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Iceland

meander braided river
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Bancs Alternés

Fig.: Bancs alternés dans l’Ornain, Bar-Le-Duc (Jozan, IGN)
photo Jorzan photo IGN

Ornain, Bar-Le-Duc
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Dunes in the Mississippi
(L. Malverti et al., Fluvial and 

Subaqueous Morphodynamics of 
Laminar Flow, Sedimentology)

Dunes or Rhomboid bars in a  micro-
river

Laboratoire de Dynamique des 
Systèmes Géologiques

Dunes Ripples
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Fuefuki river, Japon
(S. Ikeda)

« linguoid bars»

in a micro-river
Laboratoire de Dynamique des Systèmes 

Géologiques
笛吹市
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28 L’érosion

Fig. 1.7 – Bancs alternés et méandres, décrits par Du Boys (1879). Le lien entre
ces deux phénomènes fut éclairci par Ikeda et coll. (1981), puis par Blondeaux et
Seminara (1985).

Du Boys 1879
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=> good physics, good terms in the equation but maybe too simple...

easy model to solve

stability, pattern formation

The problem:

Simplified model of interaction: erodible bed/ flow

- simplified transport laws
 
-  asymptotic models for the flow (Saint Venant, pure shear 
flow at large Reynolds)

jeudi 8 avril 2010



11
Le sol érodable

Conservation de la masse pour les sédiments :

∂f

∂t
= −∂q

∂x
.

Problème :
Quelle est la relation entre q et l’écoulement ?
indication : plus u est grand, plus l’érosion est importante et plus grand est q
q semble être proportionnel au cisaillement pariétal

u

q

Grenoble 15/02/06 / < − − >

10
The erodable bed

Mass conservation for the sediments:

∂f

∂t
= −∂q

∂x
.

Problem :
What is the relationship between q and the flow?
hint: the larger u the larger the erosion, the larger q
q seems to be proportional to the skin friction

u

q

Rennes 20/06/06 / ... ...

conservation of mass of granulars       bed load
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u increases & deacreases over the bump, 

flux of granulars increases on the «wind» side

flux of granulars decreases on the «lee» side

jeudi 8 avril 2010



u increases & deacreases over the bump, 

flux of granulars increases on the «wind» side

flux of granulars decreases on the «lee» side

the bump is eroded and sedimented
jeudi 8 avril 2010



u increases & deacreases over the bump, 

flux of granulars increases on the «wind» side

flux of granulars decreases on the «lee» side

the bump is eroded and sedimented
jeudi 8 avril 2010



• case of the antidune!

u increases & deacreases over the bump, 

flux of granulars increases on the «wind» side

flux of granulars decreases on the «lee» side

the bump is eroded and sedimented
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Alternate bars

Ripples

Meanders

Dunes

PATTERNS

Rhomboid patterns  
Lingoid bars
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Alternate bars

Ripples

Meanders

Point meanders

Dunes

PATTERNS

Flow model? Erosion model?
Rhomboid patterns  
Lingoid bars
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the models

• Fluid Models

• Erosion models

fast, but with enough Physics

steady flow configurations

aimed at river flow, but OK for coastal
jeudi 8 avril 2010



+Poiseuille profile

+ hydrostatic balance

Flow Model

(Navier Stokes)

Shallow water - Saint Venant

Saint-Venant approach

� z=η

z=f
dz

Shallow water - Saint Venant

η = h + f

f

h
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+Poiseuille profile

+ hydrostatic balance

Flow Model

Shallow water - Saint Venant

6
5
(−→u ·−→∇)−→u = −g(

−→∇η + sin(θ)−→e x)− 3ν−→u
(h)2

−→∇ · (h−→u ) = 0

η = h + f

f

h

Saint-Venant approach
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Flow Model
70 Motifs d’érosion dans le plan horizontal

base φ(θ0)(1 + γS)d0u0 est le débit sédimentaire caractéristique, ce qui impose
d0/(φ(θ0)(1 + γS)u0) comme temps caractéristique. Le nombre de Shields de l’écou-
lement de base s’écrit

θ0 = ρg sin(ϕ)d0/((ρs − ρ)ds), (3.3)

aussi bien dans le cas laminaire que dans le cas turbulent (voir § 2.2.1). Ainsi, l’état
de base sans dimension

ϕ0 = (1, 0,−1, 1, 1, 0) (3.4)

est solution des équations (2.35), (2.36), (1.24), (1.29) et (1.30). Deux nombres sans
dimension caractérisent cet écoulement de base dans le cadre de Saint-Venant : la
pente du support S et le nombre de Froude F = u0/

√
gd0. Dans le cas laminaire,

(2.30) relie le nombre de Reynolds à F et S :

Re =
3F 2

S
. (3.5)

3.1.1.2 Perturbations

Toute perturbation peut être décomposée en une somme d’ondes de pulsation
ω et de vecteur d’onde k = (kx, ky). Tant que cette perturbation est suffisamment
petite pour que la linéarisation des équations autour de l’état de base ϕ0 reste valable,
l’évolution du système peut être entièrement décrite dans l’espace de Fourier. Nous
étudierons donc l’évolution d’une perturbation de la forme

ϕ− ϕ0 = �ϕ∗ exp(iklxl − iωt). (3.6)

Les équations régissant l’écoulement (2.35) et (2.36), développées à l’ordre un pour
� tendant vers zéro conduisent aux relations

(S(1 + α2) + ikxF
2α1)u∗ + ikxh∗ + (ikx − Sα3)d∗ = 0, (3.7)

(S + ikxF
2α1)v∗ + iky(d∗ + h∗) = 0, (3.8)

kx(d∗ + u∗) + kyv∗ = 0, (3.9)

où les coefficients α1, α2 et α3 sont déterminés par le type d’écoulement étudié :
(α1,α2,α3) vaut (6/5, 0, 2) dans le cas laminaire, et (1, 1, 1) dans le cas turbulent
(voir § 2.1). De même, les équations de transport et de conservation des sédiments
(1.29) et (1.24) deviennent :

qx,∗(1 + Sγ) + ikxγh∗+

(d∗(α3 − 1)− u∗(1 + α2))(1 + Sγ)
θ0φ�(θ0)

