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Aim

• simplification of Navier Stokes equations

• thanks to asymptotic theory:

“Boundary Layer”

Introduction

Aim: find out simplier equations than Navier Stokes

Well adapted for ”real time simulations” / image processing

Starting from Navier Stokes (Axi)

• we simplify NS to a Reduced set of equations

– which contains the physical scales,
– the most important phenomena

• much more simple set of equations: Integral equations (1D)

• cross comparisons in some cases of NS/ RNSP/ Integral
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Numer ical simulation and fluid mechanics 
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Boundary Layer

P.-Y. LAGRÉE
pyl@ccr.jussieu.fr
Laboratoire de Modélisation en Mécanique
Boîte 162
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75252 Paris

"cours de recherche", DEA de Mécanique de l'Université Paris 6, en 1996 et en 1997.
"cours de DEA", de Mécanique et Énergétique de l'Université Cocody Abidjan, Côte d'Ivoire juin 98.
"cours de DEA", Université de Timisoara, Roumanie, avril 99.
"cours de Master II", méthodes multiéchelles, UPMC 04/05

1.          RAPPELS SUR LA COUCHE LIMITE

1.1. Équations de Navier Stokes, Nombre de Reynolds.

Dans ce paragraphe on rappelle les équations de Navier Stokes + adhérence en 2D plan

stationnaire::

...équations de NS: incompressibilité, quantité de mouvement...
!u
!x  + 

!v
!y = 0

  u 
!

!x u +  v 
!

!y u= -  
 !
"!x p +# [ 

!2 

!x2 u  +  
!2 

!y2 u].

  u 
!

!x v +  v 
!

!y v= -  
 !
"!y p + # [ 

!2 

!x2 v  +  
!2 

!y2 v].

On définit une longueur L et une vitesse de référence U$ pour construire un nombre de

Reynolds R=U$L/#. Ce nombre est supposé très grand. Les équations sont adimensionnées

avec les quantités suivantes:

 x
_

 = x/L,  y
_

 = y/L.   u
_

 = u/U$. v
_

 = v/U$. p
_

 = p/("$U$
2).

L

U
$

Sous forme adimensionnée, NS+ adhérence: .

17 mai 2006  "3DEA1n.rappels" -1-

Figure 1: A typical problem a body of length L in a uniform velocity U0; the
Reynolds number is large U0L/ν >> 1.

equations are:





∂ū

∂x̄
+

∂v̄

∂ȳ
= 0,

ū
∂ū

∂x̄
+ v̄

∂ū

∂ȳ
= −∂p̄

∂x̄
+

1
Re

(
∂2ū

∂x̄2
+

∂2ū

∂ȳ2
),

ū
∂v̄

∂x̄
+ v̄

∂v̄

∂ȳ
= −∂p̄

∂ȳ
+

1
Re

(
∂2v̄

∂x̄2
+

∂2v̄

∂ȳ2
).

(1)

Boundary conditions are no slip at the wall :
(if ȳ = ȳw(x̄) the wall: v̄(x̄, ȳw(x̄)) = 0 and u = 1 far away from the body.

- II . 2-

Navier Stokes Problem
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ū
∂ū
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Re
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- II . 2-

Boundary Layer

1.2 Euler equations, linearized Euler

As the Reynolds number is large, a first idea is to put 1/Re = 0. We obtain
Euler equations (with ”bars” over the variables i.e. x̄ = x/L, ū = u/U0):






∂ū

∂x̄
+

∂v̄

∂ȳ
= 0,

ū
∂ū

∂x̄
+ v̄

∂ū

∂ȳ
= −∂p̄

∂x
,

ū
∂v̄

∂x̄
+ v̄

∂v̄

∂ȳ
= −∂p̄

∂ȳ
.

(2)

Boundary conditions are now slip at the wall:
(if ȳ = ȳw(x̄) the wall:
ū(x̄, ȳw(x̄)) = v̄(x̄, ȳw(x̄)) = 0) and ū = 1 far away from the body.

Computing solution is this system is a great task since Euler first at-
tempts “Principes généraux du mouvement des fluides” 1757. We prefer
here to restrain to the simple case of a nearly flat plate in an uniform stream.

• The most simple case is the flat plate case, ȳw(x̄) = 0. In this simple
case the velocity remains everywhere 1. So the velocity at the wall, ”slip
velocity” is ūe = 1.

We then put a small bump or relative height α,

ȳw(x̄) = αf̄(x̄) with α << 1

then we then investigate a disturbance field as

ū = 1 + αū1 + α2ū2 + ...

v̄ = 0 + αv̄1 + α2v̄2 + ...

p̄ = 0 + αp̄1 + α2p̄2 + ...

Depending of the various régimes various sets of equations may be ob-
tained.

- II . 3-

Euler Problem
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f’!x"

u

ΑL

x

L

Figure 2: A plane plate with a small bump in a subsonic or incompressible flow

• We can imagine a non flat plate in a incompressible flow, we linearize the

Euler equations as : 




∂ū1

∂x̄
+

∂v̄1

∂ȳ
= 0,

∂ū1

∂x̄
= −∂p̄1

∂x̄
,

∂v̄1

∂x̄
= −∂p̄1

∂ȳ
.

(3)

Eliminating the velocity gives a Laplace equation for the pressure:

∂2p̄1

∂x̄2
+

∂2p̄1

∂ȳ2
= 0,

with p̄1 = 0 far away from the plate and the no slip condition is−∂p̄1
∂ȳ = f̄ ��

(x̄)

in ȳ = 0. The pressure is obtained by classical Hilbert formula:

p̄1 =
−1

π

� df̄
dx̄

x̄− ξ
dξ

[use Fourier Transform sign(k) = Abs(k)/k and TF−1
[sign(k)] = − i

πvp(
1
x).]

the velocity at the wall is then:

ūe = 1 + α
1

π

� df̄
dx̄

x̄− ξ
dξ

- II . 4-

Euler Problem

flux conservation

ūe =
1

1− αf̄
Section * Velocity = cste

symmetry line 

jeudi 8 avril 2010



ue

Reynolds number Re is constructed with a velocity (U0) and a typical

length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).

ue

Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.

2

ideal fluid

boundary layer
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ideal fluid

boundary layer

 

Figure 6: The typical problem a plane plate (neglect curvature).

1.3 Blasius solution on a flat plate

So we have now some examples of ideal fluid flows with a basic flow mainly

in the x̄ direction. Let us look at what happens when the body is a simple

semi infinite flat plate. First, we compute the ideal fluid solution, here a

uniform flow. We obtain the ”slip velocity” written ūe the value of the ideal

fluid velocity at the wall

Near the wall the ideal fluid solution is no more valid as the velocity is zero

at a wall. We have to intoduce a ”Boundary layer”. To obtain this we use

the ”least degeneracy principle” (Van Dyke [19], Darrozès & François [6]):

we want the convective terms and at least re hook one diffusive term (as

ȳ = ỹδ/L):

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

we then say that the boundary layer is of relative order Re−1/2.

Dynamical equations
in this new scales, the Navier Stokes equation are the Prandtl equations:

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2
.

With boundary conditions ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. this latter comming

from the matching

ũ(x̄, ỹ →∞)→ ūe(x̄, ȳ → 0).

- II . 8-

ūe =
1

1− αf̄
symmetry line 

Boundary layer problem

slip condition

no slip condition

Re−1/2
jeudi 8 avril 2010
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Boundary Layer

3.3 Boundary layer solution

The second move consists is writing again the Navier Stokes equations and

to introduce a stretched transverse variable by 1/
√

Re so that they become:






∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

u
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= −∂p̃

∂x̄
+

∂2ũ

∂ỹ2
,

0 = −∂p̃

∂ỹ
.

(8)

boundary conditions are ũ = ṽ = 0 on ỹ = 0, ũ(x̄,+∞) = ūe, p̃(x̄,+∞) = p̄e.

As
∂p̃
∂ỹ = 0 the pressure in the boundary layer is exactly the pressure of the

ideal fluid at the wall. And using the Bernouli relation we can eliminate the

pressure and write as ūe
dūe
dx̄ = nx̄2n−1:

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ v

∂ũ

∂ỹ
= nx̄2n−1

+
∂2ũ

∂ỹ2
.

Often, it is written in stream function in a single equation as:

∂ψ̃

∂ỹ

∂2ψ̃

∂x̄∂ỹ
− ∂ψ̃

∂x̄

∂2ψ̃

∂ỹ2
= nx̄2n−1

+
∂3ψ̃

∂ỹ3
.

To solve this equation we try the selfsimilar technique:

x̄→ Xx∗ ỹ → Y y∗...
so that U = Xn, Y = X(1−n)/2, V = X(n−1)/2, Ψ = X(1+n)/2.

The formal implicit solution is invariant by this transform:

F (x̄, ỹ, ũ) = 0 gives F (Xx̄,X(1−n)/2ỹ, Xnũ) = 0

so that the selfsimilar variable and the stream function are:

ξ = x̄, η = (

�
n + 1

2
)

ỹ

ξ̄(1−n)/2
ψ = (

�
2

n + 1
)ξ̄(n+1)/2f(η)

the prefactors like (

�
n+1

2 ) are just historical. As:

∂
∂x̄ =

∂
∂ξ +

n−1
2

η
ξ

∂
∂η and

∂
∂ỹ =

�
n+1

2 ξ(n−1)/2 ∂
∂η ,

the velocities are are obtained:

ũ = ξnf �
(η), ṽ = −

�
n + 1

2
ξn−1(f +

n− 1

n + 1
ηf �

)

- II . 14-

Boundary layer problem
ūe =

1
1− αf̄

symmetry line 

no slip condition

Re−1/2
jeudi 8 avril 2010



Boundary Layer

3.3 Boundary layer solution

The second move consists is writing again the Navier Stokes equations and

to introduce a stretched transverse variable by 1/
√

Re so that they become:






∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

u
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= −∂p̃

∂x̄
+

∂2ũ

∂ỹ2
,

0 = −∂p̃

∂ỹ
.

(8)

boundary conditions are ũ = ṽ = 0 on ỹ = 0, ũ(x̄,+∞) = ūe, p̃(x̄,+∞) = p̄e.

As
∂p̃
∂ỹ = 0 the pressure in the boundary layer is exactly the pressure of the

ideal fluid at the wall. And using the Bernouli relation we can eliminate the

pressure and write as ūe
dūe
dx̄ = nx̄2n−1:

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ v

∂ũ

∂ỹ
= nx̄2n−1

+
∂2ũ

∂ỹ2
.

Often, it is written in stream function in a single equation as:

∂ψ̃

∂ỹ

∂2ψ̃

∂x̄∂ỹ
− ∂ψ̃

∂x̄

∂2ψ̃

∂ỹ2
= nx̄2n−1

+
∂3ψ̃

∂ỹ3
.

To solve this equation we try the selfsimilar technique:

x̄→ Xx∗ ỹ → Y y∗...
so that U = Xn, Y = X(1−n)/2, V = X(n−1)/2, Ψ = X(1+n)/2.

The formal implicit solution is invariant by this transform:

F (x̄, ỹ, ũ) = 0 gives F (Xx̄,X(1−n)/2ỹ, Xnũ) = 0

so that the selfsimilar variable and the stream function are:

ξ = x̄, η = (

�
n + 1

2
)

ỹ

ξ̄(1−n)/2
ψ = (

�
2

n + 1
)ξ̄(n+1)/2f(η)

the prefactors like (

�
n+1

2 ) are just historical. As:

∂
∂x̄ =

∂
∂ξ +

n−1
2

η
ξ

∂
∂η and

∂
∂ỹ =

�
n+1

2 ξ(n−1)/2 ∂
∂η ,

the velocities are are obtained:

ũ = ξnf �
(η), ṽ = −

�
n + 1

2
ξn−1(f +

n− 1

n + 1
ηf �

)
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Boundary Layer Equations

no slip condition at the wall

matching at infinity

ũ(x̄, 0) = ṽ(x̄, 0) = 0

ũ(x̄,∞) = ūe(x̄)

Re−1/2

p̃(x̄,∞) = p̄e(x̄)
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δ1

Boundary Layer

ũ
∂ũ
∂x̄ + ṽ

∂ũ
∂ỹ in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe
)dỹ, δ̃2 =

� ∞

0

ũ

ūe
(1− ũ

ūe
)dỹ and H =

δ̃1

δ̃2

,

gives the following equation where the ideal fluid promotes the boundary

layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe
(1 +

2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.

