μ

√
φ cos θ

H

d
,

K2 = I0

�μ

1√
φ cos θ

τc

ρgd
. (8)

For noncohesive flow, τc = 0 and hence K2 = 0: the shear rate is zero only at the flow surface, for
y = H . For a cohesive flow, for which the surface is characterized by the existence of a plug of
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thickness Hc, the shear rate is zero throughout the plug, from the free surface y = H to the bottom
of the plug at y = H − Hc. Equation (7) thus gives

Hc

H
= K2

K1
,

which leads to

Hc

H
= 1

(tan θ − μ0)φ cos θ

τc

ρgH
. (9)

Accordingly, the knowledge of Hc for a given flow may inform us on the value of τc. We note that
the plug thickness Hc is controlled both by the cohesive stress τc and the tilt angle θ .

Finally, integration of Eq. (7) between zero and y = H − Hc gives

u(y)√
gH

= 2

3
K1

[
1 −

(
1 − y

H

)3/2]
− 2K2

[
1 −

(
1 − y

H

)1/2]
+ uslip√

gH
, (10)

where uslip is the bottom slip velocity.
We denote umax the maximum velocity, reached at the bottom of the plug flow for y = H − Hc.

From Eqs. (9) and (10), we obtain

umax√
gH

= 2

3
K1 − 2K2 + 4

3
K−1/2

1 K3/2
2 + uslip√

gH
. (11)

Both Hc and umax are functions of τc. It is, however, interesting to note that while both are dependant
on the static friction μ0, only umax is reflecting the frictional properties developed during the flowing
phase through the term �μ.

A no-slip condition implies uslip = 0. However, research on noncohesive flows generally reports
the existence of nonzero slip velocities with system boundaries, and, more specifically, a behavior
consistent with the Robin-Navier condition (also known as a “mixed boundary condition”) was
evidenced [22,23]. We may suppose these observations to remain relevant for cohesive flows
(questioned in Sec. V E). Accordingly, we assume

uslip = λslip
∂u

∂y

∣∣∣∣
0

, (12)

where λslip is the slipping length. Expression (7) for y = 0 gives readily

uslip√
gH

= (K1 − K2)
λslip

H
. (13)

The model gives a complete description of the kinematics of 2D steady cohesive flows, providing
a few hypotheses, all verified in the course of the paper. In Sec. V, discrete CD simulations of
cohesionless flows are used to calibrate the rheology given in Eq. (5). The systematic comparison
of analytical solutions and discrete simulations of cohesive flows gives a means to relate the
macroscopic cohesive stress τc to the microscopic contact adhesion force Fc, allowing comparison
with existing prediction [18], as will be discussed in Sec. V D.

IV. MORPHOLOGY

The general morphology of the flow, i.e., the crust or plug flow forming in the upper part of the
layer, or the roughness changing the aspect of the free surface, is known to be dependent on the flow
cohesive properties [16,17]. In this section, we characterize the flow morphology, and relate it to
the intensity of the contact adhesive force. The study of the plug region, in addition, gives a means
to test the analytical model developed in Sec. III, while comparing the discrete simulation and the
continuum picture (Sec. V C).
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FIG. 4. (a) Relative velocity variation �V/V as a function of the position in the flow, y, for different slope
angle θ and contact adhesion intensity Bog. (b) Plug region thickness Hc as a function of the tilt angle θ , for all
values of contact adhesion Bog.

A. Plug region

The emergence of a surface plug region is a robust feature of cohesive flows [9,10,20,40]. The
flow mean velocity profile gives a means to measure plug thickness Hc, provided a nonambiguous
measurement of the position y where shear vanishes is achieved. From the shape of velocity profiles
as shown in Fig. 3(b), we observe that the exact position where γ̇ becomes zero is not clearly
defined. Close inspection shows that flow moves with a weak creeping velocity difference between
layers, which makes the identification of a plug region ambiguous. Therefore, to probe the existence
of a cutoff value in the shear profile, we focus on the relative variations of velocity with height,
dividing the flow in horizontal layers of thickness d , and comparing with the mean velocity at the
considered height.

Considering two adjacent layers at y = l and y = l + 1, we compute

(
�V

V

)
l

= Vl+1 − Vl

Vl
, (14)

where V (l ) refers to the mean velocity computed from the grains located in layer l . Figure 4(a)
shows the profile of ( �V

V ) for different flows corresponding to different incline slope θ and different
cohesion Bog. We first observe that all flows tend to exhibit the same tendency, but for weakly
cohesive ones (Bog = 5 and Bog = 15), �V/V shows no major changes until it exceeds the value
0.01. We define Yc as the value of the height y when �V/V reaches 0.01, which gives us the thickness
of the plug, Hc = H − Yc (H being the height of the flow).