φ(θ0)
= 0, (3.10)

qy,∗(1 + Sγ) + ikyγh∗ − v∗ = 0, (3.11)

laminar

turbulent

∂k(huk) = 0

Saint-Venant approach

τi = ||u||ui

F 2 =
U0

gh0

6
5
F 2uk∂kui = Sδi1 − ∂i(h + f)− S

ui

h2

F 2uk∂kui = Sδi1 − ∂i(h + f)− S
||u||
h

ui
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Saint-Venant approach

(x, y)→ h0/S
F 2 =

U0

gh0

6
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F 2uk∂kui = Sδi1 − ∂i(h + f)− S
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h2
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Long Wave perturbation
6
5
εF 2uk∂kui = δi1 −

ui

h2
− ε∂i(h + f)

∂k(huk) = 0

6
5
F 2uk∂kui = δi1 − ∂i(h + f)− ui

h2

6
5
F 2uk∂kui = ε(δi1 −

ui

h2
)− ∂i(h + f)

Short Wave perturbation

∂k(huk) = 0

∂k(huk) = 0

S V
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∂Ū1

∂x̄
+

∂Ū2

∂z̄
= 0

Ū1

Ū2

F 2(
∂Ū1

∂ t̄
+ Ū1

∂Ū1

∂x̄
+ Ū2

∂Ū1

∂z̄
) = 1− ∂p̄

∂x̄
+

∂2Ū1

∂z̄2
.

∂k(huk) = 0

6
5
F 2uk∂kui = δi1 − ∂i(h + f)− ui

h2
S V

equations «before» transverse integration:

parabolic system not primitive equations

Reduced Navier Stokes Prandtl 
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equations «before» transverse integration

6
5
F 2uk∂kui = ε(δi1 −

ui

h2
)− ∂i(h + f)

Short Wave perturbation

∂k(huk) = 0
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ue

Reynolds number Re is constructed with a velocity (U0) and a typical

length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).

ue

Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.

2

ideal fluid

boundary layer

 

equations «before» transverse integration
Short Wave perturbation

∂k(huk) = 0

Ideal Fluid + Boundary Layer

6
5
F 2uk∂kui = −∂i(h + f)
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IBL IVI

3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but

strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen

method to try to solve the shock waves-boundary layer interaction, ”with-

out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in

64 [11] did computations with integral methods, with more success, but the

details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences

on the Boundary layer and succeed by iteration to compute the supersonic

wedge interaction.

Among people working for applications in the aerospace area, some

names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán

profiles did a lot of practical computations at ONERA, in supersonic and

transsonic régimes.

• Veldman as well has is own codes at the National Aerospace Laboratory

NLR in Amsterdam,

• Carter, Jameson at Stanford.

• Cebeci did a huge work (several books on the interactive boundary layer

for example [4] [2]) and applied IVI at Boeing.

• Lock & Williams in a review [15], present the english RAE point of view.

• And last but not least Neiland and Sychev at the TsAGI in USSR.

Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive

Boundary Layer point of view. It means that we use the classical Prantdl

boundary layer equations :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= ūe

dūe

dx̄
+

∂2ũ

∂ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first

given velocity profile: Blasius. A result of this computation is the velocity

at infinity, remember that for large ỹ the transverse velocity behaves as:

ṽ � d(δ̃1ūe)

dx̄
− ỹ

∂ũ

∂x̄
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which gives the ”blowing velocity”.

v̄e = Re−1/2 d(δ̃1ūe)

dx̄

Hence, the outer flow is no more only given by the wall f̄(x̄) but, the wall

is ”thickened” by the boundary layer thickness (or ”blowing velocity”, or

”transpiration boundary condition”), so that for a subsonic flow:

ūe = 1 +
1

π

�
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄

x− ξ
dξ

or in a supersonic flow

ūe = 1− M2

√
M2 − 1

[
d

dx̄
f̄(x̄) + Re−1/2 d(δ̃1ūe)

dx̄
]

Instead of the usual weak coupling with the hierarchy (figure 6 left), the

boundary layer retroacts on the ideal fluid (figure 6 right). The boundary

layer thickness δ1 acts as a fictive wall (cf figure 21 of chapter second or-

der), it disturbs the ideal fluid, the pressure (pressure and velocity ūe(x̄) are

linked) develops the boundary layer itself. It is a strong interaction. The

two layers are coupled. It explains the term ”Interactive Boundary Layer”,

or ”Viscous Inviscid Interaction”.

Most of the separation problems are then solved...

1 1

22

Figure 6: Interactive Boundary Layer

3.3 Justification of the Interactive Boundary Layer

At separation, the displacement boundary layer thickness becomes very

thick. It is then not counterintuitive to think that the ideal fluid will be
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3 Interactive Boundary Layer

3.1 Examples of users

So it became clear that the interaction with the ideal fluid is not weak but

strong. In the early 60 Gad and Curle employed Von Kármán -Pohlhausen

method to try to solve the shock waves-boundary layer interaction, ”with-

out much success” (as quoted by Lees and Reeves [11]. Lees and Reeves in

64 [11] did computations with integral methods, with more success, but the

details are not so clear. Reyhner Flügge Lotz 68 [17] did finite differences

on the Boundary layer and succeed by iteration to compute the supersonic

wedge interaction.

Among people working for applications in the aerospace area, some

names are to be associated to IBL/ IVI. Among them:

• Le Balleur, from 1977 understood the interaction and using Von Kármán

profiles did a lot of practical computations at ONERA, in supersonic and

transsonic régimes.

• Veldman as well has is own codes at the National Aerospace Laboratory

NLR in Amsterdam,

• Carter, Jameson at Stanford.

• Cebeci did a huge work (several books on the interactive boundary layer

for example [4] [2]) and applied IVI at Boeing.

• Lock & Williams in a review [15], present the english RAE point of view.

• And last but not least Neiland and Sychev at the TsAGI in USSR.

Of course, this is a very very partial list.