- II . 20-

same flux

displacement thickness

Boundary layer problem

jeudi 8 avril 2010



Boundary Layer Equations

Boundary Layer

ũ
∂ũ
∂x̄ + ṽ

∂ũ
∂ỹ in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe
)dỹ, δ̃2 =

� ∞

0

ũ

ūe
(1− ũ

ūe
)dỹ and H =

δ̃1

δ̃2

,

gives the following equation where the ideal fluid promotes the boundary

layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe
(1 +

2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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� ∞

0
dy Boundary Layer Equations

Boundary Layer

ũ
∂ũ
∂x̄ + ṽ

∂ũ
∂ỹ in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe
)dỹ, δ̃2 =

� ∞

0

ũ

ūe
(1− ũ

ūe
)dỹ and H =

δ̃1

δ̃2

,

gives the following equation where the ideal fluid promotes the boundary

layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe
(1 +

2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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Boundary Layer

ũ
∂ũ
∂x̄ + ṽ

∂ũ
∂ỹ in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe
)dỹ, δ̃2 =

� ∞

0

ũ

ūe
(1− ũ

ūe
)dỹ and H =

δ̃1

δ̃2

,

gives the following equation where the ideal fluid promotes the boundary

layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe
(1 +

2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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� ∞

0
dy Boundary Layer Equations

Boundary Layer

ũ
∂ũ
∂x̄ + ṽ

∂ũ
∂ỹ in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe
)dỹ, δ̃2 =

� ∞

0

ũ

ūe
(1− ũ

ūe
)dỹ and H =

δ̃1

δ̃2

,

gives the following equation where the ideal fluid promotes the boundary

layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe
(1 +

2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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Boundary Layer

ũ
∂ũ
∂x̄ + ṽ

∂ũ
∂ỹ in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe
)dỹ, δ̃2 =

� ∞

0

ũ

ūe
(1− ũ

ūe
)dỹ and H =

δ̃1

δ̃2

,

gives the following equation where the ideal fluid promotes the boundary

layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe
(1 +

2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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Figure 14: An example of closure of the integral relations. The dots are the
Falkner Skan values and the line the proposed function.

4.3 Remarks

In general, the Von Kármán equation is written with the momentum thick-
ness δ̃2:

d

dx̄
(δ̃2ū

2
e) + δ̃1ūe

dūe

dx̄
=

∂ũ

∂ỹ

��
ỹ=0

(10)

(often the symbol θ̃ is taken), we prefer to write it with δ̃1 as we will see
that this value has a real physical interpretation. The reason why mainly δ̃2

is used is that its derivative is clearly linked to the skin friction (this gives a
technique to deduce the skin friction from even crude measurements of the
boundary layer profile.

In general, another thickness is introduced, the ”boundary layer thick-
ness”: δ̃99. The velocity is defined so that if ỹ > δ̃99 we have ũ = ūe. In
the Falkner Skan description, this length does not exist as the velocity is
attained only at infinity. That is why it is defined sometimes as position
at which the velocity is 0.99ūe. We put this subscript not to confuse this
”value” with the scale δ = L/

√
Re = Lδ̃.

For instance, using this thickness, the Pohlhausen technique allows to ap-
proximate the Blasius profile by :

ũ = 1− (1 + η)(1− η)3, δ̃1 = .3δ̃, δ̃1/δ̃2 = 2.55

So, if we define nevertheless this thickness (it is common in turbulent
flows, and it the original Pohlhausen approach as well). Starting from the
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Boundary Layer

ũ
∂ũ
∂x̄ + ṽ

∂ũ
∂ỹ in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe
)dỹ, δ̃2 =

� ∞

0

ũ

ūe
(1− ũ

ūe
)dỹ and H =

δ̃1

δ̃2

,

gives the following equation where the ideal fluid promotes the boundary

layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe
(1 +

2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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Boundary Layer

ũ
∂ũ
∂x̄ + ṽ

∂ũ
∂ỹ in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe
)dỹ, δ̃2 =

� ∞

0

ũ

ūe
(1− ũ

ūe
)dỹ and H =

δ̃1

δ̃2

,

gives the following equation where the ideal fluid promotes the boundary

layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe
(1 +

2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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Boundary Layer

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe

)dỹ, δ̃2 =

� ∞

0

ũ

ūe

(1− ũ

ūe

)dỹ and H =
δ̃1

δ̃2

,

and defining a function f2 linked to the skin friction as:
∂ũ

∂ỹ
= f2

Hūe
δ1

gives
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)
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dx̄
=
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, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄

, the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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ūe
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through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).
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To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
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dūe
dx̄

, the system is closed from
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H =
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−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
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).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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ũ
∂ũ
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)dỹ, δ̃2 =

� ∞

0

ũ
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Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from
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H =
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2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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)dỹ, δ̃2 =

� ∞

0

ũ
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Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
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dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =
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2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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δ̃1 =
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)dỹ, δ̃2 =
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ūe

(1− ũ

ūe

)dỹ and H =
δ̃1

δ̃2

,

and defining a function f2 linked to the skin friction as:
∂ũ

∂ỹ
= f2

Hūe
δ1

gives

the following equation where the ideal fluid promotes the boundary layer:

d

dx̄
(
δ̃1
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) +

δ̃1

ūe

(1 +
2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄

, the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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allows to write the momentum equation as:
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Defining the displacement thickness, the momentum thickness and the shape
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δ̃1 =

� ∞

0
(1− ũ

ūe

)dỹ, δ̃2 =
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0
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(1− ũ

ūe

)dỹ and H =
δ̃1

δ̃2

,

and defining a function f2 linked to the skin friction as:
∂ũ

∂ỹ
= f2

Hūe
δ1

gives

the following equation where the ideal fluid promotes the boundary layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe

(1 +
2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄

, the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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∂ũ
∂x̄ + ṽ

∂ũ
∂ỹ in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ
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) + (ūe − ũ)
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∂ỹ
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Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe
)dỹ, δ̃2 =
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0
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ūe
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ūe
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δ̃1

δ̃2

,

gives the following equation where the ideal fluid promotes the boundary

layer:

d

dx̄
(
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) +
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ūe
(1 +

2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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ūe
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,

gives the following equation where the ideal fluid promotes the boundary
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d

dx̄
(
δ̃1

H
) +

δ̃1

ūe
(1 +
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)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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∂ũ

∂x̄
+ ṽ
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)dỹ and H =
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,

and defining a function f2 linked to the skin friction as:
∂ũ

∂ỹ
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Hūe
δ1

gives

the following equation where the ideal fluid promotes the boundary layer:

d
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(
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) +

δ̃1

ūe

(1 +
2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄

, the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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∂ũ

∂x̄
+ ṽ
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∂ỹ
in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:
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δ̃1 =
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)dỹ, δ̃2 =
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0
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ūe

)dỹ and H =
δ̃1

δ̃2

,

and defining a function f2 linked to the skin friction as:
∂ũ

∂ỹ
= f2

Hūe
δ1

gives

the following equation where the ideal fluid promotes the boundary layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe

(1 +
2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄

, the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ
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ũ

ūe
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,
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a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained
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value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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∂ũ
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∂ũ

∂ỹ
= f2

Hūe
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, i.e. δ̃1 = F (ūe), (9)
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Falkner Skan

A. Solutions "exactes" des équations de couche limite: Falkner Skan
A.1. écoulement sur un dièdre

Examinons les solutions classiques des équations de couche limite. On va étudier une classe

particulière de solutions semblables des équations de couche limite (self similar solutions).

La solution analytique et approchée de Falkner Skan date de 1930, les premiers calculs sont de

Hartree 1937 (la solution de Blasius date de 1908, celle de Hiemenz de 1911).

Ce sont les solutions dans un champ de vitesse extérieure en xn.

fluide parfait:

Cela correspond à un écoulement contre un dièdre d'angle total !"=(2 !"/2). La relation entre n

et !:

n=!/(2-!); !=(2n)/(n+1).

Pour trouver cela soit on utilise le potentiel complexe.

L'idée est que lorsque l'on travaille avec les solutions harmoniques du potentiel complexe des

vitesses, les fonctions de la forme F(z) = zm peuvent s'interpréter comme l'écoulement dans un

angle, elles satisfont les conditions aux limites (la vitesse est alors en rne-ni#)...

!"/2

Pour la couche limite

On cherche des solutions auto semblables  (self similar) et on peut faire éventuellement un

raisonnement du type:

$2u/$y2 ~ u$u/$x  devient:  xn/%2 ~ xn xn/x.

donc % l'épaisseur de couche limite se développe en x(1-n)/2. Il est alors judicieux de prendre

pour variable de similitude &=y/x(1-n)/2. Il est de plus convenu de poser:

&=y'
n+1

2
 '

1

x1-n
. et  u=xnf'(&).

v = - (
n+1

2
 xn-1)1/2 (f + 

n-1
n+1

 &f')  & [(='
2

n+1
 x(n+1)/2f(&)]

On trouve alors une équadiff (un autre choix des coefficients devant & et f' modifie les

coefficients finaux):
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Screen

the boundary conditions correspond to give the symmetry line and the upper
part of the wedge to be a stream line. The solution is straightforward :

ψ = r
2

2−β sin(
2

2− β
θ).

The velocity at the wall ”slip velocity” is as in θ = 0 r = x :

ue = xn with n =
β

2− β

chosen on given scale of length and velocity
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Fig. 6 – Symmetrical flow against a wedge shaped leading edge.

1.3 Integral relations

Von Kármán relations...

1.4 Le problème de la séparation de la couche limite

Dans ce cadre classique, il n’est pas possible de passer le point de séparation,
cette impossibilité est connue sous le nom de singularité de Goldstein (1948).
Sur la figure 5, sont représentés des exemples de calculs de couche limite
pour une vitesse extérieure ūe donnée. Sur la première image la vitesse
est constante, c’est la configuration de la plaque plane avec la solution
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1.4 Le problème de la séparation de la couche limite

Dans ce cadre classique, il n’est pas possible de passer le point de séparation,
cette impossibilité est connue sous le nom de singularité de Goldstein (1948).
Sur la figure 5, sont représentés des exemples de calculs de couche limite
pour une vitesse extérieure ūe donnée. Sur la première image la vitesse
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particulière de solutions semblables des équations de couche limite (self similar solutions).

La solution analytique et approchée de Falkner Skan date de 1930, les premiers calculs sont de

Hartree 1937 (la solution de Blasius date de 1908, celle de Hiemenz de 1911).

Ce sont les solutions dans un champ de vitesse extérieure en xn.

fluide parfait:

Cela correspond à un écoulement contre un dièdre d'angle total !"=(2 !"/2). La relation entre n

et !:

n=!/(2-!); !=(2n)/(n+1).

Pour trouver cela soit on utilise le potentiel complexe.

L'idée est que lorsque l'on travaille avec les solutions harmoniques du potentiel complexe des

vitesses, les fonctions de la forme F(z) = zm peuvent s'interpréter comme l'écoulement dans un

angle, elles satisfont les conditions aux limites (la vitesse est alors en rne-ni#)...

!"/2

Pour la couche limite

On cherche des solutions auto semblables  (self similar) et on peut faire éventuellement un

raisonnement du type:

$2u/$y2 ~ u$u/$x  devient:  xn/%2 ~ xn xn/x.

donc % l'épaisseur de couche limite se développe en x(1-n)/2. Il est alors judicieux de prendre

pour variable de similitude &=y/x(1-n)/2. Il est de plus convenu de poser:

&=y'
n+1

2
 '

1

x1-n
. et  u=xnf'(&).

v = - (
n+1

2
 xn-1)1/2 (f + 

n-1
n+1

 &f')  & [(='
2

n+1
 x(n+1)/2f(&)]

On trouve alors une équadiff (un autre choix des coefficients devant & et f' modifie les

coefficients finaux):
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Screen

the boundary conditions correspond to give the symmetry line and the upper
part of the wedge to be a stream line. The solution is straightforward :

ψ = r
2

2−β sin(
2

2− β
θ).

The velocity at the wall ”slip velocity” is as in θ = 0 r = x :

ue = xn with n =
β

2− β

chosen on given scale of length and velocity
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Fig. 6 – Symmetrical flow against a wedge shaped leading edge.

1.3 Integral relations

Von Kármán relations...

1.4 Le problème de la séparation de la couche limite

Dans ce cadre classique, il n’est pas possible de passer le point de séparation,
cette impossibilité est connue sous le nom de singularité de Goldstein (1948).
Sur la figure 5, sont représentés des exemples de calculs de couche limite
pour une vitesse extérieure ūe donnée. Sur la première image la vitesse
est constante, c’est la configuration de la plaque plane avec la solution
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Boundary Layer

3.3 Boundary layer solution

The second move consists is writing again the Navier Stokes equations and

to introduce a stretched transverse variable by 1/
√

Re so that they become:






∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

u
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= −∂p̃

∂x̄
+

∂2ũ

∂ỹ2
,

0 = −∂p̃

∂ỹ
.

(8)

boundary conditions are ũ = ṽ = 0 on ỹ = 0, ũ(x̄,+∞) = ūe, p̃(x̄,+∞) = p̄e.

As
∂p̃
∂ỹ = 0 the pressure in the boundary layer is exactly the pressure of the

ideal fluid at the wall. And using the Bernouli relation we can eliminate the

pressure and write as ūe
dūe
dx̄ = nx̄2n−1:

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ v

∂ũ

∂ỹ
= nx̄2n−1

+
∂2ũ

∂ỹ2
.

Often, it is written in stream function in a single equation as:

∂ψ̃

∂ỹ

∂2ψ̃

∂x̄∂ỹ
− ∂ψ̃

∂x̄

∂2ψ̃

∂ỹ2
= nx̄2n−1

+
∂3ψ̃

∂ỹ3
.

To solve this equation we try the selfsimilar technique:

x̄→ Xx∗ ỹ → Y y∗...
so that U = Xn, Y = X(1−n)/2, V = X(n−1)/2, Ψ = X(1+n)/2.