From Fig. 4(a), the choice of a cutoff value �V/V = 0.01 is not entirely indisputable, yet we
chose this value to determine the value of Yc for all flows featured in Fig. 3. The sensitivity of the
results to the value of the cutoff will be discussed in Sec. V A.

The results are displayed in Fig. 4(b), showing the thickness of the plug, Hc/H , as a function of
the slope angle θ , for all the values of the contact adhesion Bog explored. The discrete simulation
points show how larger adhesion induces a thicker plug, consistently with the literature [9,10], and
how larger slopes, and hence larger velocities, tend to induce a thinning of the former. This measure
of Hc will be used in Sec. V to discuss the model developed in Sec. III and the dependence linking
macroscopic friction τc and contact adhesion Bog.
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FIG. 5. Snapshots of the flow upper layers with grains on the surface colored in black: (a) Bog = 0, θ =
16◦; (b) Bog = 15, θ = 20◦; (c) Bog = 30, θ = 24◦; (d) Bog = 50, θ = 26◦.

B. Surface roughness fluctuations and spatial correlation

For cohesive granular flows for which surface grain motion and deformation are hindered, surface
roughness is expected to result from the formation of aggregate due to the adhesive forces, and thus
is dependent on adhesion intensity [12,16]. To investigate this aspect, we characterize the surface
roughness through the fluctuations of the surface profile regarding its mean level.

Figure 5 shows four snapshots of the flow surface with different tilt angle θ and adhesive contact
strength Bog. The surface grains are colored black. We notice that the surface becomes more jagged
as Bog and θ increase, defining a growing roughness. To characterize this surface roughness, we
compute the mean free surface height h̄(t ) at each time step, and measure the fluctuations of the
surface profile h(x, t ) compared to h̄(t ):

η(x, t ) = h(x, t ) − h̄(t ). (15)

In the following, we neglect the existence of correlations in time, and focus on the distribution
of values of η(x, t ) recorded over the whole duration of the stationary flow regime considered. The
probability density function (PDF) for the four examples featured in Fig. 5 (namely, for Bog =
0, 15, 30, and 50, and θ = 16◦, 20◦, 24◦, and 26◦) are displayed in Fig. 6(a). We observed bell-
shaped distributions compatible with Gaussian functions f (x) = 1

σ
√

2π
exp(− (η−η̄)2

2σ 2 ), with standard
deviations σ taking different values for each (Bog, θ ) pair. Larger standard deviations coincide with
broader distributions, i.e., larger values of η bespeaking larger roughness. The plot of σ as a function
of θ for all pairs (Bog, θ ) is displayed in Fig. 6(b). Except for the noncohesive case Bog = 0, we
see that the influence of the slope θ is marginal: for a given value of Bog, θ has little or no effect.
Increasing values of adhesion, on the other hand, lead to significantly larger values of σ (note that
the concomitant increase of θ is just reflecting the flow phase diagram shown in Fig. 3). We hence
conclude that in cohesive flows, a larger contact adhesion involves a larger plug surface roughness,
as is observed for transient flows [16].

The noncohesive case, showing a clear increase of σ with θ , coincides with a flow where surface
grain motion and surface deformation are possible. Many nontrivial phenomena can occur in this
context, so we cannot offer any explanation for the observation reported here at this stage [41].
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FIG. 6. (a) Probability density function of surface fluctuation η. A Gaussian distribution function f (x) =
1

σ
√

2π
exp(− (η−η̄)2

2σ 2 ) is used to fit the measurements, where η̄ is the mean value of η and σ is the standard
deviation of η. (b) Standard deviation of σ as a function of Bog and θ .

To get insight on the longitudinal details of the surface roughness, we define the two-point
correlation function [33,42,43],

K (r) =
∑

t

[∑Ns−1
i=1

∑Ns
j=i+1 η(xi, t )η(x j, t )�(r − ri j )

]
∑

t

[∑Ns−1
i=1

∑Ns
j=i+1 �(r − ri j )

] , (16)

where �(x) is a step function taking the value 1 when |x/d| < 0.5, Ns is the number of grains
located on the surface, ri j is the distance between grains i and j, and t is the time.