3.2 Interactive Boundary Layer

One other way to bypass Goldstein singularity is to adopt the Interactive

Boundary Layer point of view. It means that we use the classical Prantdl

boundary layer equations :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0, ũ

∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
= ūe

dūe

dx̄
+

∂2ũ

∂ỹ2
,

with no slip boundary conditions (ũ = ṽ = 0 on the body f̄(x̄)), a first given

velocity profile: Blasius. The matching ũ(x̄, ỹ →∞)→ ūe(x̄).
A result of this computation is the transverse velocity at infinity, remem-
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∂ỹ2
,
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ue

Reynolds number Re is constructed with a velocity (U0) and a typical

length (L) . So, we first non-dimensionalise the equations with L and U0,

and as the Reynolds number is large we obtain Euler equations (with ”bars”

over teh variables i.e. x̄ = x/L, ū = u/U∞).

ue

Fig. 2 – Le problème générique, on se donne une plaque plane avec une petite

bosse, la plaque est plongée dans un écoulement uniforme.

On calcule ainsi l’écoulement extérieur, qui sera dans la suite très sou-

vent un simple écoulement uniforme. Un des résultats est alors la valeur de

la vitesse de glissement souvent notée ūe.

Près de la paroi, la description de fluide parfait n’est plus valide, il faut

introduire une couche limite. L’établissement de son épaisseur relative passe

par ”le principe de moindre dégénérescence” (Van Dyke [10], Darrozès &

François [4] ”least degeneracy” principle) : on veut garder les termes convec-

tifs et au moins un terme visqueux (on pose ȳ = ỹδ/L) :

ũ
∂ũ

∂x̄
∝ 1

Re(δ/L)2

∂2ũ

∂ỹ2
,

on dit alors que la couche limite est d’épaisseur relative Re−1/2.

équations dynamiques
Les équations de la dynamique devenaient :

∂ũ

∂x̄
+

∂ṽ

∂ỹ
= 0,

ũ
∂ũ

∂x̄
+ ṽ

∂ũ

∂ỹ
=

∂2ũ

∂ỹ2

Avec pour conditions aux limites ũ(x̄, 0) = 0, ũ(x̄,∞) = 1. On en trouvait

une solution semblable (see thereafter the Falkner Skan solution) :

ϕ = x̄1/2f(η), ξ = x̄, η = ỹ/
√

x̄.

2

ideal fluid

boundary layer

 

inviscid viscous interaction

IBL IVI

4.2.3 Bump on a flat plate in subcritical flow.

Nearly the same occurs in the case of the subcritical flow (F < 1) or in the

case of symmetrical pipe flows. The edge velocity is:

ūe = 1 +
1

1− F
[f̄(x̄) + δ̃1Re−1/2

]

It means that the velocity increases and decreases after the crest (see

figure 18). The skin friction is extremal just before the crest, and there may

be flow separation on the lee side. The behaviour is nearly the same than

in the incompressible case but there is no influence of the bump before the

beginning of it, it the incompressible case there was some small effect due

to the Hilbert integral.

4.2.4 Bump on a flat plate in a Supercritical flow.

In the supercritical flow, the story is completely different. We observe a

strong upstream influence on figure 19. The velocity decreases due to the

bump, and the skin friction is negative upstream of the bump, the extremum

is on the lee side, after the bump. There is a huge jump in δ̃1, a kind of

hydraulic jump.

4.2.5 Wedge on a flat plate in a Supersonic flow.

As final example (fig 20), we present the results for the IBL on a flat plate

with a wedge defined by ȳw = α(x̄−3.5)+; with α increasing by steps of 0.01

and Re = 100000. For enough large α we observe the ”plateau” of pressure

which is the signature of the self induced interaction and upstream influence.

This increase of pressure before the wedge creates a region of reverse flow.
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we think that:
IBL is a better closure than Saint Venant in the Short Wave case

1797 1886photo PYL sabix
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But maybe the best model is NAVIER STOKES ;-)
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linear perturbation of a quasisteady flow with 
a given wavy bed

basic flow is Nuβelt (half Poiseuille)

+ linear perturbation

u = U0 + εψ�(y)eikx v = −εikψ(y)eikx

ψ���� − 2k2ψ�� + k4ψ = ikRe{U0(ψ�� − k2ψ)− U ��
0 ψ}
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Fig. 2.3 – Parties réelles (en haut) et parties imaginaires (en bas) de la perturbation du cisaillement au
fond renormalisée, pour Re = 1 et différentes valeurs de Fr.
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fond renormalisée, pour Re = 30 et différentes valeurs de Fr.
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Fig. 2.5 – Parties réelles (en haut) et parties imaginaires (en bas) de la perturbation du cisaillement au
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12

x

y

H(x)

f(x)
g

"

skin friction response

jeudi 8 avril 2010



1

10

0,001 0,01 0,1 1 10

�e τ1(0)
τ0(0)

k

Re = 300

Fr = 0,10
Fr = 0,50
Fr = 1,00
Fr = 2,00

−10

−5

0

5

10

0,001 0,01 0,1 1 10

�m τ1(0)
τ0(0)

k

Re = 300

Fr = 0,10
Fr = 0,50
Fr = 1,00
Fr = 2,00
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Fig. 4.1 – (Suite de la page 133.) Le nombre de Froude F vaut ici 2. Pour un nombre
de Reynolds relativement élevé, les prédictions du modèle de Saint-Venant laminaire
demeurent correctes pour des longueurs d’onde de l’ordre de, ou supérieures à, cent
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Saint Venant/ Orr Sommerfeld Stationnaire 2D

c’est bien toujours stable
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2

• fluid / soil interaction

• complex problem
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2

• fluid / soil interaction

• complex problem

k
1/3

 Viscous effects are important near the wall 
Perturbation of a shear flow Non linear resolution 
(with flow separation) possible 
But first we linearise

It is called Double Deck (Triple Deck) 
Introduced by Neiland 69 Stewartson 69 Smith 80...
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• fluid / soil interaction

• complex problem

k
1/3

 Viscous effects are important near the wall 
Perturbation of a shear flow Non linear resolution 
(with flow separation) possible 
But first we linearise

It is called Double Deck (Triple Deck) 
Introduced by Neiland 69 Stewartson 69 Smith 80...

 
linear solution





−ikû1 +
∂v̂1

∂y
= 0,

−ikyû1 + v̂1 = ikp̂1 +
∂2û1

∂y2
,

−ikyτ̂1 =
∂2τ̂1

∂y2 Ai((−ik)1/3y)
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67
Double Deck theory

!

H

Going back in physical variables:
bump of length of order λ and of height of order H << δ :

τ = µU
�
0(Ū

�
S(1 + (

U
�
0

νλ
)1/3

Hc̃)), with c̃ = FT
−1[FT [f̃ ]3Ai(0)(−(i2πk̃)Ū �

S)1/3]

function of time Ū
�
S is a number of order one.