The formal implicit solution is invariant by this transform:

F (x̄, ỹ, ũ) = 0 gives F (Xx̄,X(1−n)/2ỹ, Xnũ) = 0

so that the selfsimilar variable and the stream function are:

ξ = x̄, η = (

�
n + 1

2
)

ỹ

ξ̄(1−n)/2
ψ = (

�
2

n + 1
)ξ̄(n+1)/2f(η)

the prefactors like (

�
n+1

2 ) are just historical. As:

∂
∂x̄ =

∂
∂ξ +

n−1
2

η
ξ

∂
∂η and

∂
∂ỹ =

�
n+1

2 ξ(n−1)/2 ∂
∂η ,

the velocities are are obtained:

ũ = ξnf �
(η), ṽ = −

�
n + 1

2
ξn−1(f +

n− 1

n + 1
ηf �

)
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∂ũ

∂x̄
+

∂ṽ
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∂ũ

∂x̄
+

∂ṽ
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Boundary Layer

and after substitution, the stream function equation is :

f ���(η) + f(η)f ��(η) + β(1− f �(η)2) = 0, f(0) = f �(0) = 0 and f �(∞) = 1.

Solutions of this equation are plotted on figure 10.

3.4 Numerical Trick

In fact it is not so simple to solve this equation, the natural way consist in
a shooting method: for a given set f(0) = 0, f �(0) = 0, f ��(0) = f ��0 one solve
up to a given ηm say 7, and try to obtain f �(ηm) = 1. This is very stiff for
β < 0. So, the best way is to solve the equations in an ”inverse way” with
two variables.

We shoot the condition f �(ηm) = 1 and
� ηm

0 (1− f �(η))dη = D to do this
we try and guess the values of f ��0 and β. This procedure allows to obtain
the reverse branch.

3.5 Special cases

• for β = 0 we obtain the Blasius solution:
n = 0, ũ = f �(η), η = ỹ/

√
2x̄, ṽ = (1/(

√
2x̄))(ηf � − f).

f ��� + ff �� = 0, f”0/
√

2 = 0.332,
√

2
� ∞

0
(1− f �)dη = 1.72

• for β = 1 we obtain a stagnation point solution (Hiemenz) n = 1 :
ũ = x̄f �(η) ṽ = −f(η), η = ỹ

f ��� + ff �� + (1− f �2) = 0, f ��0 = 0.92,

� ∞

0
(1− f �)dη = 0.80

On figure 13 we compare the full Navier Stokes resolution, we clearly see
the stream function in hyperbola (corresponding to ψ = r̄2sin(2θ). On the
right figure, the longitudinal velocity divided by x is plotted, we compare it
to the selfsimilar solution (in fact it is an exact solution of Navier Stokes).

• For β > 2 there is no physical solution but we may compute them with
no problem. In fact we can even compute β → ∞, Falkner Skan solution
reduces (1 − f �2) = 0, so that there is an external solution f � = 1 every
where. Near the wall, we introduce a ”boundary layer”say f � = F �(Y ) and
η = εY , so with ε = β−1/2 we obtain F ��� + (1 − F �2) = 0, which is the self

- II . 15-
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Falkner Skan

A. Solutions "exactes" des équations de couche limite: Falkner Skan
A.1. écoulement sur un dièdre

Examinons les solutions classiques des équations de couche limite. On va étudier une classe

particulière de solutions semblables des équations de couche limite (self similar solutions).

La solution analytique et approchée de Falkner Skan date de 1930, les premiers calculs sont de

Hartree 1937 (la solution de Blasius date de 1908, celle de Hiemenz de 1911).

Ce sont les solutions dans un champ de vitesse extérieure en xn.

fluide parfait:

Cela correspond à un écoulement contre un dièdre d'angle total !"=(2 !"/2). La relation entre n

et !:

n=!/(2-!); !=(2n)/(n+1).

Pour trouver cela soit on utilise le potentiel complexe.

L'idée est que lorsque l'on travaille avec les solutions harmoniques du potentiel complexe des

vitesses, les fonctions de la forme F(z) = zm peuvent s'interpréter comme l'écoulement dans un

angle, elles satisfont les conditions aux limites (la vitesse est alors en rne-ni#)...

!"/2

Pour la couche limite

On cherche des solutions auto semblables  (self similar) et on peut faire éventuellement un

raisonnement du type:

$2u/$y2 ~ u$u/$x  devient:  xn/%2 ~ xn xn/x.

donc % l'épaisseur de couche limite se développe en x(1-n)/2. Il est alors judicieux de prendre

pour variable de similitude &=y/x(1-n)/2. Il est de plus convenu de poser:

&=y'
n+1

2
 '

1

x1-n
. et  u=xnf'(&).

v = - (
n+1

2
 xn-1)1/2 (f + 

n-1
n+1

 &f')  & [(='
2

n+1
 x(n+1)/2f(&)]

On trouve alors une équadiff (un autre choix des coefficients devant & et f' modifie les

coefficients finaux):
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On trouve alors une équadiff (un autre choix des coefficients devant & et f' modifie les

coefficients finaux):

f"'+ff"+!(1-f'2)=0,

avec pour conditions aux limites:

f(0)=f'(0)=0  et f'(")=1.

A.2. résultats

On trace la valeur de f"0  (i.e. le frottement pariétal) en fonction de ! (i.e. le gradient de vitesse).

On obtient une courbe avec une partie où il y a deux solutions (pour !<0).

 

(zoom sur la partie à deux solutions)                            f"0 de !

A.3. comment a-t-on fait?

*** La résolution se fait (par exemple) par une méthode de tir:

f'''+f f''+!(1-f'2) =0

s'écrit

f'=u

u'=v

v' = - f v - !(1-u2)

f(0)=0, u(0)=0, u(")=1.

Ce système s'interprète comme une équation: u(")=F(f''(0)), on "tire" avec f''0 de manière à

"toucher" 1.

! en abscisse f'(!) en ordonnée.

retenons:

"#/2#/2 0

"<0

- Il y a deux solutions possibles pour un même exposant dans le cas décéléré.

- Si on part du point d'arrêt, puis on fait décroître l'angle, on arrive à Blasius, on incline encore

l'angle. On va jusqu'au point où "~-0.2, tous les profils sont à la limite de séparation, après cette

valeur, il n'y a plus de solution. Si on repart en réaugmentant l'angle: les profils sont tous

séparés. Et ce pour une même valeur de l'angle que précédemment...

- le coefficient de frottement est Cf=f''0$(n+1)/2)

- On peut calculer des profils séparés, mais avec une méthode inverse...

A.5. cas particuliers
* point d'arrêt (Hiemenz) "=1 , n=1

u=xf'(!) v =-f(!), !=y

f'''+ff''+(1-f'2)/2=0.

 f''0=0.92  %
0

&
(1-f')d!=0.80

Cf/2$R=0.75, '1$R=0.98

* plaque plane (Blasius) "=0, n=0

u=f'(!),  !=y/2/$x, v= 
1

2$x
(!f'-f).

Falkner Skan

Screen

the boundary conditions correspond to give the symmetry line and the upper
part of the wedge to be a stream line. The solution is straightforward :

ψ = r
2

2−β sin(
2

2− β
θ).

The velocity at the wall ”slip velocity” is as in θ = 0 r = x :

ue = xn with n =
β

2− β

chosen on given scale of length and velocity
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1.3 Integral relations

Von Kármán relations...

1.4 Le problème de la séparation de la couche limite

Dans ce cadre classique, il n’est pas possible de passer le point de séparation,
cette impossibilité est connue sous le nom de singularité de Goldstein (1948).
Sur la figure 5, sont représentés des exemples de calculs de couche limite
pour une vitesse extérieure ūe donnée. Sur la première image la vitesse
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séparés. Et ce pour une même valeur de l'angle que précédemment...

- le coefficient de frottement est Cf=f''0$(n+1)/2)

- On peut calculer des profils séparés, mais avec une méthode inverse...

A.5. cas particuliers
* point d'arrêt (Hiemenz) "=1 , n=1

u=xf'(!) v =-f(!), !=y

f'''+ff''+(1-f'2)/2=0.

 f''0=0.92  %
0

&
(1-f')d!=0.80

Cf/2$R=0.75, '1$R=0.98

* plaque plane (Blasius) "=0, n=0

u=f'(!),  !=y/2/$x, v= 
1

2$x
(!f'-f).

Falkner Skan

converging channel

need for a Closure
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f"'+ff"+!(1-f'2)=0,

avec pour conditions aux limites:

f(0)=f'(0)=0  et f'(")=1.

A.2. résultats

On trace la valeur de f"0  (i.e. le frottement pariétal) en fonction de ! (i.e. le gradient de vitesse).

On obtient une courbe avec une partie où il y a deux solutions (pour !<0).

 

(zoom sur la partie à deux solutions)                            f"0 de !

A.3. comment a-t-on fait?

*** La résolution se fait (par exemple) par une méthode de tir:

f'''+f f''+!(1-f'2) =0

s'écrit

f'=u

u'=v

v' = - f v - !(1-u2)

f(0)=0, u(0)=0, u(")=1.

Ce système s'interprète comme une équation: u(")=F(f''(0)), on "tire" avec f''0 de manière à

"toucher" 1.

! en abscisse f'(!) en ordonnée.

retenons:

"#/2#/2 0

"<0

- Il y a deux solutions possibles pour un même exposant dans le cas décéléré.

- Si on part du point d'arrêt, puis on fait décroître l'angle, on arrive à Blasius, on incline encore

l'angle. On va jusqu'au point où "~-0.2, tous les profils sont à la limite de séparation, après cette

valeur, il n'y a plus de solution. Si on repart en réaugmentant l'angle: les profils sont tous

séparés. Et ce pour une même valeur de l'angle que précédemment...

- le coefficient de frottement est Cf=f''0$(n+1)/2)

- On peut calculer des profils séparés, mais avec une méthode inverse...

A.5. cas particuliers
* point d'arrêt (Hiemenz) "=1 , n=1

u=xf'(!) v =-f(!), !=y

f'''+ff''+(1-f'2)/2=0.

 f''0=0.92  %
0

&
(1-f')d!=0.80

Cf/2$R=0.75, '1$R=0.98

* plaque plane (Blasius) "=0, n=0

u=f'(!),  !=y/2/$x, v= 
1

2$x
(!f'-f).

Falkner Skan

Hiemenz

need for a Closure

jeudi 8 avril 2010



f"'+ff"+!(1-f'2)=0,

avec pour conditions aux limites:

f(0)=f'(0)=0  et f'(")=1.

A.2. résultats

On trace la valeur de f"0  (i.e. le frottement pariétal) en fonction de ! (i.e. le gradient de vitesse).

On obtient une courbe avec une partie où il y a deux solutions (pour !<0).

 

(zoom sur la partie à deux solutions)                            f"0 de !

A.3. comment a-t-on fait?

*** La résolution se fait (par exemple) par une méthode de tir:

f'''+f f''+!(1-f'2) =0

s'écrit

f'=u

u'=v

v' = - f v - !(1-u2)

f(0)=0, u(0)=0, u(")=1.

Ce système s'interprète comme une équation: u(")=F(f''(0)), on "tire" avec f''0 de manière à

"toucher" 1.

! en abscisse f'(!) en ordonnée.

retenons:

"#/2#/2 0

"<0

- Il y a deux solutions possibles pour un même exposant dans le cas décéléré.

- Si on part du point d'arrêt, puis on fait décroître l'angle, on arrive à Blasius, on incline encore

l'angle. On va jusqu'au point où "~-0.2, tous les profils sont à la limite de séparation, après cette

valeur, il n'y a plus de solution. Si on repart en réaugmentant l'angle: les profils sont tous

séparés. Et ce pour une même valeur de l'angle que précédemment...

- le coefficient de frottement est Cf=f''0$(n+1)/2)

- On peut calculer des profils séparés, mais avec une méthode inverse...

A.5. cas particuliers
* point d'arrêt (Hiemenz) "=1 , n=1

u=xf'(!) v =-f(!), !=y

f'''+ff''+(1-f'2)/2=0.

 f''0=0.92  %
0

&
(1-f')d!=0.80

Cf/2$R=0.75, '1$R=0.98

* plaque plane (Blasius) "=0, n=0

u=f'(!),  !=y/2/$x, v= 
1

2$x
(!f'-f).

Falkner Skan

Blasius

need for a Closure
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f"'+ff"+!(1-f'2)=0,

avec pour conditions aux limites:

f(0)=f'(0)=0  et f'(")=1.

A.2. résultats

On trace la valeur de f"0  (i.e. le frottement pariétal) en fonction de ! (i.e. le gradient de vitesse).

On obtient une courbe avec une partie où il y a deux solutions (pour !<0).

 

(zoom sur la partie à deux solutions)                            f"0 de !

A.3. comment a-t-on fait?

*** La résolution se fait (par exemple) par une méthode de tir:

f'''+f f''+!(1-f'2) =0

s'écrit

f'=u

u'=v

v' = - f v - !(1-u2)

f(0)=0, u(0)=0, u(")=1.

Ce système s'interprète comme une équation: u(")=F(f''(0)), on "tire" avec f''0 de manière à

"toucher" 1.

! en abscisse f'(!) en ordonnée.

retenons:

"#/2#/2 0

"<0

- Il y a deux solutions possibles pour un même exposant dans le cas décéléré.

- Si on part du point d'arrêt, puis on fait décroître l'angle, on arrive à Blasius, on incline encore

l'angle. On va jusqu'au point où "~-0.2, tous les profils sont à la limite de séparation, après cette

valeur, il n'y a plus de solution. Si on repart en réaugmentant l'angle: les profils sont tous

séparés. Et ce pour une même valeur de l'angle que précédemment...

- le coefficient de frottement est Cf=f''0$(n+1)/2)

- On peut calculer des profils séparés, mais avec une méthode inverse...