Figure 7(a) shows the shape of K (r) for noncohesive flows, for different values of the slope
angle θ . We observe a significant variation of the rate of decrease with θ . To quantify this effect, we

FIG. 7. (a) Pair correlation function of noncohesive flow surface fluctuation with various tilt angles θ ,
normalized by the value K (r = 1d ); x value is expressed in grain diameter. (b) A characteristic correlation
length lx is taken such that K (lx )/K (1d ) = 0.1 and is plotted as a function of θ .
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FIG. 8. Pair correlation function of cohesive flow surface fluctuation with various tilt angles θ , normalized
by the value K (r = 1d ); x value is expressed in grain diameter: (a) Bog = 5, (b) Bog = 15, (c) Bog = 30, and
(d) Bog = 45.

define the characteristic correlation length lx as the value of r for which K (r)/K (1d ) = 0.1 [42].
The evolution of lx with the slope angle θ is shown in Fig. 7(b), and shows that steeper slopes induce
position correlation at a longer distance. In other words, nonadhesive grains rapidly flowing tend to
produce a relief with a larger wavelength than for slower flows.

The introduction of adhesive forces at contact significantly changes the overall picture. Figure 8
shows the correlation function computed for cohesive flows with varying adhesion Bog. We first
notice that our results are consistent with those of Deboeuf and Fall, who estimated the grain
aggregate size in the interval dagg/d ∈ [4, 9] from matching theoretical and experimental mass flow
rates [12]. Using the same definition of the correlation length lx as for noncohesive flows, we observe
that the latter decreases when Bog increases. This means that although the probability density
function of the fluctuations of the free surface shows larger fluctuation for increasing adhesion
Bog, the correlation length lx tends to decrease with Bog. This would correspond to a more rugged
profile, showing a sharper pattern.

The overall picture given by the analysis of surface fluctuations η is that the increase of contact
adhesion induces significantly larger fluctuations, but that the longitudinal (following the flow
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FIG. 9. (a) Inertial number profiles in discrete simulations for different slope angles θ . (b) Corresponding
values of μ(I ) [taken equal to tan(θ )] versus the inertial number I .

direction) characteristic length tends to be shortened, i.e., the surface profile becomes more sharply
rugged. Equivalently, smaller cohesion leads to smaller surface fluctuations and a flattened smoother
profile with wider relief in the longitudinal direction.

V. RHEOLOGY

A. Calibration of the μ(I) rheology

In Sec. III, a linear friction law μ(I ) was introduced, supposing the independence of frictional
properties on cohesive ones. Accordingly, we use noncohesive flows to calibrate the μ(I ) friction
law.

For noncohesive flows, Eq. (2) together with the assumption of a Bagnold scaling implies a
constant I profile across the flow [7]. Consistently, Fig. 9(a) shows nearly constant profiles of I
for noncohesive flow simulations (Bog = 0) for θ varying between 16◦ and 22◦, in agreement with
the prediction. Free surface and bottom only show a brisk variation over two grain layers. Hence,
we choose a characteristic value of I for each flow, taking the value at position y/H = 0.5 as a
reference, thus avoiding boundary effects. Meanwhile, the friction coefficient μ = μ(I ) is readily
derived from the plane inclination θ : μ(I ) = tan θ .

Figure 9(b) displays the corresponding points, nicely fitted by the affine function μ(I ) =
1.027I + 0.253, and thus supporting the modeling choice of a linear approximation for the μ(I )
rheology [Eq. (5)]. The obtention of the values of μ0 and �μ/I0 is straightforward: the slope gives
�μ/I0 ≈ 1.03 and the ordinate intercept gives μ0 ≈ 0.25.

Now that the μ(I ) relation is calibrated, we can check the analytical solution for noncohesive
velocity profiles developed is Sec. V, namely, Eq. (10), with τc = 0, i.e., K2 = 0, by confronting it
with data extracted from discrete simulations with no adhesion at contact, namely, with Bog = 0.
Therefore, for the sake of simplicity, we assume a constant volume fraction profile φ(z) = φ = 0.82,
ignoring the marginal effect of bottom and surface boundary limits. We also neglect the influence
of the slope θ on the value of φ, as suggested by Fig. 10(a). Since the μ(I ) dependence was
calibrated by taking values of I at y/H = 0.5, the comparison between analytical solution and
discrete simulation is made by focusing on the agreement between data and prediction at y/H = 0.5.
As shown in Fig. 10(b), a good collapse is obtained in the bulk. Expectedly, a slight discrepancy
appears at flow bottom and surface, where point values were neglected in the friction calibration. We
conclude that the calibration of μ0 and �μ/I0 is correct. Recalling the assumption that Coulombic
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FIG. 10. For discrete simulations of noncohesive flows at different slope angles θ : (a) profiles of the volume
fraction φ and (b) velocity profiles with the analytical solution using the rheological parameters calibrated from
Fig. 9(b).

friction is not affected by the cohesive properties, the calibration achieved for Bog = 0 can now be
used to confront the analytical solution for cohesive velocity profiles.