(U �
0

νλ)1/3
H <= 1

Rennes 20/06/06 / ... ...

2

• fluid / soil interaction

• complex problem

k
1/3

� ∞

0

f �(x− ξ)
ξ1/3

dξ

 Viscous effects are important near the wall 
Perturbation of a shear flow Non linear resolution 
(with flow separation) possible 
But first we linearise

It is called Double Deck (Triple Deck) 
Introduced by Neiland 69 Stewartson 69 Smith 80...

very similar to   Fowler / Azerad Bouharguane
∂1/3

∂x1/3
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Conclusion of the fluid part: 
asymptotic models

Saint Venant / Shallow water:
 OK but only at large scale

poor short scale shear stress prediction

Reduced Navier Stokes Prandtl: NS small depth,
 hydrostatic

shear flow

IBL an alternative for
small scale pertubances

Integral IBL

triple/ double 
deck
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Turbulence? 

The laminar model is a «good» approximation of 
a turbulent model

Laboratory experiments are more or less laminar

In linear Shallow Water, it changes only the value 
of the coefficients 

difficult message
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• introduction

• the problem

• the flow: Saint Venant and other

• first granular model

• first coupling: bars

• imporved granular model: saturation length

• ripples

• bars & ripples

• conclusions perspectives
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Erosion Model

link between the flow of water and the flow of grains

10
The erodable bed

Mass conservation for the sediments:

∂f

∂t
= −∂q

∂x
.

Problem :
What is the relationship between q and the flow?
hint: the larger u the larger the erosion, the larger q
q seems to be proportional to the skin friction

u

q

Rennes 20/06/06 / ... ...
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Stress larger than a threshold τ > τs

τ
(ρp−ρ)gD

Erosion Model

11
Mass: Threshold, The Shield criteria

Les lois d’entraı̂nement de M. Scipion Gras
sur les torrents des Alpes (Annales des ponts et Chaussées, 1857, 2e semestre) résumées par du Boys 1879:

“un caillou posé au fond d’un courant liquide, peut être déplacé par l’impulsion des filets qui le rencontrent : le mouvement aura lieu si la

vitesse est supérieure à une certaine limite qu’il (S. Gras) nomme vitesse d’entraı̂nement. Cette vitesse limite dépend de la densité, du

volume et de la forme du caillou; elle dépend aussi de la densité du liquide et de la profondeur du courant.”

Rennes 20/06/06 / ... ...

Shields  number

jeudi 8 avril 2010



12
Mass: Threshold, The Shield criteria

Les lois d’entraı̂nement de M. Scipion Gras
sur les torrents des Alpes (Annales des ponts et Chaussées, 1857, 2e semestre) résumées par du Boys 1879:
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Rennes 20/06/06 / ... ...

Stress larger than a threshold τ > τs

τ
(ρp−ρ)gD

Erosion Model

Shields  number

jeudi 8 avril 2010



15
Mass: Threshold, The Shield criteria

Les lois d’entraı̂nement de M. Scipion Gras
sur les torrents des Alpes (Annales des ponts et Chaussées, 1857, 2e semestre) résumées par du Boys 1879:
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vitesse est supérieure à une certaine limite qu’il (S. Gras) nomme vitesse d’entraı̂nement. Cette vitesse limite dépend de la densité, du
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Mass : Seuil, Le critère de Shield

Les lois d’entraı̂nement de M. Scipion Gras
sur les torrents des Alpes (Annales des ponts et Chaussées, 1857, 2e semestre) résumées par du Boys 1879 :
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Grenoble 15/02/06 / < − − >

Erosion Model
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Mass: Threshold, The Shield criteria

Slope effect

τs + Λ
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Rennes 20/06/06 / ... ...
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Erosion Model
26

Mass: Flux
In the literature one founds Charru /Izumi & Parker / Yang / Blondeau Du Boys

qs = E�(τa(τ − τs)b)
if x > 0 then �(x) = x else �(x) = 0.

or with a slope correction for the threshold value:

τs + Λ
∂f

∂x
,

a,E coefficients, a = 0, b = 3 or a = b = 1 or a = 1/2, b = 1 or ...
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1 Correspondance

S =
ηγ

ρsgd
: θ =

ηγ

(ρs − ρf )gd

Donc le lien entre S et le Shields:

S = θ((1 − ρf/ρs))

Expérimentalement
0 < θ < 0.3

(θt = 0.12 on a (1 − ρf/ρs) = 0.19. On définit ensuite un s réduit

s = θ
((1 − ρf/ρs))

µ0F0

donc
s ∼ 0.078θ soit s < 0.02

1

Q = 0.85Sh(Sh−0.12)
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mass conservation of sediments 
(Exner Law)

∂f

∂t
= −−→∇ ·−→q

f(x, t)

−→q

−→
U
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• introduction

• the problem

• the flow: Saint Venant and other

• first granular model

• first coupling: bars

• imporved granular model: saturation length

• ripples

• bars & ripples

• conclusions perspectives
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testing Saint Venant + erosion

Introduction — Effets et enjeux de l’érosion 3/55

Bancs Alternés

Fig.: Bancs alternés dans l’Ornain, Bar-Le-Duc (Jozan, IGN)jeudi 8 avril 2010



coupled system

−→g
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Navier Stokes

Mass conservation of fluid

coupled system

−→g

Saint Venant

6
5
(−→u ·−→∇)−→u = −g(

−→∇η + sin(θ)−→e x)− 3ν−→u
(h)2

−→∇ · (h−→u ) = 0
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L’instabilité de bancs — Stabilité linéaire sur un plan infini 16/55

Stabilité linéaire

État de base uniforme (plan infini) : u0 = 1, d0 = 1

Perturbation : ∝ exp(i(klxl − ωt))

Relation de dispersion :

ω =
�
− 36iF 4k3

x

�
k2

x + k2
y

�
γ + 30iF 2kx

�
k4

xγ + 2k2
xk2

yγ + k4
yγ

+ 2ik3
x(β + S(2 + β)γ) + ikxk2

y(1 + β + S(4 + β)γ)
�

+ 25S
�
k4

xγ + 2k2
xk2

yγ + k4
yγ − ikxk2

y(−3 + β)(1 + Sγ)