A.5. cas particuliers
* point d'arrêt (Hiemenz) "=1 , n=1

u=xf'(!) v =-f(!), !=y

f'''+ff''+(1-f'2)/2=0.

 f''0=0.92  %
0

&
(1-f')d!=0.80

Cf/2$R=0.75, '1$R=0.98

* plaque plane (Blasius) "=0, n=0

u=f'(!),  !=y/2/$x, v= 
1

2$x
(!f'-f).

Falkner Skan

incipient separation

need for a Closure
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f"'+ff"+!(1-f'2)=0,

avec pour conditions aux limites:

f(0)=f'(0)=0  et f'(")=1.

A.2. résultats

On trace la valeur de f"0  (i.e. le frottement pariétal) en fonction de ! (i.e. le gradient de vitesse).

On obtient une courbe avec une partie où il y a deux solutions (pour !<0).

 

(zoom sur la partie à deux solutions)                            f"0 de !

A.3. comment a-t-on fait?

*** La résolution se fait (par exemple) par une méthode de tir:

f'''+f f''+!(1-f'2) =0

s'écrit

f'=u

u'=v

v' = - f v - !(1-u2)

f(0)=0, u(0)=0, u(")=1.

Ce système s'interprète comme une équation: u(")=F(f''(0)), on "tire" avec f''0 de manière à

"toucher" 1.

! en abscisse f'(!) en ordonnée.

retenons:

"#/2#/2 0

"<0

- Il y a deux solutions possibles pour un même exposant dans le cas décéléré.

- Si on part du point d'arrêt, puis on fait décroître l'angle, on arrive à Blasius, on incline encore

l'angle. On va jusqu'au point où "~-0.2, tous les profils sont à la limite de séparation, après cette

valeur, il n'y a plus de solution. Si on repart en réaugmentant l'angle: les profils sont tous

séparés. Et ce pour une même valeur de l'angle que précédemment...

- le coefficient de frottement est Cf=f''0$(n+1)/2)

- On peut calculer des profils séparés, mais avec une méthode inverse...

A.5. cas particuliers
* point d'arrêt (Hiemenz) "=1 , n=1

u=xf'(!) v =-f(!), !=y

f'''+ff''+(1-f'2)/2=0.

 f''0=0.92  %
0

&
(1-f')d!=0.80

Cf/2$R=0.75, '1$R=0.98

* plaque plane (Blasius) "=0, n=0

u=f'(!),  !=y/2/$x, v= 
1

2$x
(!f'-f).

Falkner Skanneed for a Closure
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f"'+ff"+!(1-f'2)=0,

avec pour conditions aux limites:

f(0)=f'(0)=0  et f'(")=1.

A.2. résultats

On trace la valeur de f"0  (i.e. le frottement pariétal) en fonction de ! (i.e. le gradient de vitesse).

On obtient une courbe avec une partie où il y a deux solutions (pour !<0).

 

(zoom sur la partie à deux solutions)                            f"0 de !

A.3. comment a-t-on fait?

*** La résolution se fait (par exemple) par une méthode de tir:

f'''+f f''+!(1-f'2) =0

s'écrit

f'=u

u'=v

v' = - f v - !(1-u2)

f(0)=0, u(0)=0, u(")=1.

Ce système s'interprète comme une équation: u(")=F(f''(0)), on "tire" avec f''0 de manière à

"toucher" 1.

! en abscisse f'(!) en ordonnée.

retenons:

"#/2#/2 0

"<0

- Il y a deux solutions possibles pour un même exposant dans le cas décéléré.

- Si on part du point d'arrêt, puis on fait décroître l'angle, on arrive à Blasius, on incline encore

l'angle. On va jusqu'au point où "~-0.2, tous les profils sont à la limite de séparation, après cette

valeur, il n'y a plus de solution. Si on repart en réaugmentant l'angle: les profils sont tous

séparés. Et ce pour une même valeur de l'angle que précédemment...

- le coefficient de frottement est Cf=f''0$(n+1)/2)

- On peut calculer des profils séparés, mais avec une méthode inverse...

A.5. cas particuliers
* point d'arrêt (Hiemenz) "=1 , n=1

u=xf'(!) v =-f(!), !=y

f'''+ff''+(1-f'2)/2=0.

 f''0=0.92  %
0

&
(1-f')d!=0.80

Cf/2$R=0.75, '1$R=0.98

* plaque plane (Blasius) "=0, n=0

u=f'(!),  !=y/2/$x, v= 
1

2$x
(!f'-f).

Falkner Skan

Falkner-Skan profiles. (Schlichting, ʻBoundary Layer Theoryʼ, 
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closure Falkner Skan

Boundary Layer
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Figure 14: An example of closure of the integral relations. The dots are the

Falkner Skan values and the line the proposed function.

4.3 Remarks

In general, the Von Kármán equation is written with the momentum thick-

ness δ̃2:

d

dx̄
(δ̃2ū

2
e) + δ̃1ūe

dūe

dx̄
=

∂ũ

∂ỹ

��
ỹ=0

(10)

(often the symbol θ̃ is taken), we prefer to write it with δ̃1 as we will see

that this value has a real physical interpretation. The reason why mainly δ̃2

is used is that its derivative is clearly linked to the skin friction (this gives a

technique to deduce the skin friction from even crude measurements of the

boundary layer profile.

In general, another thickness is introduced, the ”boundary layer thick-

ness”: δ̃99. The velocity is defined so that if ỹ > δ̃99 we have ũ = ūe. In

the Falkner Skan description, this length does not exist as the velocity is

attained only at infinity. That is why it is defined sometimes as position

at which the velocity is 0.99ūe. We put this subscript not to confuse this

”value” with the scale δ = L/
√

Re = Lδ̃.

For instance, using this thickness, the Pohlhausen technique allows to ap-

proximate the Blasius profile by :

ũ = 1− (1 + η)(1− η)
3
, δ̃1 = .3δ̃, δ̃1/δ̃2 = 2.55

So, if we define nevertheless this thickness (it is common in turbulent

flows, and it the original Pohlhausen approach as well). Starting from the

- II . 21-

Boundary Layer

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe

)dỹ, δ̃2 =

� ∞

0

ũ

ūe

(1− ũ

ūe

)dỹ and H =
δ̃1

δ̃2

,

and defining a function f2 linked to the skin friction as:
∂ũ

∂ỹ
= f2

Hūe
δ1

gives

the following equation where the ideal fluid promotes the boundary layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe

(1 +
2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄

, the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.

- II . 20-

Boundary Layer

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe

)dỹ, δ̃2 =

� ∞

0

ũ

ūe

(1− ũ

ūe

)dỹ and H =
δ̃1

δ̃2

,

and defining a function f2 linked to the skin friction as:
∂ũ

∂ỹ
= f2

Hūe
δ1

gives

the following equation where the ideal fluid promotes the boundary layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe

(1 +
2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄

, the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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Boundary Layer

ũ
∂ũ
∂x̄ + ṽ

∂ũ
∂ỹ in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe
)dỹ, δ̃2 =

� ∞

0

ũ

ūe
(1− ũ

ūe
)dỹ and H =

δ̃1

δ̃2

,

gives the following equation where the ideal fluid promotes the boundary

layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe
(1 +

2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄ , the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.

- II . 20-

Boundary Layer

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe

)dỹ, δ̃2 =

� ∞

0

ũ

ūe

(1− ũ

ūe

)dỹ and H =
δ̃1

δ̃2

,

and defining a function f2 linked to the skin friction as:
∂ũ

∂ỹ
= f2

Hūe
δ1

gives

the following equation where the ideal fluid promotes the boundary layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe

(1 +
2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄

, the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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equation between:
the displacement thickness and the external velocity

ūe

�

Boundary Layer

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
in conservative form then adding ∂x̄(ũūe) = ũ∂x̄(ūe) − ūe∂ỹṽ

allows to write the momentum equation as:

∂

∂x̄
(ũūe − ũ

2
) + (ūe − ũ)

∂ūe

∂x̄
− ∂

∂ỹ
(ṽ(ũ− ūe)) = −∂

2
ũ

∂ỹ2

Defining the displacement thickness, the momentum thickness and the shape

factor

δ̃1 =

� ∞

0
(1− ũ

ūe

)dỹ, δ̃2 =

� ∞

0

ũ

ūe

(1− ũ

ūe

)dỹ and H =
δ̃1

δ̃2

,

and defining a function f2 linked to the skin friction as:
∂ũ

∂ỹ
= f2

Hūe
δ1

gives

the following equation where the ideal fluid promotes the boundary layer:

d

dx̄
(
δ̃1

H
) +

δ̃1

ūe

(1 +
2

H
)
dūe

dx̄
=

f2H

δ̃1ūe

, i.e. δ̃1 = F (ūe), (9)

Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be

a good first guess) and ūe(0) = 1. In the classical approach, δ̃1 is obtained

through the knowledge of ūe, which we write formaly δ̃1 = F (ūe).

4.2 Closure

To solve this boundary layer equation, a closure relationship linking H and

f2 to the velocity and the displacement thickness is needed. This is of

course a strong hypothesis. Defining Λ1 = δ̃
2
1

dūe
dx̄

, the system is closed from

the resolution of the Falkner Skan system as follows (see figure 4.2):

H =

�
2.5905e

−0.37098Λ1 if Λ1 < 0.6

2.074 if Λ1 > 0.6

�
, f2 = 1.05(−H

−1
+ 4H

−2
).

It means that we suppose that each profile remains a Falkner Skan one in

the boundary layer. We used this crude solution in exponential with the

value of the sink H = 2.074 as a limiting value. We tested it to be enough

good, other closures may be found in the literature. Some closures use the

concept of entrainment. The closure may be done with other families of

profiles, and Pohlhausen profiles are good candidates (the solution is part of

a polynom). With those profiles the reverse flow is over estimated compared

to Falkner Skan.
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ūe
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Initial condition is for example δ̃1(0) = 0 (but the Hiemenz value may be
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5 Integral relations

5.1 Von Kármán equation integral relation

Boundary layer equations are a 2D PDE which is not so simple to solve.
Nevertheless, we observed that the velocity profile is sometimes self similar.
It means that there is a unique profile and that all the profiles are deduced
by stretching it. The velocity of the ideal fluid at the wall and the thickness
of the profile are two fundamental parameters which stretch the fundamen-
tal profile.

In this part we present the Von Kármán-Pohlhausen (1921) equation
which consists in writing only the global dependance between ūe and the
displacement thickness δ1 supposing that in fact all the profiles are nearly
similar.
An interpretation of δ1 is that the flux of mass trough an enough large y say
H (not to be confused by the shape factor that we define just after) is the
same than the flux of a constant velocity across a smaller section H − δ1 so
that (we are just in non dimensional variables, no tilde):

ψ =
�

H

0
udy = (H − δ1)ue, i.e. δ1ue =

�
H

0
(ue − u)dy

then, we suppose that H is large enough so it may be changed by ∞. This
gives the physical definition of the displacement thickness, it is the distance
by which the external stream lines are shifted due to the boundary layer
development.

∆1

H

Figure 20: The flux of mass is the same in the boundary layer and in a
equivalent layer of ideal fluid shifted by an amount of δ̃1.

Let us now look at Von Kármán equation, we write the total derivative
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




u
∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+

∂2u

∂y2
,

0 = −∂p

∂y
,

∂u

∂x
+

∂v

∂y
= 0.

numerical resolution of Boundary Layer Equations
PDE
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u
∂u

∂x
+ ... =

∂2u

∂y2
+ ...

«heat equation» finite differences

numerical resolution of Boundary Layer Equations

u(i− 1, j)(
u(i, j)− u(i− 1, j)

∆x
) + ... =

u(i, j + 1)− 2u(i, j)− u(i, j − 1)
∆y2

PDE
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numerical resolution of Boundary Layer Equations





∂ψ

∂y
= u,

∂u

∂y
= G,

∂G

∂y
= −∂(W 2/2)

∂x
+ u

∂u

∂x
−G

∂ψ

∂x
,

∂W

∂y
= 0.

(u(i,j)+u(i−1,j)
2 + u(i,j−1)+u(i,j−1)

2 )
2

(u(i,j)−u(i−1,j)
∆x + u(i,j−1)−u(i−1,j−1)

∆x )
2

,

centered derivatives, linearisation,  Iteration

PDE
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numerical resolution of Boundary Layer Equations Finite 
Elements






�

Ω
(u

∂u

∂x
+ v

∂u

∂y
)ζ +

1
Re

�

Ω

∂u

∂y

∂ζ

∂y
+

�

Ω
λ(

∂u

∂x
+

∂v

∂y
)(

∂ζ

∂x
+

∂ξ

∂y
)

−
�

Ω
p(

∂ζ

∂x
+

∂ξ

∂y
) +

�

Ω
q(

∂u

∂x
+

∂v

∂y
) = 0,
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=> Several Methods to compute the Boundary Layer

BC

BC

BC marching

PDE

δ̃1ūe

ūe

ODE
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superposition
Bls, P4, Sin
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ue

Reynolds number Re is constructed with a velocity (U0) and a typical

length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).

ue

Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.