B. Comparing predictions and discrete data for cohesive velocity profiles: umax

Now that the μ(I ) dependence is adequately calibrated, we can test the analytical solution
for cohesive velocity profiles, given in Eq. (10), with the outcome of discrete simulations. The
agreement between analytical solutions and simulation data can either focus on the ability to
reproduce the height of the plug flow, Hc, or the ability to reproduce the maximum flow velocity
umax. The latter option is adopted in the following.

In discrete simulations, the top surface layer consists of sparse grains occasionally jumping, and
is not representative of the bulk flow. For this reason, umax is estimated for each discrete simulation
in the second-to-last layer before the top surface. The bottom slip velocity uslip is directly extracted
from numerical simulations (see Sec. V E for more details and results on this aspect).

To compute the analytical solution, we suppose the volume fraction to be poorly affected by the
existence of contact adhesion, so we keep φ = 0.82 unchanged for all flows. The parameters μ0 and
�μ/I0 are known, as is the height of the flow, H . Eventually, the only variable to be adjusted when
comparing analytical and discrete flow profiles is the macroscopic cohesive stress τc. The value of
τc is chosen to maximize the agreement of the surface velocity umax between analytical and discrete
approaches. The latter reflects the value of the local contact adhesion Bog, so comparing simulations
with analytical solutions will provide a systematic relation between macroscopic cohesion and local
microscopic adhesion. The underlying assumption of this reasoning, as stated in Sec. III, is that
the cohesive stress τc is independent of the flow dynamics, namely, independent of the inertial
number I .

The comparison of analytical and discrete cohesive velocity profiles is shown in Fig. 11, for
different values of contact adhesion Bog = 5, 15, 30, and 45. Considering that τc is the only adjusted
quantity in the computation of the analytical solution, the agreement is rather good, specifically
for larger contact adhesion (Bog = 30 and 45). Expectedly, since the agreement was tuned on the
surface velocity umax, the upper part of the flow is better described than the deeper parts.

The resulting relation between τc and Bog is shown in Fig. 12 (red symbols), and reads τc ≈
0.08Fc/d , i.e., τc ≈ 0.08 mg

d Bog, with m the mean grain weight. The slight dispersion shown in τc
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FIG. 11. Prediction u(y)/
√

(gd ) (solid lines) for the discrete velocity profiles V (y)/
√

gd (solid symbols) at
different plane inclinations θ for different contact adhesion Bog.

for each Bog corresponds to different slope angles θ , and shows how the cohesive shear stress τc

only poorly depends on the tilt angle, thus supporting the assumption that τc is independent of the
inertial number I .

C. Comparing predictions and discrete data for plug height Hc

Another way of investigating the dependence of cohesive stress τc on contact adhesion strength
Bog is to focus on the agreement between prediction and data in terms of the plug thickness Hc,
rather than in terms of the maximum velocity umax. The value of τc thus maximizing the agreement
between prediction [Eq. (9)] and discrete simulation outcome is obtained for each value of contact
adhesion, thus giving a new relation between cohesive yield stress τc and Bond number Bog, shown
in Fig. 12. The dependence reads τc ≈ 0.12Fc/d , i.e., τc ≈ 0.12 mg

d Bog. We observe in Fig. 12 that
for each value of Bog, the dispersion induced by the different slope angles θ is very small, mostly
hidden in the symbol size.

Now that a relation between τc and Bog was yielded by comparing prediction and discrete
simulations, we can rewrite Eq. (9) by replacing τc with its expression of Bog. Doing so, for each
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FIG. 12. Macroscopic cohesive stress τc (normalized by mean grain weight) as a function of contact ad-
hesive strength Bog, according to different measures and predictions: matching prediction and CD simulations
focusing on umax (blue cross), or focusing on Hc including different �V/V cutoff values (red symbols), and
local measurements presented in Sec. V C (purple diamonds). Black dots show the Rumpf-Richefeu prediction
[Eq. (19)] considering the average number of contacts per particle, Z (dashed line), and the average number of
cohesive contacts per particle, Zc (solid line).

value of Bog, Eq. (9) becomes a function of the slope angle:

Hc

H
= 1

(tan θ − μ0)φ cos θ

τc

ρgH
,

Hc = 0.12
m

ρφd

Bog

(tan θ − μ0) cos θ
, (17)

where all quantities are constant but the slope angle, varying for each Bog according to the flow
phase diagram shown in Fig. 3.