+ ik3
x(2β + S(3 + 2β)γ)

��
/

��
6F 2kx − 5iS

���
− 5 + 6F 2

�
k2

x − 5k2
y − 15ikxS

�
(1 + Sγ)

�

avec β =
θ0φ�(θ0)
φ(θ0)

Linear Stability

Basic flow

−→g
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État de base uniforme (plan infini) : u0 = 1, d0 = 1

Perturbation : ∝ exp(i(klxl − ωt))

Relation de dispersion :

ω =
�
− 36iF 4k3

x

�
k2

x + k2
y

�
γ + 30iF 2kx

�
k4

xγ + 2k2
xk2

yγ + k4
yγ

+ 2ik3
x(β + S(2 + β)γ) + ikxk2

y(1 + β + S(4 + β)γ)
�

+ 25S
�
k4

xγ + 2k2
xk2

yγ + k4
yγ − ikxk2

y(−3 + β)(1 + Sγ)

+ ik3
x(2β + S(3 + 2β)γ)

��
/

��
6F 2kx − 5iS

���
− 5 + 6F 2

�
k2

x − 5k2
y − 15ikxS

�
(1 + Sγ)

�

avec β =
θ0φ�(θ0)
φ(θ0)

perturbations

jeudi 8 avril 2010
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État de base uniforme (plan infini) : u0 = 1, d0 = 1

Perturbation : ∝ exp(i(klxl − ωt))

Relation de dispersion :

ω =
�
− 36iF 4k3

x

�
k2

x + k2
y

�
γ + 30iF 2kx

�
k4

xγ + 2k2
xk2

yγ + k4
yγ

+ 2ik3
x(β + S(2 + β)γ) + ikxk2

y(1 + β + S(4 + β)γ)
�

+ 25S
�
k4

xγ + 2k2
xk2

yγ + k4
yγ − ikxk2

y(−3 + β)(1 + Sγ)

+ ik3
x(2β + S(3 + 2β)γ)

��
/

��
6F 2kx − 5iS

���
− 5 + 6F 2

�
k2

x − 5k2
y − 15ikxS

�
(1 + Sγ)

�

avec β =
θ0φ�(θ0)
φ(θ0)
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FIG. 4: Linear growth rate σ of bed instability in a laminar
river, versus the corresponding non-dimensional wave num-
ber k. The fixed parameters values are β = 3.75, γ = 1,
S = 0.0875. The Froude number and aspect ratio are varied
according to a straight river widening (see section IVB and
points Σi on figure 5). Above : R1 = 20.3 and F1 = 3.94;
middle : R2 = 35.0 and F2 = 3.21; below : R3 = 55.0 and
F3 = 2.71. For each set Σi = (Ri, Fi), the solid curve cor-
responds to the mode n = 1, whereas the dashed one cor-
responds to the mode n = 2. The successive dominance of
modes provides an interpretation for the transition from al-
ternate bars to braids observed experimentally by [12].

B. Results interpretation

The linear stability of a channel depends on the sign of
the maximum growth rate over n and k, respectively the
transverse and longitudinal wave-numbers. We will thus
focus on the imaginary part σ of ω in what follows. Let
σm be the maximum growth rate, and km and nm the
corresponding wave-numbers (i.e. σm = σ(km, nm) =
maxk∈R,n∈N(σ)). The transverse wave-number n char-
acterizes the instability pattern: n = 0 for y-invariant
dunes (this mode can also initiate step-pool instability),
n = 1 for meanders and n > 1 for braided patterns. The
present theoretical framework fails to predict the step-
pool instability often observed in narrow channels [31],
as σ is always negative for n = 0. This is not surpris-
ing for the phase-shift between the bed deformation and
the water shear stress is neglected here (this phase shift
controls sand ripple formation, see for instance [22]). For

higher modes, on the other hand, a positive growth rate
is possible (see figure 4), despite the lubrication approx-
imation. This indicates that the instability mechanism
governing bars formation is different than the phase shift
induced by the advection term in the case of dunes and
ripples.

The fluid and sediment choices determine parameters
γ and β. Both parameters are crucial to the present
model. The diffusion term which is proportional to γ
stabilizes the high n modes. Without it, the higher n,
the higher σm. As in [10], we take γ = 1 in the following.
If β = 1, that is if the sediment flux is proportional to the
shear stress, then no instability ever appears (again σ is
always negative in that case). Instability may occur only
if β > 1. β = 3.75 is chosen hereinafter as an illustrative
case (see section II B).

Figure 4 illustrates the transition to bed instability as
the aspect ratio is increased, for constant tilt and Froude
number. A deep and narrow channel is stable, as for no
values of n and k can σ be negative. A shift to a larger as-
pect ratio value allows for the n = 1 mode to be unstable.
For a still wider channel, both n = 1 and n = 2 modes
are unstable, but the latter grows faster. These transi-
tions can be summarized in a three-dimensional phase
diagram, with coordinates R, F and S. A constant S
slice of this diagram is presented in figure 5. The bor-
ders between domains are characterized by the following
relations (σm,n is the maximum growth rate correspond-
ing to mode n):

• σm,1 = 0 between the stable domain and the mode
1 domain;

• σm,1 = σm,2 between the mode 1 domain and the
mode 2 domain;

• σm,2 = 0 between the stable domain and the mode
2 domain.

Each point of the curves represented on figure 5 was ob-
tained by numerical maximization of the dispersion equa-
tion.

The most surprising feature appearing on the diagram
of figure 5 is that bars can be unstable even for vanishing
Froude number (and thus for vanishing Reynolds num-
ber). In that case, inertia is completely neglected. In
other words, bars may develop in a purely viscous flow,
which is impossible for dunes and ripples. Since a purely
viscous flow can present no transverse recirculation, the
above statement proves that neither turbulence nor re-
circulation are inherently linked to bar formation.