2

ideal fluid

boundary layer

 

2nd order BLT

symmetry line 
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∂ỹ2
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∂ũ

∂ỹ
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Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
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∂ỹ
= 0,

ũ
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ue

Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.
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∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ
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∂ũ

∂x̄
+

∂ṽ
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une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
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Les équations de la dynamique devenaient :

∂ũ
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∂ũ

∂ỹ
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par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :
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∂ũ

∂ỹ
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On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-
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∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
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ũ
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7 Second order boundary layer
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Figure 21: Classical sequence, image taken from Van Dyke’s book.
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∂x̄
,

we obtain, after integration up to an ỹ (x̄ and ỹ are independent variables)
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Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :
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the velocity is:

ṽ(ỹ)− ṽ(0) = − ∂

∂x̄

� ỹ

0
(ũ− ūe)dỹ − ỹ

∂ūe

∂x̄

so, if ỹ is large enough and as ṽ(0) = 0 we obtain the behavior for large
enough ỹ:

ṽ(ỹ) � ∂

∂x̄
(ūeδ̃1)− ỹ

∂ūe

∂x̄

This velocity must be multiplied by Re−1/2; and ȳ = Re−1/2ỹ. Now, we
write the velocity in the ideal fluid as a Taylor expansion near the wall for
small ȳ:

v̄ = v̄(x̄, 0) + ȳ
∂v̄

∂ȳ
+ ... = v̄(x̄, 0)− ȳ

∂ūe

∂x̄
+ ...

matching this velocity and the boundary layer velocity show that:

v̄(x̄, 0) = Re−1/2 ∂

∂x̄
(ūeδ̃1)

So that the boundary layer disturbates the ideal fluid at order Re−1/2. It
is called the ”blowing velocity”. So the velocity in the ideal fluid (called
transpiration boundary condition as well):

ū = ū1 + Re−1/2ū2, v̄ = v̄1 + Re−1/2v̄2 p̄ = p̄1 + Re−1/2p̄2....

with ū1(x, 0) = ūe(x).

7.3 Flat plane case

We substitute this in Euler equation and have to find what is the flow created
by a flat plate with a given blowing velocity which is in β

√
x̄/2 with β = 1.7.






∂ū2

∂ȳ
− ∂v̄2

∂x̄
= 0,

∂ū2

∂x̄
+

∂v̄2

∂ȳ
= 0.

(12)

We easily see that an irotationnal solution in r̄, θ like ψ̄ = −β
√

r̄cos( θ
2):

ū2 = − β

2
√

r̄
sin(

θ

2
), v̄2 =

β

2
√

r̄
cos(

θ

2
),

allows to fit the boundary conditions, the two velocity are plotted on figure
22. We observe that the ideal fluid longitudinal velocity is zero at the wall,
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On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :
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+
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∂ỹ
= 0,
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Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.
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enough ỹ:
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This velocity must be multiplied by Re−1/2; and ȳ = Re−1/2ỹ. Now, we
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∂ȳ
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matching this velocity and the boundary layer velocity show that:

v̄(x̄, 0) = Re−1/2 ∂

∂x̄
(ūeδ̃1)

So that the boundary layer disturbates the ideal fluid at order Re−1/2. It
is called the ”blowing velocity”. So the velocity in the ideal fluid (called
transpiration boundary condition as well):

ū = ū1 + Re−1/2ū2, v̄ = v̄1 + Re−1/2v̄2 p̄ = p̄1 + Re−1/2p̄2....

with ū1(x, 0) = ūe(x).

7.3 Flat plane case

We substitute this in Euler equation and have to find what is the flow created
by a flat plate with a given blowing velocity which is in β
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ū2 = − β

2
√

r̄
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allows to fit the boundary conditions, the two velocity are plotted on figure
22. We observe that the ideal fluid longitudinal velocity is zero at the wall,
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tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :
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Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
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so, if ỹ is large enough and as ṽ(0) = 0 we obtain the behavior for large
enough ỹ:
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∂ūe
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This velocity must be multiplied by Re−1/2; and ȳ = Re−1/2ỹ. Now, we
write the velocity in the ideal fluid as a Taylor expansion near the wall for
small ȳ:

v̄ = v̄(x̄, 0) + ȳ
∂v̄

∂ȳ
+ ... = v̄(x̄, 0)− ȳ
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∂x̄
+ ...

matching this velocity and the boundary layer velocity show that:

v̄(x̄, 0) = Re−1/2 ∂

∂x̄
(ūeδ̃1)

So that the boundary layer disturbates the ideal fluid at order Re−1/2. It
is called the ”blowing velocity”. So the velocity in the ideal fluid (called
transpiration boundary condition as well):

ū = ū1 + Re−1/2ū2, v̄ = v̄1 + Re−1/2v̄2 p̄ = p̄1 + Re−1/2p̄2....

with ū1(x, 0) = ūe(x).

7.3 Flat plane case

We substitute this in Euler equation and have to find what is the flow created
by a flat plate with a given blowing velocity which is in β

√
x̄/2 with β = 1.7.
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∂ȳ
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= 0,
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We easily see that an irotationnal solution in r̄, θ like ψ̄ = −β
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r̄cos( θ
2):

ū2 = − β
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r̄
sin(
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), v̄2 =
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),

allows to fit the boundary conditions, the two velocity are plotted on figure
22. We observe that the ideal fluid longitudinal velocity is zero at the wall,
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∂ūe
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∂ūe

∂x̄

This velocity must be multiplied by Re−1/2; and ȳ = Re−1/2ỹ. Now, we
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∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
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allows to fit the boundary conditions, the two velocity are plotted on figure
22. We observe that the ideal fluid longitudinal velocity is zero at the wall,
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write the velocity in the ideal fluid as a Taylor expansion near the wall for
small ȳ:

v̄ = v̄(x̄, 0) + ȳ
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ue

Reynolds number Re is constructed with a velocity (U0) and a typical

length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).

ue

Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.

2

ideal fluid
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∂ūe

∂x̄
+ ...

matching this velocity and the boundary layer velocity show that:

v̄(x̄, 0) = Re−1/2 ∂

∂x̄
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7.7 An example of NS computation on a flat plate

For sake of illustration we use FreeFem++ to compute the flow over a flat
plate at Re = 500 (figure 24 left). If we plot several velocity profiles with
the self similar variable ȳ(Re/x̄)1/2 all the profiles are the same (figure 25
left for ȳ(Re/x̄)1/2 < 7). If we go further, for values of ȳ(Re/x̄)1/2 larger
than 7; we see an overshoot of velocity. This is a second order effect.

But this is a spurious effect do to the boundary conditions. In fact,
to compute it, we imposed naive boundary conditions. On the entrance:
ū = 1, v̄ = 0. On the top ∂ȳū = ∂ȳv̄ = ∂ȳp̄ = 0. At the output p̄ = 0 and
∂x̄u = ∂x̄v̄ = 0.
The boundary condition at the top of the domain produces a kind of channel
effect. To confirm this, we compute the solution of the linear system of Ideal
Fluid ∂2

x̄ψ̄+∂2
ȳ ψ̄ = 0 with naive boundary conditions x̄ < 0 and ȳ = 0 ψ̄ = ȳ

(like an incoming constant flow), x̄ > 0 and ȳ = β
�

x̄/Re ψ̄ = 0. x̄ = 0,
ψ̄ = ȳ on ȳ = ȳmax ψ̄ = ȳmax (as if there is no more perturbation far from
the plate) and on x̄ = x̄max

∂ψ̄
∂x̄ = 0 (a Neuman condition). The streeam line

are on figure 24 right and are similar to the Navier Stokes ones on figure
24 left. The ideal fluid velocity is larger at the wall 1.7(Re)−1/2x̄1/2. This
extremum is visible on figure 25 right and correspond to the overshoot of
the Navier Stokes solution of figure 25 middle.

So we clearly see that the influence of the blowing is not negligible (Re =
500) and that it as an influence on the incoming profile. One should then
be very careful to compute the Navier Stokes flow with a numerical solver.

Figure 24: Left Navier Stokes solution by FreeFem++ at Re = 500, stream
lines. Right, Ideal Fluid solution by FreeFem++ over a body 1.7(Re)−1/2x̄1/2,
stream lines are nearly the same and one see the displacement effect induced by
the boundary layer..
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évolution de !.

On remarque l'excellent accord entre les deux méthodes (sauf dans la région juste avant la

singularité)...

mais on ne passe pas le point !=0 (les derniers points du schéma précédent sont en fait

aberrants).

1.3. premières tentatives

1.3.1. séparation vue par Landau

Dans la couche limite v<<u; à séparation u~v (les lignes de courant sont éjectées de la paroi, en

fait on a toujours v<<u mais v beaucoup plus grand que 1/R1/2).

En variables de couche limite on peut dire que v = ",  donc #v/#y=", donc #u/#x=". Les

gradients sont très forts. #u/#x devient grand,  une bonne idée est de dire que son inverse est nul

et de faire le développement (us à séparation mais en réalité pas tout à fait ... on le prendra un

peu avant):

x-xs= 0 (u-us) + f(y) (u-us)2+...

d'où u (fonction $ inconnue):

u = us(y) + 2$'(y) %(xs-x).  puis v par continuité v = $(y)/ %(xs-x).

l'équation de quantité de mvt: en négligeant le RHS, donne u2#(v/u)/#y=0; d'où v/u ne dépend

pas de y.  $(y)/(us(y)%(xs-x)) est constant en y. On en déduit l'écriture suivante usn'est d'ailleurs

pas vraiment le profil séparé mais un profil "moyen" de base.

u = us+
#us

#y
 A(x), v = - 

#A

#x
 us   A(x)=a %(xs-x)

sur la paroi on devrait avoir us=0 et #us/#y=0, ce qui n'est pas tout à fait le cas pour ce résultat

final. (cfTCouche)

1.3.2. catastrophe de Goldstein

L'analyse est délicate:

17 mai 2006  "3DEA2.separ" -6-

k>0 => gradient de pression augmente fortement avant xs, et donc la séparation à lieu avant le

point en question!

k<0 => les lignes de courant rentrent dans l'obstacle.

d'où la condition de Brillouin- Villat k=0. mais il n'y a alors aucune raison qu'il y ait séparation!

La Triple Cpuche montre que k->0 en 0.44 R-1/16!!!!

Si on intègre les ECL en marchant, on trouve la séparation vers ~1.9/!~109°

Dans le cas du schéma de Kirchoff la séparation se produit avant ce point.

sillage de Kirchoff

séparation classique
109

?

0

Tentons effectivement la résolution de l'écoulement autour d'un cylindre. On se donne ue=sin(x)

(c'est la solution d'Euler à la paroi...), et on résout avec les méthodes intégrales (trait) et une

méthode de différences finies (points):

évolution de "1

17 mai 2006  "3DEA2.separ" -5-
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IBL IVI

the induced drag on finite span wings which is a ideal fluid effect).

But, everything is not so simple, there are problems when computing the
boundary layer: we remain again the boundary layer separation problem.
But there are other paradoxes: we introduce an other important problem
which is the ”upstream influence problem”. We will show that to solve
those two problems, the good strategy is a strategy of ”strong interaction”
between the boundary layer and the ideal fluid. So it was called ”Interact-
ing Boundary Layer” or ”Viscous Inviscid Interaction” (or Inviscid Viscous
Interaction). Some practical examples from literature and for various flows
régimes are presented.

2 Problems associated with the Boundary Layer

2.1 Separation

We already had a glimpse on the problem of separation of boundary layer.
We saw that for a given external flow, one can not compute the boundary
layer if the skin friction vanishes. This is called Goldstein singularity, close
to the point of separation:

∂u

∂y
∼
√

xs − x and v ∼ 1√
xs − x

.

So, for a given external decreasing velocity, there is a possibility of separa-
tion with a singularity. The computation can not pass the separation. Most
of classical text book of fluid mechanics do the same and end their course
on boundary layers by this dead end, for example one can read in Kundu
[9]: ”the boundary layer equations are valid only far downstream as the
point of separation. Beyond it the boundary layer becomes so thick that
the basic underlying assumptions become invalid. Moreover, the parabolic
character of the boundary layer equations requires that a numerical integra-
tion is possible only in the direction of advection (along which information
are propagated), which is /it upstream within the reversed flow region. A
forward (downstream) integration of the boundary layer equations therefore
breaks down after the separation point. Last, we can no longer apply po-
tential theory to find the pressure distribution in the separation region, as
the effective boundary of the irrotational flow is no longer the solid surface
but some unknown shape encompassing part of the body plus the separation
region.”
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But, everything is not so simple, there are problems when computing the
boundary layer: we remain again the boundary layer separation problem.
But there are other paradoxes: we introduce an other important problem
which is the ”upstream influence problem”. We will show that to solve
those two problems, the good strategy is a strategy of ”strong interaction”
between the boundary layer and the ideal fluid. So it was called ”Interact-
ing Boundary Layer” or ”Viscous Inviscid Interaction” (or Inviscid Viscous
Interaction). Some practical examples from literature and for various flows
régimes are presented.

2 Problems associated with the Boundary Layer

2.1 Separation

We already had a glimpse on the problem of separation of boundary layer.
We saw that for a given external flow, one can not compute the boundary
layer if the skin friction vanishes. This is called Goldstein singularity, close
to the point of separation:

∂u
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∼
√

xs − x and v ∼ 1√
xs − x

.