The outcome of the prediction is shown in Fig. 13. Given the absence of any adjusting parameter,
the agreement between data and predictions is rather correct. We observe, nevertheless, how the
agreement gets better for larger values of Bog but deteriorates for smaller adhesion, particularly for
Bog = 5, for which discrete simulations produce a poorly defined plug area.

We note that the prefactor obtained here from the analysis of Hc is larger than when τc is estimated
from the maximum velocity. In other words, for a given value of τc well describing umax, Hc would
be underestimated. Conversely, a value of τc well describing Hc would overestimate umax.

We may suppose that the value of the linear coefficient characterizing the relation between τc and
Fc/d stemming from comparison between prediction and discrete simulation of the plug flow height
Hc is likely to depend on the criteria chosen for the shear rate cutoff value, as discussed in Sec. IV A.
To assert the sensitivity of the measures on the latter, we test different cutoff values �V/V = 0.007
and �V/V = 0.005 for the calculation of the plug thickness from discrete simulations, and compare
the new sets of values for Hc with prediction [Eq. (9)]. The different relations between τc and Fc/d
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FIG. 13. Prediction of the plug thickness Hc as a function of contact adhesion Bog and tilt angle θ , based
on Eq. (9) using τc ≈ 0.12Fc/d as yielded by discrete simulations. Solid symbols show the measurements
extracted from discrete simulations.

are summarized in the following, and also reported in Fig. 12:

τc ≈ 0.12Fc/d with �V/V = 0.01,

τc ≈ 0.11Fc/d with �V/V = 0.007,

τc ≈ 0.10Fc/d with �V/V = 0.005. (18)

We observe that smaller prefactors are observed for smaller cutoff values of �V/V , involving,
however, small variations between the different cases. We thus conclude that the sensitivity to the
criteria applied to extract the plug flow height from discrete simulations is weak.

We notice that the relation between τc and Bog yielded by the measure of Hc differs from the
relation yielded by the measure of umax (Sec. V C). One reason could be that the definition of Hc in
the model is a very strict one: γ̇ = 0 for y ∈ [H − Hc, H], while creep motion is in reality present
at y ≈ H − Hc. As a result, Hc as measured in discrete flows is larger than the definition of Hc in the
model, which results in a larger prefactor to adjust to the value of τc. On the other hand, the measure
of umax from the velocity profiles displayed by the simulations is precise. The discrepancy between
the two relations, given by measuring either umax or Hc, remains, however, reasonable, although it
does point out a disagreement between the model and the behavior of discrete simulations.

D. Addressing Rumpf’s prediction

The relation between the macroscopic cohesive stress and the local contact adhesive strength
was questioned in Rumpf’s seminal work [18], and later reworked by Richefeu et al. [19], both
aiming to derive the macroscopic properties from contact-scale interactions including the structure
of the packing and its frictional properties. Adapting their ideas to 2D systems yields the following
prediction for the cohesive stress τc [21]:

τc

ρg
= d

4
μsφZBog, (19)
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FIG. 14. Coordination number Z (open blue symbols) and adhesive coordination number Zc (open red
symbols), as a function of the slope angle θ , for different adhesive strength Bog: �, 5; ©, 15; �, 25; ∇, 35;
and ♦, 45. The error bars show the standard deviation characterizing the time fluctuations.

where μs is the internal friction coefficient, Z is the average number of contacts per particle (or
coordinance), φ is the volume fraction, and Bog characterizes the contact adhesion strength.

To investigate the accuracy of this prediction for the case of the cohesive flows simulated here,
we set μs = μ0 = 0.25 obtained from the calibration on the μ(I ) rheology in Sec. V A. In addition,
we take a constant volume fraction φ ≈ 0.82 as measured. This is of course a simplification, since
the volume fraction is affected by the existence and the intensity of adhesion force. The latter effect
also shows in the mean number of contacts per grain, Z . This quantity being more meaningful in
the sense that contacts directly contribute to the mechanical properties of the packing, we chose to
focus on the sensitivity of Z to adhesion, while keeping φ a constant for the sake of simplicity.