The same diagram also provides a crude interpreta-
tion for the aging of laminar laboratory rivers. Let us
consider for example the case of section III, for which
the mean water level is fixed, while its bed and banks are
freely eroded. If we assume a quasi-static evolution of
the bed width so that the stability analysis for fixed wall
can be roughly used, we can draw a schematic scenario
for the river deformation. Thus, the tilt S remains con-
stant throughout the experiment whereas, in accordance

9

with (22), the Froude number and aspect ratio evolve as
follows:

R ∝ t2/(β+2), F ∝ t3/(2(β+2)). (45)

This parameterized curve correspond to F =
F0(R/R0)3/4 in the stability diagram (the subscript 0
denotes initial conditions). In most cases this curve
comes successively through the three stability domains
of figure 5, allowing for the successive development of
different bars modes . If the water output is conserved
instead of the water level (this condition is more com-
mon in experiments), the straight channel evolution is
characterized by

F = F0(R/R0)
−3/8. (46)

Again, for realistic initial conditions (R0 = 20.3 and
F0 = 3.21 in the experiment of [12]), the river undergoes
different instability regimes as it ages. The three points
Σi drawn on figure 5 would then represent three different
states of the same experiment, extrapolated from the ini-
tial condition using (46). The corresponding growth rate
are plotted in Figure 4. When the highest growth rate of
the first mode crosses zero, alternate bars appear, even-
tually replaced by higher order modes, leading to braided
patterns.

If a threshold is introduced in the erosion law, the river
eventually reaches an equilibrium state. The position of
this equilibrium in the stability diagram is an indication
about the instability patterns the river will preferentially
develop. For instance, we may expect that a river will de-
velop meanders if its equilibrium state lies in the domain
where the n = 1 mode is the most unstable one.

V. CONCLUSION

The present paper demonstrates that the equations
governing the evolution of laminar micro-rivers are very
similar to their counterpart in the turbulent case. Ex-
perimental evidence of this similarity are collected in
[11]. This results suggests that micro-rivers could fa-
cilitate the examination of some remaining difficulties of
river morphodynamics, such as non-linearities or bank
evolution. In a first attempt to develop viscous chan-
nel widening and stability theory, we presented a two
dimensional shallow-water model. A very simplified an-
alytical approach based on this model was sufficient to
describe qualitatively the aging process observed in some
experiments. A diagram presenting the dominant un-
stable modes with respect to the channel tilt, Froude
number and aspect ratio was obtained (figure 5), which
shows a large domain of existence for the meandering

mode (n = 1) at small (or even null) Froude number.
This illustrates the sound difference between bars and
dunes or ripples, which need inertia to grow.

The use of a fluid more viscous than water in exper-
iments would allow to reach very low Froude numbers,
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FIG. 5: Stability diagram for a laminar channel. The domains
(separated by solid lines) are named after the most unstable
mode between n = 1 and n = 2. The parameters values
are β = 3.75, γ = 1 and S = 0.0875. The dashed lines
represent the evolution of a straight river when the water level
is imposed (F = F0(R/R0)

3/4) or when the outflow is imposed
(F = F0(R/R0)

−3/8). The three points Σi correspond to the
three cases presented in figure 4.

while reducing the perturbing effect of capillarity. The
consecutive reduction of the Reynolds number would pre-
vent recirculation, thus allowing the experimental sepa-
ration between the effects of recirculation and bars insta-
bility.

The relaxation of the rigid banks hypothesis requires
the development of bank erosion models, able to take
avalanches into account. Such an improvement, asso-
ciated with numerical simulation, would allow to test
the laminar Shallow-water theory against experiments in
conditions closer to natural rivers.

It is our pleasure to thank B. Andreotti, P. Claudin,
A. Fourrière, E. Lajeunesse, D. Lhuillier, L. Malverti,
F. Métivier and G. Parker for inspiring and stimulating
discussions.

[1] G. de Marsily, F. Delay, G. J., P. Renard, V. Teles, and
S. Violette, Hydrogeol. J. 13, 161 (2005).

[2] A. Reynolds, J. Fluid Mech. 22, 113 (1965).
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states of the same experiment, extrapolated from the ini-
tial condition using (46). The corresponding growth rate
are plotted in Figure 4. When the highest growth rate of
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tually replaced by higher order modes, leading to braided
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If a threshold is introduced in the erosion law, the river
eventually reaches an equilibrium state. The position of
this equilibrium in the stability diagram is an indication
about the instability patterns the river will preferentially
develop. For instance, we may expect that a river will de-
velop meanders if its equilibrium state lies in the domain
where the n = 1 mode is the most unstable one.

V. CONCLUSION

The present paper demonstrates that the equations
governing the evolution of laminar micro-rivers are very
similar to their counterpart in the turbulent case. Ex-
perimental evidence of this similarity are collected in
[11]. This results suggests that micro-rivers could fa-
cilitate the examination of some remaining difficulties of
river morphodynamics, such as non-linearities or bank
evolution. In a first attempt to develop viscous chan-
nel widening and stability theory, we presented a two
dimensional shallow-water model. A very simplified an-
alytical approach based on this model was sufficient to
describe qualitatively the aging process observed in some
experiments. A diagram presenting the dominant un-
stable modes with respect to the channel tilt, Froude
number and aspect ratio was obtained (figure 5), which
shows a large domain of existence for the meandering

mode (n = 1) at small (or even null) Froude number.
This illustrates the sound difference between bars and
dunes or ripples, which need inertia to grow.

The use of a fluid more viscous than water in exper-
iments would allow to reach very low Froude numbers,
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while reducing the perturbing effect of capillarity. The
consecutive reduction of the Reynolds number would pre-
vent recirculation, thus allowing the experimental sepa-
ration between the effects of recirculation and bars insta-
bility.

The relaxation of the rigid banks hypothesis requires
the development of bank erosion models, able to take
avalanches into account. Such an improvement, asso-
ciated with numerical simulation, would allow to test
the laminar Shallow-water theory against experiments in
conditions closer to natural rivers.
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• Saint Venant + erosion gives alternate bars

• now we look at the evolution of those bars

jeudi 8 avril 2010



ar
X

iv
:c

o
n
d
-m

at
/0

2
0
5
6
3
2
v
2
  
[c

o
n
d
-m

at
.s

o
ft

] 
 1

6
 M

ay
 2

0
0
3

Erosion patterns in a sediment layer

Adrian Daerr,∗ Peter Lee,† José Lanuza, and Éric Clément‡

Laboratoire des Milieux Désordonnés et
Hétérogènes, UMR7603 - Université Pierre et Marie Curie - Bôıte 86,

4 place Jussieu, 75252 Paris CEDEX 05, France
(Dated: February 1, 2008)

We report here on a laboratory-scale experiment which reproduces a rich variety of natural pat-
terns with few control parameters. In particular, we focus on intriguing rhomboid structures often
found on sandy shores and flats. We show that the standard views based on water surface waves
do not explain the phenomenon and we evidence a new mechanism based on a mud avalanche
instability.