So, for a given external decreasing velocity, there is a possibility of separa-
tion with a singularity. The computation can not pass the separation. Most
of classical text book of fluid mechanics do the same and end their course
on boundary layers by this dead end, for example one can read in Kundu
[9]: ”the boundary layer equations are valid only far downstream as the
point of separation. Beyond it the boundary layer becomes so thick that
the basic underlying assumptions become invalid. Moreover, the parabolic
character of the boundary layer equations requires that a numerical integra-
tion is possible only in the direction of advection (along which information
are propagated), which is /it upstream within the reversed flow region. A
forward (downstream) integration of the boundary layer equations therefore
breaks down after the separation point. Last, we can no longer apply po-
tential theory to find the pressure distribution in the separation region, as
the effective boundary of the irrotational flow is no longer the solid surface
but some unknown shape encompassing part of the body plus the separation
region.”
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Is it a dead end? No!

2.2 Inverse Boundary Layer

This paragraph must be reversed! In fact computing the reverse flow within
a boundary layer is possible with the Prandtl equations. The good idea
is: impose the displacement thickness and solve for pressure gradient. This
was the idea of Catherall and Mangler [3] in 66, and they were the first
to succeeded to pass the point of flow separation while solving the steady
boundary-layer equations with a prescribed displacement thickness (a kind
of parabolic shape).

Does it surprise us? We have allready solved the Falkner Skan equations:
we obtained flow separation for some values of β. To obtain it, we had to
impose the thickness

�∞
0 (1− f �)dη, and we found the value of β associated.

Hence, a simple way to feel that the boundary layer must be solved in inverse
way is really the Falkner Skan case. It is representative by many aspects of
the boundary layer behavior: for a given external velocity one has a given
β and one computes the corresponding profile. But, we see on figure 1 that
if the external velocity is with a β to small, there is no solution. Only for
an ad hoc external velocity we have solution(s).
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Figure 1: Not any external velocity is compatible with the boundary layer, for
example in the Falkner Skan case, too small β (less than -0.199) are not relevant
(small dashing). A larger value of the outer velocity gradient (large dashing) gives
solutions.

See on figure 2 an example of inverse boundary layer computation using
the Keller Box method, the displacement δ1 is given, the velocity is deduced.
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similar flow in a convergent ue = −x−1.�∞
0 (1− F �)dY = 0.779, F ��(0) = 1.15. There is even an exact solution:

F �(η) =
3

�
1− (−

√
2+
√

3)e−
√

2η

√
2+
√

3

�2

�
1 + (−

√
2+
√

3)e−
√

2η
√

2+
√

3

�2 − 2

• For β < 0 the flow is decelerated;

• For β = −.1988 it is the point of ”incipient separation”, the derivative of
the velocity is always 0:
f ��(0) = 0; n = −0.091 and

�∞
0 (1− f �)dη = 2.3

• For 0 > β > −.1988 there are in fact two solutions, one with f ��(0) > 0
and another one with f ��(0) < 0. The two solutions have different values of�

(1− f �)dη.
Other branches of solution exist.

remark
A generalization of the FS equation may be obtained when the flow is non
similar. If f◦ is a short hand for ∂x̄f , we may write the Prandtl equations
in introducing n = x̄

ūe

dūe
dx̄ then

f ��� + ff �� + β(1− f �2) = x(f �f �◦ − f◦f ��).
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Figure 10: Left, dependence of the slope at the wall f ��(0) as a func-
tion of the acceleration parameter β. right some velocity profiles

�
(1 −

f �)dη, f ��(0),β) = (0.8, 0.93, 0.51)(1, 0.669, 0.18), (1.21, 0.44, 0), (1.5,0.29,-
0.12), (2,0.09,-0.189), (2.5,-0.026,-0.198), (3,-0.09,-0.183), (4,-0.042,-0.196))
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the velocity is:

ṽ(ỹ)− ṽ(0) = − ∂

∂x̄

� ỹ

0
(ũ− ūe)dỹ − ỹ

∂ūe

∂x̄

so, if ỹ is large enough and as ṽ(0) = 0 we obtain the behavior for large
enough ỹ:

ṽ(ỹ) � ∂

∂x̄
(ūeδ̃1)− ỹ

∂ūe

∂x̄

This velocity must be multiplied by Re−1/2; and ȳ = Re−1/2ỹ. Now, we
write the velocity in the ideal fluid as a Taylor expansion near the wall for
small ȳ:

v̄ = v̄(x̄, 0) + ȳ
∂v̄

∂ȳ
+ ... = v̄(x̄, 0)− ȳ

∂ūe

∂x̄
+ ...
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ū = ū1 + Re−1/2ū2, v̄ = v̄1 + Re−1/2v̄2 p̄ = p̄1 + Re−1/2p̄2....
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∂ū2
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∂ȳ
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(12)

We easily see that an irotationnal solution in r̄, θ like ψ̄ = −β
√

r̄cos( θ
2):

ū2 = − β

2
√

r̄
sin(

θ

2
), v̄2 =

β

2
√

r̄
cos(

θ

2
),

allows to fit the boundary conditions, the two velocity are plotted on figure
22. We observe that the ideal fluid longitudinal velocity is zero at the wall,
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Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
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Re(δ/L)2

∂2ũ
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on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ
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+

∂ṽ

∂ỹ
= 0,
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∂ũ

∂x̄
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∂ũ

∂ỹ
=
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Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.
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3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
method to try to solve the shock waves-boundary layer interaction, ”with-
out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in
64 [11] did computations with integral methods, with more success, but the
details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences
on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= ūe

dūe

dx̄
+

∂2ũ

∂ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first given
velocity profile: Blasius. The matching ũ(x̄, ỹ →∞)→ ūe(x̄).

A result of this computation is the transverse velocity at infinity, remem-
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ue

Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.
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with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first given
velocity profile: Blasius. The matching ũ(x̄, ỹ →∞)→ ūe(x̄).
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ũ
∂ũ
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∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
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∂ũ

∂x̄
+ ṽ
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which gives the ”blowing velocity”.

v̄e = Re−1/2 d(δ̃1ūe)

dx̄

Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall

is ”thickened” by the boundary layer thickness (or ”blowing velocity”, or

”transpiration boundary condition”), so that for a subsonic flow:

ūe = 1 +
1

π

�
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄

x− ξ
dξ

or in a supersonic flow

ūe = 1− M2

√
M2 − 1

[
d

dx̄
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄
]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...

1 1

22

Figure 6: Interactive Boundary Layer

3.3 Justification of the Interactive Boundary Layer

At separation, the displacement boundary layer thickness becomes very

thick. It is then not counterintuitive to think that the ideal fluid will be
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3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
method to try to solve the shock waves-boundary layer interaction, ”with-
out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in
64 [11] did computations with integral methods, with more success, but the
details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences
on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ
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+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= ūe

dūe

dx̄
+

∂2ũ

∂ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first given
velocity profile: Blasius. The matching ũ(x̄, ỹ →∞)→ ūe(x̄).

A result of this computation is the transverse velocity at infinity, remem-
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∂ỹ
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with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first
given velocity profile: Blasius. A result of this computation is the velocity
at infinity, remember that for large ỹ the transverse velocity behaves as:

ṽ � d(δ̃1ūe)
dx̄

− ỹ
∂ũ

∂x̄
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• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :
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with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first
given velocity profile: Blasius. A result of this computation is the velocity
at infinity, remember that for large ỹ the transverse velocity behaves as:

ṽ � d(δ̃1ūe)
dx̄

− ỹ
∂ũ
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dūe

dx̄
+

∂2ũ
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Reynolds number Re is constructed with a velocity (U0) and a typical

length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).

ue

Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.

2

ideal fluid

boundary layer
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which gives the ”blowing velocity”.

v̄e = Re−1/2 d(δ̃1ūe)

dx̄

Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall

is ”thickened” by the boundary layer thickness (or ”blowing velocity”, or

”transpiration boundary condition”), so that for a subsonic flow:

ūe = 1 +
1

π

�
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄

x− ξ
dξ

or in a supersonic flow

ūe = 1− M2

√
M2 − 1

[
d

dx̄
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄
]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...

1 1

22

Figure 6: Interactive Boundary Layer

3.3 Justification of the Interactive Boundary Layer

At separation, the displacement boundary layer thickness becomes very

thick. It is then not counterintuitive to think that the ideal fluid will be
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3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
method to try to solve the shock waves-boundary layer interaction, ”with-
out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in
64 [11] did computations with integral methods, with more success, but the
details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences
on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :
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∂ṽ
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dx̄
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,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first given
velocity profile: Blasius. The matching ũ(x̄, ỹ →∞)→ ūe(x̄).

A result of this computation is the transverse velocity at infinity, remem-
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given velocity profile: Blasius. A result of this computation is the velocity
at infinity, remember that for large ỹ the transverse velocity behaves as:
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∂ỹ2
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= ūe

dūe
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length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).
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Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ
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+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.
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which gives the ”blowing velocity”.

v̄e = Re−1/2 d(δ̃1ūe)

dx̄

Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall

is ”thickened” by the boundary layer thickness (or ”blowing velocity”, or

”transpiration boundary condition”), so that for a subsonic flow:

ūe = 1 +
1

π

�
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄

x− ξ
dξ

or in a supersonic flow

ūe = 1− M2

√
M2 − 1

[
d

dx̄
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄
]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...
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3.3 Justification of the Interactive Boundary Layer

At separation, the displacement boundary layer thickness becomes very

thick. It is then not counterintuitive to think that the ideal fluid will be
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3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
method to try to solve the shock waves-boundary layer interaction, ”with-
out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in
64 [11] did computations with integral methods, with more success, but the
details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences
on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= ūe

dūe

dx̄
+

∂2ũ

∂ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first given
velocity profile: Blasius. The matching ũ(x̄, ỹ →∞)→ ūe(x̄).

A result of this computation is the transverse velocity at infinity, remem-

- III . 9-

IBL IVI

3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
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= ūe

dūe
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given velocity profile: Blasius. A result of this computation is the velocity
at infinity, remember that for large ỹ the transverse velocity behaves as:
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∂ũ

∂x̄
+ ṽ
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∂ỹ
= 0, ũ
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On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.
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which gives the ”blowing velocity”.

v̄e = Re−1/2 d(δ̃1ūe)

dx̄

Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall

is ”thickened” by the boundary layer thickness (or ”blowing velocity”, or

”transpiration boundary condition”), so that for a subsonic flow:

ūe = 1 +
1

π

�
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄

x− ξ
dξ

or in a supersonic flow

ūe = 1− M2

√
M2 − 1

[
d

dx̄
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄
]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...

1 1

22

Figure 6: Interactive Boundary Layer

3.3 Justification of the Interactive Boundary Layer

At separation, the displacement boundary layer thickness becomes very

thick. It is then not counterintuitive to think that the ideal fluid will be
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3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
method to try to solve the shock waves-boundary layer interaction, ”with-
out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in
64 [11] did computations with integral methods, with more success, but the
details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences
on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= ūe

dūe

dx̄
+

∂2ũ

∂ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first given
velocity profile: Blasius. The matching ũ(x̄, ỹ →∞)→ ūe(x̄).

A result of this computation is the transverse velocity at infinity, remem-
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at infinity, remember that for large ỹ the transverse velocity behaves as:

ṽ � d(δ̃1ūe)
dx̄

− ỹ
∂ũ

∂x̄
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method to try to solve the shock waves-boundary layer interaction, ”with-
out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in
64 [11] did computations with integral methods, with more success, but the
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∂ỹ2
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given velocity profile: Blasius. A result of this computation is the velocity
at infinity, remember that for large ỹ the transverse velocity behaves as:
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Reynolds number Re is constructed with a velocity (U0) and a typical

length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).
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Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.
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which gives the ”blowing velocity”.

v̄e = Re−1/2 d(δ̃1ūe)

dx̄

Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall

is ”thickened” by the boundary layer thickness (or ”blowing velocity”, or

”transpiration boundary condition”), so that for a subsonic flow:

ūe = 1 +
1

π

�
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄

x− ξ
dξ

or in a supersonic flow

ūe = 1− M2

√
M2 − 1

[
d

dx̄
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄
]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...
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Figure 6: Interactive Boundary Layer

3.3 Justification of the Interactive Boundary Layer

At separation, the displacement boundary layer thickness becomes very

thick. It is then not counterintuitive to think that the ideal fluid will be
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3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
method to try to solve the shock waves-boundary layer interaction, ”with-
out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in
64 [11] did computations with integral methods, with more success, but the
details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences
on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= ūe

dūe

dx̄
+

∂2ũ

∂ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first given
velocity profile: Blasius. The matching ũ(x̄, ỹ →∞)→ ūe(x̄).

A result of this computation is the transverse velocity at infinity, remem-
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∂ũ
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∂ỹ2
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and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).
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Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.
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Près de la paroi, la description de fluide parfait n’est plus valide, il faut
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∂ỹ
= 0,

ũ
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ūe = 1− M2

√
M2 − 1

[
d

dx̄
f̄(x̄) + Re−1/2 d(δ̃1ūe)
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Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...
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on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= ūe

dūe

dx̄
+

∂2ũ

∂ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first given
velocity profile: Blasius. The matching ũ(x̄, ỹ →∞)→ ūe(x̄).

A result of this computation is the transverse velocity at infinity, remem-

- III . 9-

IBL IVI

3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
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profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ
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ṽ � d(δ̃1ūe)
dx̄

− ỹ
∂ũ
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profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ
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Reynolds number Re is constructed with a velocity (U0) and a typical

length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).
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Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.