The value of Z is extracted from the simulations: Z = 2Ncontact/Np, where Ncontact refers to the
time-averaged contact number for each flow and Np to the total number of grains. Figure 14 shows
the behavior of Z with the tilt angle θ for different values of the adhesive strength Bog. We observe
how increasing adhesion Bog leads to a larger coordinance Z . For a given value of Bog, however,
increasing the tilt angle θ leads to looser packings with smaller Z . These values injected in Eq. (19)
yield τc ≈ 0.21Fc/d , reported in Fig. 12, which is obviously a larger estimation than those based on
comparing predictions and simulations for umax and Hc.

Instead of considering the mean number of contacts per particle, Z , Abramian et al. [21] used
the mean number of cohesive contacts per particle, Zc, and thereby obtained a good agreement
between 2D numerical simulations and the “Rumpf-Richefeu” prediction [Eq. (19)]. Following
this idea, we measure Zc as a function of θ for all values of Bog, as shown in Fig. 14. The mean
adhesive coordination number Zc is found to increase with θ consistently for all values of Bog.
Injecting these values in Eq. (19) yields τc ≈ 0.067Fc/d . We note that this result is in much better
agreement with the results yielded by comparison between prediction and simulation focusing on
umax (τc ≈ 0.08Fc/d). This prediction is also in good agreement with the linear fit extracted from
numerical data by Mandal et al. [20], who obtained τc ≈ 0.07Fc/d2 in three dimensions.

It is worth noting that the relation in Eq. (19) being very sensitive to the details of the microstruc-
ture, with φ, Z , and μ all equally weighty in the prediction, arguing for or against the latter remains
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FIG. 15. (a) Normalized slip velocity uslip/
√

gd and (b) normalized bottom shear rate γ̇b/
√

g/d , as a
function of θ for all values of Bog explored.

difficult. However, the linearity of the dependence between macroscopic τc and contact-scale Bog is
clearly supported by the numerical data.

E. Wall slip

We extract uslip from discrete numerical simulations by averaging the grains’ horizontal velocity
in the bottom layer (y/d � 1) over the steady flow duration. Figure 15(a) displays uslip as a function
of the tilt angle θ for all values of the adhesive strength Bog. We observe how uslip increases with
θ , but consistently decreases with Bog: a steeper inclined plane favors slipping at the bottom, and
stronger adhesion between particles and bottom attenuates slipping motion (we recall that contact
properties are the same whether they involve flowing grains only or flowing grains and bottom
roughness grains).

Next, we compute the flow shear rate near the bottom, γ̇b, by considering the difference in the
two bottom layers’ velocities, divided by the vertical distance between them. Figure 15(b) shows γ̇b

as a function of θ for all values of the adhesive strength Bog. We observe that γ̇b increases linearly
with θ , and that Bog has a marginal influence on the increasing rate.

In order to test the Navier-Robin boundary condition, we plot uslip versus γ̇b. As shown
in Fig. 16, the data support the Navier-Robin condition as long as γ̇b/

√
g/d � 1.6, with

λslip = uslip/γ̇b ≈ 2d regardless of Bog. The slipping length λslip thus appears to be indepen-
dent of the adhesive contact strength Bog in the flow regimes where it can be unambigously
defined.

Hence, we conclude that the behavior observed at boundaries for dry flows [22,23] holds in the
case of cohesive flows for moderate velocities, and that the slipping length is poorly influenced by
adhesive properties.

VI. DISCUSSION

In this contribution, simple discrete simulations of cohesive chute flows were performed to
assess the reliability of a continuum model based on a number of assumptions, namely, (i) an
ideal Coulomb rheology τ = μP + τc, (ii) a linear dependence of the friction coefficient μ and
the inertial number I in the noncohesive case, and (iii) the independence of cohesion τc on friction
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FIG. 16. Normalized slipping velocity uslip/
√

gd as a function of normalized bottom shear rate γ̇ |b/
√

g/d .
The color bar gives the value of Bog.

μ and inertial number I , and of friction μ on cohesion τc. The relatively good performances of
the model to describe the discrete simulation velocity profiles (as shown in Fig. 11) are an indirect
indication that these hypotheses are sensible, even though extremely simple and based on a classical
inertial number without cohesive addition as in Ref. [14].