Many patterns observed [1, 2] in natural environments
stem from erosion/deposition processes. These struc-
tures are related to transport of solid granular particles
via a fluid phase that can be either a gas, a liquid, or
even a flowing granular phase. They span a huge vari-
ety of spatial and temporal scales. Examples of these
are fractal river basins [2], meandering rivers [3], dune
fields [4], granular avalanches [5], ripple marks [6] on sand
banks or on coastal continental platforms. Due in part
to its economical and environmental impact, elementary
transport processes involved in erosion are still the focus
of intense scientific scrutiny.

It is notoriously difficult to provide a fully consistent
description of particle laden flows either from a one phase
or a two phase point of view [7]. Most of the practical
knowledge on erosion comes from empirical laws often
derived from field measurements [8]. Several tentatives
were made recently to tackle from the statistical physics
point of view the dynamics of formation of river basins
[2] but many question are raised when one attempts to
relate basic transport properties to large scale pattern
forming instabilities.

In this letter we report on an experimental setup which
is designed to produce a generic situation of a falling wa-
ter level on an erodible sediment layer. This occurs natu-
rally when the sea retreats from the shore or when a reser-
voir is drained [1]. We use a plexiglass container with
a flat bottom. A square 130 mm×130 mm plate of de-
polished plexiglass slides along the bottom, and is pulled
by a motor through a translation stage. The whole setup
can be tilted to an arbitrary angle θ. The first step of the
experiment is the deposition under water of a sedimented
powder layer covering the mobile plexiglass sheet. To this
end, the inclination of the whole setup is lowered so that
the bottom of the container and the sheet are horizontal
(θ = 0). A suspension of alumine oxide powder is then
quickly poured into the container. We use commercial

∗Electronic address: daerr@ccr.jussieu.fr; permanent address:
MSC/Univ. Paris VII/PMMH-ESPCI, 10 Rue Vauquelin, F-75231
Paris cedex 05
†Electronic address: lee@phys.leidenuniv.nl; Department of
Physics, Leiden University, Niels Bohrweg 2, NL-2333 RA Leiden
‡Electronic address: erc@ccr.jussieu.fr

abrasive powder made of rough grains with mean diame-
ter d " 30 µm and density ρ " 2.75 g/cm3. The liquid is
demineralized water, to which we add hydrochloric acid
so as to lower the pH of the suspension to about 4 in
order to prevent flocculation of the grains.
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FIG. 1: Phase diagram localizing the different patterns ob-
served in the erosion experiments in the tilt angle θ - velocity
V space. Lines delimiting the domain boundaries are mere
guides to the eyes. Letters and symbols correspond to Fig. 2.
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FIG. 2: Patterns observed in the erosion experiment: a crossed hatched pattern, b disordered branched pattern, c orange skin,
d chevron structure, e chevrons with oblique channels, f localized pulses at chevron onset. The layer appears darker where it
has been eroded because the bottom plate is black. A light source to the left creates additional shading.

height 1 mm, the container and the plate are tilted to
an angle θ. Part of the liquid is then slowly drained,
until the contact line of the liquid free surface with the
tilted bottom of the container reaches about 1cm below
the top of the mobile sheet. Then the sliding plate is
pulled out of the liquid at a speed V (see inset of Fig. 1).
The layer is filmed by a CCD camera. Its position is
fixed with respect to the plate and its optical axis is per-
pendicular to the surface. This simple set-up allows us
to observe a variety of phenomena and structures de-
pending on two control parameters, the angle θ and the
speed V . The “phase diagram” is sketched on Fig. 1.
When the sedimented granular layer is pulled out very
slowly (V ≤ 0.04 cm/s), no pattern is observed. The liq-
uid seeps out of the sediment, which dries progressively
without being altered. However, above a critical speed
and tilt corresponding on Fig. 1 to empty squares, we
observe the formation of erosive patterns on the granu-
lar sediment surface. For decreasing angle, the patterns
faint away progressively and for a tilt angle θ < 13◦, it is
often difficult to witness of their presence.

At velocities greater than approx. 0.1 cm/s, surface
structures appear clearly when the layer is tilted to more
than about 14◦. For angles close to this value, the drain-
ing liquid leaves a cross-hatched, dense pattern of very
small and shallow channels (see Fig. 2a).

Around 18◦, we obtain a branched, disordered river-
network, whose biggest branches have widths of about
1 mm ≈ 30d (Fig. 2b). After the passage of the water con-
tact line, the surface of the sediment is still smooth and

the pattern appears with a delay of few tens of seconds.
The dynamical evolution of the structure can last as long
as two minutes. First, small localized structures with a
characteristic angle similar to the previous cross-hatched
pattern appear almost everywhere and then, bigger and
bigger disordered structures are created as they merge
under the action of erosion and sediment transport. We
will call this regime the disordered regime, refering to the
random aspect of the final network. Transition between
cross-hatched and branched is progressive.

For velocities higher than 0.1 cm/s and slopes increased
above approximately 19◦, there is a sharp (1−2◦) transi-
tion to a regime of dimples with a structural aspect simi-
lar to an orange skin (see Fig. 2c). For steeper slopes, we
observe the progressive onset of a chevron pattern char-
acterized by a well defined angle (see Fig. 2d). The cross-
over region is indicated approximatively by a dashed line
on the phase diagram. The chevron pattern forms quickly
(typically five seconds) behind the receding liquid contact
line. The rhomboid elements characterizing this struc-
ture have a slightly rounded downhill tip and a height
profile like fish scales or roof tiles, i.e. the sediment is
thickest at the downhill tip, with a shallow decrease up-
hill, and a sharp lower edge.

Finally, this regime is limited by the maximal stability
angle θm = 35◦ above which the sediment layer would
spontaneously avalanche as a whole.