2

ideal fluid
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which gives the ”blowing velocity”.

v̄e = Re−1/2 d(δ̃1ūe)

dx̄

Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall

is ”thickened” by the boundary layer thickness (or ”blowing velocity”, or

”transpiration boundary condition”), so that for a subsonic flow:

ūe = 1 +
1

π

�
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄

x− ξ
dξ

or in a supersonic flow

ūe = 1− M2

√
M2 − 1

[
d

dx̄
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄
]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...

1 1

22

Figure 6: Interactive Boundary Layer

3.3 Justification of the Interactive Boundary Layer

At separation, the displacement boundary layer thickness becomes very

thick. It is then not counterintuitive to think that the ideal fluid will be
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details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences
on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
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• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ
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∂ũ

∂ỹ
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∂ỹ2
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given velocity profile: Blasius. A result of this computation is the velocity
at infinity, remember that for large ỹ the transverse velocity behaves as:
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On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-
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”transpiration boundary condition”), so that for a subsonic flow:
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or in a supersonic flow
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d
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f̄(x̄) + Re−1/2 d(δ̃1ūe)
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]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.
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3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
method to try to solve the shock waves-boundary layer interaction, ”with-
out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in
64 [11] did computations with integral methods, with more success, but the
details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences
on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.
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One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ
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∂ỹ2
,
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ūe =
1

1− (αf̄ + δ̃1Re−1/2)

jeudi 8 avril 2010



IBL IVI

3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
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profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ
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given velocity profile: Blasius. A result of this computation is the velocity
at infinity, remember that for large ỹ the transverse velocity behaves as:
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which gives the ”blowing velocity”.

v̄e = Re−1/2 d(δ̃1ūe)

dx̄

Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall

is ”thickened” by the boundary layer thickness (or ”blowing velocity”, or

”transpiration boundary condition”), so that for a subsonic flow:

ūe = 1 +
1

π

�
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄

x− ξ
dξ

or in a supersonic flow

ūe = 1− M2

√
M2 − 1

[
d

dx̄
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄
]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...

1 1

22

Figure 6: Interactive Boundary Layer

3.3 Justification of the Interactive Boundary Layer

At separation, the displacement boundary layer thickness becomes very

thick. It is then not counterintuitive to think that the ideal fluid will be
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Reynolds number Re is constructed with a velocity (U0) and a typical

length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).

ue

Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.

2

ideal fluid

boundary layer

 

inviscid viscous interaction

ūe =
1

1− (αf̄ + δ̃1Re−1/2)
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Boundary Layer

Ideal Fluidyw + δn
1 un

e

un
BLδn

1

δn+1
1(un

BL − un
e )→

IBL IVI

yw + δ1 ue δ1

Figure 9: ”Direct method”: the geometry gives the velocity which gives the
boundary layer, the rebranching will give the second order effects. .

method” figure 10. in fact it is not a good idea as it is difficult to rewrite
the Euler codes.

yw + δ1 ue

Figure 10: ”Inverse method”, the total geometry (boundary layer thickness and
effective geometry) give the velocity which gives a total geometry, and so on.

• The good way to solve the boundary layer, is to solve it in inverse, the
good way to solve the ideal fluid is in the direct way. So we have to relax the
input depending on the difference of the outputs. This is the semi-inverse
coupling by Le Balleur (figure 11).

yw + δn
1 un

e

un
BLδn

1

δn+1
1(un

BL − un
e )→

Figure 11: ”Semi Inverse method”, inverse boundary layer, direct ideal fluid. The
difference of the two output velocities is used to update the displacement thickness,
and so on.

• There are other possibilities, one is the ”quasisimultaneous method”. It
means that during the coupling values computed downstream are reinjected,
which is more useful in the subsonic case.

3.4.3 Semi inverse coupling

The point to be clarified is how to update the new δn+1
1 from δn

1 and the
difference (un

BL − un
e ), the simplest way is to write:

δn+1 = δn + λ(un
BL − un

e )
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3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
method to try to solve the shock waves-boundary layer interaction, ”with-
out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in
64 [11] did computations with integral methods, with more success, but the
details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences
on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
profiles did a lot of practical computations at ONERA, in supersonic and
transsonic régimes.
• Veldman as well has is own codes at the National Aerospace Laboratory
NLR in Amsterdam,
• Carter, Jameson at Stanford.
• Cebeci did a huge work (several books on the interactive boundary layer
for example [4] [2]) and applied IVI at Boeing.
• Lock & Williams in a review [15], present the english RAE point of view.
• And last but not least Neiland and Sychev at the TsAGI in USSR.
Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= ūe

dūe

dx̄
+

∂2ũ

∂ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first
given velocity profile: Blasius. A result of this computation is the velocity
at infinity, remember that for large ỹ the transverse velocity behaves as:

ṽ � d(δ̃1ūe)
dx̄

− ỹ
∂ũ

∂x̄

- III . 9-

IBL IVI

3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but
strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen
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∂ũ

∂ỹ
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which gives the ”blowing velocity”.

v̄e = Re−1/2 d(δ̃1ūe)

dx̄

Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall

is ”thickened” by the boundary layer thickness (or ”blowing velocity”, or

”transpiration boundary condition”), so that for a subsonic flow:

ūe = 1 +
1

π

�
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄

x− ξ
dξ

or in a supersonic flow

ūe = 1− M2

√
M2 − 1

[
d

dx̄
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄
]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...

1 1

22

Figure 6: Interactive Boundary Layer

3.3 Justification of the Interactive Boundary Layer
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Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive
Boundary Layer point of view. It means that we use the classical Prantdl
boundary layer equations :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= ūe

dūe

dx̄
+

∂2ũ

∂ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first given
velocity profile: Blasius. The matching ũ(x̄, ỹ →∞)→ ūe(x̄).

A result of this computation is the transverse velocity at infinity, remem-
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details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences
on the Boundary layer and succeed by iteration to compute the supersonic
wedge interaction.

Among people working for applications in the aerospace area, some
names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán
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∂ỹ
= 0, ũ
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= ūe

dūe
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ue

Reynolds number Re is constructed with a velocity (U0) and a typical

length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).

ue

Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.

2

ideal fluid

boundary layer

 

inviscid viscous interaction

ūe =
1

1− (αf̄ + δ̃1Re−1/2)
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IBL IVI

Figure 16: Incompressible flow [click to launch the movie, Adobe Reader
required]. Top the velocity field ũ, ṽ (Prandtl transform), bottom the wall,
here a bump, the displacement thickness δ̃1 (starting from Blasius value
1.7 in x̄ = 1), the skin friction (starting from Blasius value 0.3 in x̄ = 1)
and the outer velocity starting from Ideal Fluid value 1 in x̄ = 1. A positive
disturbance of the wall increases the velocity and decreases the displacement.
Separation may occur after the bump, or before the tough.
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Le Balleur,  1977 
Veldman 81 NLR in Amsterdam
Carter 79, Jameson at Stanford.
Cebeci   applied IVI at Boeing  
Lock & Williams 87  RAE
Neiland and Sychev at the TsAGI in USSR 

- convective diffusive balance 
- Prandtl equation with different boundary conditions
- separation of the flow near the wall
- key role of the displacement thickness
- interaction between two layers
 

XFoil

IBL IVI

4 Examples

4.1 Some numerical examples

We just reproduce here some examples from literature using this IBL the-

ory. On the curves, the experimental and the computation are displayed

showing a very good concordance. We selected among others comparisons

of experiments, IBL and Ideal Fluid over an airfoil. We selected Drela &

Giles [7] on figure 12, comparisons from Le Balleur computations 13, and

comparisons from Lock & Williams [15] on figure 14. On figure 15, Aftosmis

et al. [1] successfully compare IBL strategy with a Navier Stokes solver.

Figure 12: Example of comparison of IBL computation, Drela & Giles [7]

Figure 13: Example of comparison of IBL computation, Le Balleur.
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• now, we present a set of equation which 
includes IBL in tubes: RNSP
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straight pipe, smooth walls, symmetry 
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• simplified set

• deduced from orders of magnitude

RNSP Equations
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R

λ

U0

R << λ
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NS

∂u
∂x

+
∂rv
r∂r

= 0

∂u
∂t

+u
∂
∂x

u+ v
∂
∂r

u =− ∂p
ρ∂x

+ν ∂2

∂x2u+ν ∂
r∂r

r
∂u
∂r

∂v
∂t

+u
∂
∂x

v+ v
∂
∂r

v =− ∂p
ρ∂r

+ν ∂2

∂x2v+ν ∂
r∂r

r
∂v
∂r
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∂u
∂t

+u
∂
∂x

u+ v
∂
∂r

u =− ∂p
ρ∂x

+ν ∂2

∂x2u+ν ∂
r∂r

r
∂u
∂r

∂u
∂x

+
∂rv
r∂r

= 0

X
∂v
∂t

+u
∂
∂x

v+ v
∂
∂r

v =− ∂p
ρ∂r

+ν ∂2

∂x2v+ν ∂
r∂r

r
∂v
∂rX

R << λ

NSReduced
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∂u
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+
∂rv
r∂r

= 0 R << λ V ∼U0
R
λ
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u+ v
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u =− ∂p
ρ∂x
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∂rX
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∂
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RNS/P
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= 0 R << λ V ∼U0
R
λ
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+u
∂
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u+ v
∂
∂r

u =− ∂p
ρ∂x

+ν ∂2

∂x2u+ν ∂
r∂r

r
∂u
∂rX

∂v
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∂
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v+ v
∂
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v =− ∂p
ρ∂r

+ν ∂2

∂x2v+ν ∂
r∂r

r
∂v
∂rX XXXX

RNS/P
p ∼ ρU2

0

λ = RRe
U2

0

λ
∼ ν

U0

R2
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RNS/P
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u =− ∂p
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∂u
∂x

+
∂rv
r∂r

= 0

X∂u
∂t

+u
∂
∂x

u+ v
∂
∂r

u =− ∂p
ρ∂x

+ν ∂
r∂r

r
∂u
∂r

0 =− ∂p
ρ∂r

PrandtlRNS/P

for the pipe itself

λ = RRe

V ∼U0
R
λ

p ∼ ρU2
0
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∂u
∂x

+
∂rv
r∂r

= 0

X∂u
∂t

+u
∂
∂x

u+ v
∂
∂r

u =− ∂p
ρ∂x

+ν ∂
r∂r

r
∂u
∂r

0 =− ∂p
ρ∂r

PrandtlRNS/P
Parabolic Problem - Marching Problem

first velocity given, no slip at the wall. 
Pressure drop is a result
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∂u
∂x

+
∂rv
r∂r

= 0

X∂u
∂t

+u
∂
∂x

u+ v
∂
∂r

u =− ∂p
ρ∂x

+ν ∂
r∂r

r
∂u
∂r

0 =− ∂p
ρ∂r

PrandtlRNS/P

This system of equations is a good candidate to compute a 
large variety of flow in pipes (or in 2D) as long as there is no 

upstream influence

Parabolic Problem - Marching Problem

jeudi 8 avril 2010



∂u
∂x

+
∂rv
r∂r

= 0

X∂u
∂t

+u
∂
∂x

u+ v
∂
∂r

u =− ∂p
ρ∂x

+ν ∂
r∂r

r
∂u
∂r

0 =− ∂p
ρ∂r

PrandtlRNS/P

this system is a kind of Graetz formulation...
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PrandtlRNS/P

this system is a kind of Graetz formulation...

RNSP

0
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RNSP
integral IBL

Blasius
Poiseuille

δ 1

x

Figure 6: Unconstricted situation : longitudinal evolution of the
displacement thickness. RNSP : numerical solution of the RNSP equa-
tions ; integral IBL : solution obtained with the integral IBL approach,
rescaled in the x variable ; Poiseuille : δ1 = 1/4; Blasius : δ1 = 1.7x̄1/2.

3.2 RNSP(x): the link with IBL (Interacting Boundary Layer)

3.2.1 The IBL Formulation

After rescaling: r = 1 − εȳ, u = ū, v = −ε−1v̄, x = ε2x̄ and p = p̄ and
assuming a flat entry velocity profile, the RNSP(x) leads to the final IBL
formulation as follows:

∂ū

∂x̄
+

∂v̄

∂ȳ
= 0, (ū

∂ū

∂x̄
+ v̄

∂ū

∂ȳ
) = ūe

dūe

dx̄
+

∂2ū

∂ȳ2
, (12)

ūe =
1

(1 − 2εδ̄1)
(13)

where δ̄1 =
∫

∞

0 (1 − ū
ūe

)dȳ and with the following boundary conditions :
ū(x̄, 0) = 0, v̄(x̄, 0) = 0 and ū(x̄,∞) = ūe

3.2.2 Comments

The idea of the IBL (Cebeci & Cousteix [4], Sychev et all. [37] and Le
Balleur [20]) is to divide the flow into two regions : a boundary layer and an

- V . 11-

RNSP
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Poiseuille

x

u
(x

,r
=

0)

Figure 4: Unconstricted situation : longitudinal evolution of the
velocity at the centre of the pipe. RNSP : numerical solution of the
RNSP equations ; integral IBL : solution obtained with the integral IBL
approach, rescaled in the x variable ; ”Blasius cor.” : first order correction
(u = 1 + 3.4x1/2) to the Blasius solution (which is u = 1), as obtained in
§3.2.5. Note that the Poiseuille value is independent of x and equals 2.

interacting, so that the radius seen by the inviscid core is no longer R∗

0 but
R∗

0(1 − εδ̄1). The inviscid solution for a channel with a slow radius change

is then obtained by a simple mass balance: u∗ = U∗

0

[

R∗

0

R∗

0
(1−εδ̄1)

]2
, where δ̄1

is the boundary layer displacement thickness.
In establishing the velocity displacement relation (Eq. 13), the key lies
in the examination of the integral of the velocity over the channel cross-
section. This integral is decomposed using a small parameter δρ such as :
1 >> δρ >> ε.