Besides this indirect verification, discrete simulations also provide a direct insight into the
behavior of the flows. For instance, the linearity of the μ(I ) dependence was first verified in
Sec. V A through direct measurement of the inertial number I in the case of noncohesive flows
[verifying hypothesis (ii)]. In the same way, flow laws obeyed by cohesive flows can be probed
at any depth y, relating the local shear rate τ (y) = φρg(H − y) sin θ to the local pressure P(y) =
φρg(H − y) cos θ . Using the fact that the inertial number I is no longer a constant in cohesive flows
[Fig. 17(a)] [10,20], we can single out a given value of I , considering different depth y in different
flows (i.e., for different θ ) while keeping Bog constant, as is illustrated in Fig. 17(a). This allows
us to plot local values τ (y) as a function of P(y) for each value of I at the given depth y and for
a given cohesion, uncovering the validity of the ideal Coulomb material assumption. The plots, as
displayed in Fig. 17(b), actually reveal neat affine functions, which allows us to validate the use of
the Coulomb rheology τ = μP + τc [verifying hypothesis (i)]. The slope giving the coefficient of
friction μ and the locus the cohesive stress τc, we have access to these quantities for all values of
Bog, hence all pairs (θ, Bog) shown in Fig. 3, and for various values of I . We can thus plot μ as a
function of I for all the values of Bog considered; the result is shown in Fig. 18(a). A first remark
is that the trend is the same for most values of the adhesion Bog, corroborating the independence
of friction on cohesive properties [verifying hypothesis (iii)]. We should note, however, that for
large adhesion, Bog = 45, the dependence significantly differs; yet it is difficult to conclude on this
deviation from the main trend, the flow getting very thin for this large adhesion due to an expanding
plug, and finite-size effects becoming possible. We also notice that the results match and support
the μ(I ) dependence established for noncohesive flows in Sec. V A [hypothesis (ii)].
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FIG. 17. (a) Inertial number profile I (y) for stationary uniform flows for Bog = 25 and different tilt angle
θ : identical values of I are reached at different y for different slopes θ . (b) Corresponding shear stress τ plotted
versus P for (y, θ ) pairs for the three illustrated values of I , approximated by an affine dependence supporting
Eq. (3).

Figure 18(b) shows the behavior of τc with I for all the values of Bog considered. We observe
that any dependence is hardly visible, so we conclude that the assumption that τc is independent
of I is supported by the discrete simulation [hypothesis (iii)]. The steady increase of τc with the
adhesion-related Bog is, however, clearly apparent, and reported in Fig. 12 for all simulation points.
While we observe a general agreement with the values reported from comparing continuum and
discrete approaches, we nevertheless notice that these new local (namely, at a given location y) data
no longer unambiguously support the linearity expected in the Rumpf prediction between τc and
Bog.

The discrete simulations also offer an interesting insight into the effect of contact adhesion onto
the aspect of the flow surface. The overall picture given by the analysis of surface fluctuations
is that the increase of contact adhesion, inducing an increase of macroscopic cohesion, leads to
significantly larger fluctuations. Yet the longitudinal (following the flow direction) characteristic
length tends to be shortened. In other words, the surface profile becomes sharper. Equivalently,

FIG. 18. (a) Local value of the friction μ versus I determined locally at different depths y for different
values of Bog; the dotted gray line shows the friction law μ(I ) = μ0 + �μ/I0 × I calibrated from noncohesive
flows (Sec. V A). (b) Variations of local τc versus I , both determined locally at different depths y, for different
values of Bog.
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smaller cohesion leads to smaller surface fluctuations and a flattened smoother surface profile with
wider relief in the longitudinal direction.

Significantly, the analysis of bottom velocities for all contact adhesion and incline slopes ex-
plored shows that a Navier-Robin boundary condition, as evidenced by Artoni et al. for noncohesive
flows [22,23], remains valid in the case of cohesive ones at moderate velocities, with a slipping
length poorly dependent on adhesion properties.

But most importantly, by combining discrete simulation and analytical analysis, this work
allows for an informed analysis of the cohesive granular rheology. The discrete simulation results
support the ideal Coulomb material model, whereby effective frictional properties and macroscopic
cohesion are independent properties. It also makes a strong case for the relevance of linearized μ(I )
dependence, at least for moderate values of I . Remarkably, the latter gives satisfactory results for a
classical definition of the inertial number as first applied for dry flows [8], without the introduction
of modification accounting for the existence of contact adhesion [13,14]. In other words, many
specific features of cohesive flows are captured by relatively basic ingredients, namely, a local μ(I )
rheology for dry flows augmented with a constant cohesive stress.

In terms of scale transition, the results are globally in favor of a linear relation between local
contact-scale adhesion and macroscopic system-scale cohesion, as first proposed by Rumpf [18].

Because the work is based on relatively accessible quantities in laboratory measurements, it may
give interesting hints in the framework of experimental work. In particular, the role of the bottom
velocity can be questioned, or the appearance of a flow surface pattern partially interpreted. At any
rate, in the context of a simplified configuration, the work contributes to clarifying the intricate roles
of contact adhesion and flow dynamics in the behavior of cohesive granular flows.

DATA AVAILABILITY

There are no publicly available research data or software supporting this manuscript. Requests
for further information or data should be sent to the authors.

APPENDIX: INFLUENCE OF THE RESTITUTION COEFFICIENT ON COHESIVE PROPERTIES

The influence of the value of the coefficient of restitution at contact e on the kinematics of the
flow, as well as on its cohesive properties, is assessed by varying it value between 0 and 0.80, setting
it successively to 0.05, 0.10, 0.20, and 0.50 in this interval.

Therefore, we consider a flow of length L ≈ 80d and height H ≈ 54d , with grain diameter
uniformly distributed in the interval [dmin, dmax], dmax/dmin = 1.5 (〈d〉 = 0.005). The adhesion is
fixed by setting Bog to 30, and the slope is θ = 24.5◦.

A first simple indication is given by the evolution of the mean flow velocity with time, shown in
Fig. 19(a). We observe that up to e = 0.20, the mean behavior of the flow is essentially unchanged.
This shows how a zero restitution and weak values of restitution are, if maybe not strictly equivalent,
leading nevertheless to a very similar behavior. On the contrary, the effect of restitution is very
clear for e = 0.5, for which the mean velocity takes larger values, and the stationary regime is
not reached over the flow duration considered. It becomes more dramatic for e = 0.8, for which
the mean velocity is considerably larger, and the stationary regime may actually not exist for this
value of slope and adhesion. Expectedly, larger restitution meaning less energy dissipation, the flow
kinetic energy increases, without, however, giving a clear insight on the cohesive properties.

The mean velocity gives an averaged picture, which does not allow to distinguish rapid flow
and plug surface; hence it conceals any possible effect of e on the cohesive properties of the flow.
The latter are, however, revealed by plotting the velocity profile over the last moments of the flow:
t/

√
(H/g) ∈ [100, 120], for which the stationary regime is attained for e ∈ [0, 0.20], but not for

e = 0.5 or e = 0.8. The outcome is plotted in Fig. 19(b). We observe a slight increase of velocity for
e = 0.20 compared to the case e = 0; this increase remains, however, very small for e < 0.20. For
these small values of restitution, no measurable effect on the plug height Hc is visible. Interestingly,
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FIG. 19. (a) Normalized mean velocity V/
√

gH as a function of the nomalized time t/
√

H/g, and (b)
normalized velocity profile v/

√
gH computed over the time interval t/

√
(H/g) ∈ [100, 120], for a con-

tact adhesion Bog = 30 and a slope θ = 24.5◦, for different values of the contact restitution coefficient
e ∈ [0 : 0/80].

no obvious effect is visible either for larger values e = 0.5 and e = 0.8, even though the kinematics
is significantly more developed. It is tempting to conclude that the restitution coefficient has no
effect on cohesion; however, since the stationary regime was not attained for e = 0.5 and e = 0.8,
we cannot conclude on the basis of the corresponding profiles shown in Fig. 19(b). However,
prediction (9) for Hc being independent of the frictional properties of the flow, �μ, but only
dependent on the static friction μ0 (unlike umax, for instance), this result is not entirely surprising. In
the framework of 2D simulations of cohesive flows on inclines as presented here, we can, however,
safely conclude that e has a very weak effect on cohesion for e � 0.20, and that the choice e = 0
for the simulations analyzed in this paper is a simple yet reasonable choice for studying the basics
of cohesive flows.

We can apply for these flows the prediction in Eq. (9) for Hc, using the relation between cohesive
stress and adhesion yielded by the analysis of plug height performed in Sec. V C, and reported in
Fig. 12: τc = 0.012 mg

d Bog. We obtain Hc/d = 18.4. The corresponding predicted height Yc of the
bottom of the surface plug slab is reported in Fig. 19(b), and shows a fair concordance with the
velocity profiles exhibited by the discrete simulations.
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