∫ 1

0
(ru)dr =

∫ 1−δρ

0
(ru)dr+

∫ 1

1−δρ

(ru)dr+(

∫ 1

1−δρ

(rue(x̄))dr−
∫ 1

1−δρ

(rue(x̄))dr).
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)

Figure 5: Unconstricted situation : longitudinal evolution of the
pressure : RNSP : numerical solution of the RNSP equations ; integral
IBL : solution obtained with the integral IBL approach, rescaled in the x
variable ; Poiseuille : p = −0.63 − 8x, see §3.1 ; Blasius cor. : first order
correction (−2εδ̄1Blasius) to the Blasius solution (which is p = 0), as obtained
in §3.2.5 ; hyperbolic fit : ad hoc fitting relation (Eq. 20).
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PrandtlRNS/P

this system valid ONLY for long bumps 
and valid for large Reynolds

but we will test it after for short ones 

RRe

R

RRe

R

R
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PrandtlRNS/P

RRe

R

R

and it works!

this system valid ONLY for long bumps 
and valid for large Reynolds

but we will test it after for short ones 

RRe

R
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Ideal fluid region
flat profile

Viscous region: boundary layer

Interactive Boundary Layer
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Interactive Boundary Layer

IBL is included in a larger system: RNSP 
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RNSP Axi

• Flow in a stenozed vessel

• steady, rigid wall
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RNSP Scales

R H1-aL R

u

x0 0

!

Using:

x∗ = xR0Re, r∗ = rR0, u∗ = U0u, v∗ = U0
Rev,

p∗ = p∗0 + ρ0U2
0p and τ∗ = ρU2

0
Re τ

the following partial differential system is obtained from Navier Stokes as Re→∞:

jeudi 8 avril 2010



RNSP Scales

R H1-aL R

u

x0 0

!

Using:

x∗ = xR0Re, r∗ = rR0, u∗ = U0u, v∗ = U0
Rev,

p∗ = p∗0 + ρ0U2
0p and τ∗ = ρU2

0
Re τ

the following partial differential system is obtained from Navier Stokes as Re→∞:

RNSP: Reduced Navier Stokes/ Prandtl SystemRNSP: Reduced Navier Stokes/ Prandtl System

∂

∂x
u +

∂

r∂r
rv = 0,

(u
∂

∂x
u + v

∂

∂r
u) = −∂p

∂x
+

∂

r∂r
(r

∂

∂r
u),

0 = −∂p

∂r
.

RNSP: Reduced Navier Stokes/ Prandtl System
∂

∂x
u +

∂

r∂r
rv = 0,

(u
∂

∂x
u + v

∂

∂r
u) = −∂p

∂x
+

∂

r∂r
(r

∂

∂r
u),

0 = −∂p

∂r
.

- axial symmetry (∂ru = 0 and v = 0 at r = 0),

- no slip condition at the wall (u = v = 0 at r = 1− f(x)),

- the entry velocity profiles (u(0, r) and v(0, r)) are given

- no output condition in xout = x∗out
R0Re

- streamwise marching, even when flow separation.

Parabolic Problem - Marching Problem
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Application 1/3: Flow in an arterial stenosis
collaboration with S. Lorthois IMFT
(F. Cassot & M.-P. Vergnes, INSERM, + B. de Bruin RuG)

RNSP Scales

R H1-aL R

u

x0 0

!

Using:

x∗ = xR0Re, r∗ = rR0, u∗ = U0u, v∗ = U0
Rev,

p∗ = p∗0 + ρ0U2
0p and τ∗ = ρU2

0
Re τ

the following partial differential system is obtained from Navier Stokes as Re→∞:
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Evolution of the velocity profile along the convergent part of a 70% stenosis
(Re = 500) ;
solid line: Poiseuille entry
broken line: flat entry
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Re τ
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Evolution of the WSS distribution along the convergent part of a 70% stenosis
(Re = 500) ; solid line: Poiseuille entry profile ; broken line: flat entry profile.
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2D RNSP

• Flow in a 2D stenozed vessel

• steady, rigid wall
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other comparisons: 
Gerris Flow Solver
RNSP with FreeFem++  

• RNSP Faster, allows separated flow
jeudi 8 avril 2010



other comparisons: 
Gerris Flow Solver
RNSP with FreeFem++ 
RNSP FiniteDifferences 

• RNSP Faster, allows separated flow
jeudi 8 avril 2010



non symmetrical case

• RNSP

• Flow in a stenozed vessel

• steady, rigid wall

• modified integral method to take into account the 
transverse variation of pressure

• NS
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Fig. 1. A zoom of the channel with its stenose. The constriction is a smoothed ellipsis (the lower wall is fb , the upper is here flat, fh = 0). The
transverse scale is adimensionalised by the unperturbed channel width h0. Here, the entry profile is a Poiseuille profile (u = UPois = y(1 − y) and
v = 0), but any other is possible. The NS computational domain is larger to avoid entrance and output effects, iso pressure (gray scale) and the
mesh (white grid) are plotted.

pressure. This leads to a system we call RNSP (Reduced Navier Stokes/Prandtl) because this is a reduced system ob-
tained from Navier Stokes and because this is in fact the Prandtl partial differential equations (with different boundary
condition than in the classical boundary layer theory). It has been shown that this system is a good approximation of
NS in symmetrical stenoses (Lagrée et al. [8]) and that its axisymmetrical version (Lagrée and Lorthois [9]) includes
most of IBL/Triple Deck/Double Deck asymptotical regimes. These equations are obtained from NS by supposing that
the transverse scale is smaller than the longitudinal one and that the Reynolds number is large. To settle the equations,
u∗ is scaled by U0, v∗ by U0/Re, x∗ by h0Re, y∗ by h0 and p∗ by ρU2

0 . The flow is supposed quasistatic: Strouhal
number is low, in fact the spatial acceleration is large. The system is:

∂

∂x
u + ∂

∂y
v = 0, u

∂

∂x
u + v

∂

∂y
u = − ∂

∂x
p + ∂2

∂y2 u, 0 = − ∂

∂y
p. (1)

The boundary conditions are no slip u(x, y = fb(x)) = 0, v(x, y = fb(x)) = 0 at the lower wall defined by fb(x)

(whose dimension is h0) and at the upper wall u(x, y = 1 − fh(x)) = v(x, y = 1 − fh(x)) = 0. At the entrance,
pressure is zero, the first velocity profile is given (for example a flat profile u = 1, v = 0, or Poiseuille).

We note the invariance by Prandtl transform (yp = y − fb(x)) that allows to solve the problem from yp = 0 to
yp = 1 − fh(x) − fb(x).

We note that there are two transverse boundary conditions (u(x, y = fb(x)) = 0 and u(x, y = 1 − fh(x)) but there
is no outflow boundary condition (only u = 1 is given at the entrance). This is because the system is parabolic in x

(u∂xu # ∂2
yu). The Navier Stokes equations must have an output condition, which is not the case here.

2.3. IBL

2.3.1. Ideal fluid
Previous studies used mainly a symmetrical approximation, so that ideal fluid pressure or ideal fluid velocity was

a function of the longitudinal variable alone. We want to introduce a small effect of transverse variation of pressure.
Then we will couple the ideal fluid with the two boundary layers.

We solve linearised Euler equations in a channel with a slowly varying indentation with (ξ = εx∗/h0, y = y∗/h0).
Thereafter ξ will be identified with x. In practice, we will discuss the flow with a flat upper wall (yh = 1 or fh = 0),
with an indentation at the lower wall (yb = fb). The maximum value of fb is α the degree of stenosis, the indentation
may be severe, it means that α may be close to 1. Expanding as:

u = U0(ξ) + εu1(ξ, y) + ε2u2(ξ, y) + · · · , (2)

v = εv1(ξ, y) + ε3v3(ξ, y) + · · · , (3)

p = p0(ξ) + εp1(ξ, y) + ε2p2(ξ, y) + · · · , (4)

so that Euler system (we note that the perturbations u1 and p1 are zero) is at order 0 and 1:

U0
∂U0

∂ξ
= −∂p0

∂ξ
, (5)
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and

ε
∂U0

∂ξ
+ ε

∂v1

∂y
= 0. (6)

(The flow was supposed irrotational ∂yU0 − O(ε2) = 0). Writing the no slip condition on the upper and lower walls
(resp. yh and yb):

v1(ξ, yb = fh) = U0
∂fb

∂ξ
, v1(ξ, yh = 1 − fh) = −U0

∂fh

∂ξ
,

we integrate twice the continuity equation (6) to obtain the classical expression of U0 and by the momentum equa-
tion (5) we obtain P0:

U0(ξ) = 1
1 − fb(ξ) − fh(ξ)

, P0(x) = 1
2

− 1
2

(
1

1 − fb(ξ) − fh(ξ)

)2

. (7)

The expression for transverse velocity follows:

v1(ξ, y) = U0
∂fb

∂ξ
+ y − fb

1 − fh − fb

(
−U0

∂fb

∂ξ
− U0

∂fh

∂ξ

)
. (8)

The next order is:

ε2U0
∂v1

∂ξ
= −ε2 ∂p2

∂y
, (9)

ε3 ∂U0u2

∂ξ
= −ε3 ∂p2

∂ξ
, (10)

ε3 ∂u2

∂ξ
+ ε3 ∂v3

∂y
= 0. (11)

From the integration by y of the incompressibility at order 0 and 2, we obtain that ∂ξ (
∫ yh

yb
(U0 + ε2u2)dy) = 0, once

developed using (8) and from Euler equation (10) we then obtain
∫ yh

yb
p2 dy = 0. After some algebra, from (9) and (8),

we find the pressure value at order 2 on the lower wall:

p2(ξ, fb) = −4f ′
b(ξ)

2 − 2f ′
b(ξ) f ′

h(ξ) + 2f ′
h(ξ)

2

6 (−1 + fb(ξ) + fh(ξ))
+ (−1 + fb(ξ) + fh(ξ))(2f ′′

b (ξ) − f ′′
h (ξ))

6(−1 + fb(ξ) + fh(ξ))
, (12)

and the pressure value at order 2 at the upper wall:

p2(ξ,1 − fh) = −(−2f ′
b(ξ)

2 + 2f ′
b(ξ)f ′

h(ξ) + 4f ′
h(ξ)

2
)

6(−1 + fb(ξ) + fh(ξ))
+ (−1 + fb(ξ) + fh(ξ))(f ′′

b (ξ) − 2f ′′
h (ξ))

6(−1 + fb(ξ) + fh(ξ))
. (13)

We define the total transverse pressure drop as ε2(p2(ξ, yh) − p2(ξ, yb)), which is a bit more simple:

ε2(p2(ξ, yh) − p2(ξ, yb)
)
= ε2

(
(f ′

h(ξ)
2 − f ′

b(ξ)
2
)

1 − fb(ξ) − fh(ξ)
+ (f ′′

h (ξ) − f ′′
b (ξ))

2

)
. (14)

Of course, a symmetrical channel (fb = fh) gives $P0 = 0, in practice we will use fh = 0. We note that Kalse et
al. [11] derived with more severe approximations this same pressure drop (but not (12) nor (13)). Here the result
comes only from the hypothesis.

2.3.2. Boundary layer
Up to now in this section, we supposed that the fluid was ideal. Here we introduce the Boundary Layer equations

which may be deduced from Navier Stokes supposing that the Reynolds number is large and that viscous effects are
restricted to two thin layers near the walls (see Fig. 2). We simplify much more the boundary layer in using the integral
Kármán equation [20,22]. We define δb

1 and δh
1 the displacement thicknesses at the lower and the upper walls. The

choice of the scaling comes here from the RNSP case, x is scaled by h0Re and δb,h
1 by h0, in fact the boundary layer

will be small at those scales (see Lagrée and Lorthois [9]). This slow variation in x allows to identify Re−1 and ε.
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will be small at those scales (see Lagrée and Lorthois [9]). This slow variation in x allows to identify Re−1 and ε.
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al. [11] derived with more severe approximations this same pressure drop (but not (12) nor (13)). Here the result
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which may be deduced from Navier Stokes supposing that the Reynolds number is large and that viscous effects are
restricted to two thin layers near the walls (see Fig. 2). We simplify much more the boundary layer in using the integral
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1 the displacement thicknesses at the lower and the upper walls. The

choice of the scaling comes here from the RNSP case, x is scaled by h0Re and δb,h
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Figure 4: Comparison of integral IBL and NS pressures. The IBL approach
well predicts the over pressure on the flat wall and the positions of the
minima of of the pressures after the throat.
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Figure 5: Skin friction, comparison of integral IBL and NS. The integral IBL
over predicts the maximum of skin friction but well predicts the position of
the point of separation. The incipient separation before the bump is well
predicted.
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Conclusion
• starting from Navier Stokes

• set of simple equations RNSP: Prandtl in the pipe

• set of more simple equations Integral

• valid for long bump 

• BUT Good agreement with full Navier Stokes for O(1) bumps

• BUT Good agreement with full NS at moderate Re

• “explains” the features of the flow

• upstream influence in non symetrical case

• used to compute fluid structure interaction in Sleep Apnea
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