From the present experiment, we observe no system-
atic variation of the chevron wavelength λ with velocity
or tilt angle. Nevertheless, the spacing of the chevrons

Daerr, A., Lee, P., Lanuza, J. & Clement,E. 2003 Erosion patterns in a sediment layer. Physical Review E 67.
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has a tendency to grow as the contact line recedes with
a mechanism akin to defect fusion; we obtain a mean
spacing λ = 5 mm ± 2 mm. On the other hand, system-
atic experiments at constant angle θ = 30◦, show clearly
a decrease of the chevron pattern opening angle ϕ from
90◦ to 30◦ for increasing velocity (see Fig. 3).
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FIG. 3: Chevron alignment angle as a function of velocity.
Error bars indicate measurement variations

Various rhomboid patterns have already been de-
scribed by geologists in natural environments [1] like on
sea-ward facing beach slopes [9], in reservoirs or river
beds after a full drainage of the water. Although there
seem to be several distinct types, only few attempts at
explaining a possible mechanism were made [9]. Previ-
ous observations and the few experiments available com-
monly attribute the formation of chevron patterns to in-
stabilities at the free surface of the flowing water layer
(such as hydraulic jumps) which couple to the bottom
profile [10]. Although this could be true for certain types
of rhomboid ripples in shallow, fast flowing rivers, it can-
not be the case for the chevron regime described here.
Indeed, the largest estimation for the Froude number we
can make at the chevron onset is Fr = V/

√
gd = 5 ·10−2,

which certainly rules out factors like hydraulic jumps of
the water layer.

Now we seek to clarify the physical conditions associ-
ated with the onset of pattern formation. An estima-
tion of the Darcy flow velocity VD inside the powder
yields VD = gK/ν " 10−5 m/s, which is much smaller
than the retrieval velocity V . This VD value is ob-
tained with a permeability K = 10−12 m2 obtained ex-
perimentally, and a kinematic viscosity ν = 10−6 m2/s.
Moreover, the capillary length corresponding to a 30 µm
porous medium under gravity forces is about 20 cm. It is
thus legitimate to consider that the sediment remains
fully soaked with water during retrieval of the plate.
To estimate the shear exerted by the liquid film at the
surface, we calculate its thickness h(x, t) in the plate
reference frame. The retrieval of the plate begins at
t = 0, and x = 0 is the initial position of the con-
tact line between liquid surface and sediment. Assum-
ing that the flow is viscous, so that the average local
flow velocity is given by V (x, t) = g sin θ h(x, t)2/3ν, the

1cm
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x

3) chevrons

2) avalanche

1) water line

t

1cm

FIG. 4: Dynamics of the chevron formation. a snapshot of
the mud avalanche above the contact line. b spatio-temporal
diagram (split across two lines) showing how chevrons appear
in the wake of an avalanche.

mass conservation equation ∂th + ∂x

(

h(x, t)V (x, t)
)

= 0
yields, for small free flow slopes, a self consistent solu-
tion: h(x, t) =

√

2νx/tg sin θ. Note that we neglected
both capillary and hydrostatic pressure terms because of
the small thickness and curvature of the flowing layer.
This approximation ceases to be valid close to the origin
and in the vicinity of the junction with the flat water
level. Note also that the contact line cannot move within
this approximation, which corresponds to a situation of
total wetting on the sediment. The maximum height,
just above the reservoir water level, is thus evaluated to
be h =

√

(ν/g sin θ)V = 10 µm ≈ d. The first conclu-
sion is that the Reynolds number, Re = hV/ν = 0.03,
is small enough to justify the lubrication approximation.
Second, the ratio of the shear exerted by the fluid on
a grain at the bottom and its apparent weight yields a
common criterion for the onset of erosion called Shield’s
number,

S =
ρw tan θ

∆ρ

h(x, t)

d
"

(

V

V0

)1/2

with V0 =

(

∆ρ

ρw

)2 gd2

ν

ρw is the density of water and ∆ρ = ρ − ρw the den-
sity contrast between grains and liquid. On Fig. 2 we
plotted the V (θ) curve corresponding S = 0.12. The
scaling implications of this formula should be put to test
more systematically but so far, it seems to reproduce re-
markably the shape of the limit were erosion patterns are
evidenced. Note that a Shields number of value S = 0.12
is marginally large to represent a situation where a grain
would be spontaneously dislodged under the action of
viscous shear. On the other hand, when interpreted
in the frame work of a Coulomb criterion for the sedi-
ment layer stability, the shearing strength due to viscous
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Chevrons d’érosion naturels et en laboratoire

Fig.: Chevrons d’érosion sur une plage (à gauche) et en laboratoire (à droite)
(IPGP)
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2 O. Devauchelle et al.

Figure 1. Various bedforms observed on the granular bed of a a laminar flume (Devauchelle
et al. 2008). The angle and wavelength of the rhomboid pattern varies with the experimental
parameters (picture (a) and (b)). Under certain conditions, a rhomboid pattern may be asso-
ciated to ripples (picture (c)). The width of the flume is 10 cm, and water flows from left to
right. (a) Large rhomboid pattern (Fr = 1.76, S = 0.03, Bo = 1.31 and Sh = 0.616). (b) Small
rhomboid pattern (Fr = 0.95, S = 0.015, Bo = 3.25 and Sh = 0.485). (c) Rhomboid pattern
mixed with ripples (Fr = 1.01, S = 0.015, Bo = 3.50 and Sh = 0.504). The definitions of the
parameters are provided in section 3.2.

that a bar instability should develop. In turn, this instability could lead to diamond-

shaped structures after saturates due to non-linear effects. Consequently, the rhomboid

beach pattern can be related to alternate bars in rivers (Callander 1969). However, the

Saint-Venant equations fail to predict the pattern angle better than the Woodford’s law

does (although they underpredict it instead). The results are even worse regarding the

wavelength, but the theory at least qualitatively agrees with the observation of Karcz &

Kersey (1980) that a uniform wavelength spontaneously emerges.

The main flaw of the Saint-Venant equations as regards bedforms is that they cannot

represent the phase lag between a bed perturbation and the velocity profile above it. In

other words, they can only be derived if one neglects the influence of inertia on the vertical

velocity profile. Now, this effect is responsible for the formation of ripples (see Kennedy

1963; Charru & Mouilleron-Arnould 2002; Lagrée 2003), which appeared regularly dur-

ing the experiments of Devauchelle et al. (2008) (see also figure 1). This observation

suggests that the shallow-water approximation is inappropriate under these experiments

conditions, and therefore should be replaced by the full Navier-Stokes equations. It is the

subject of the present contribution.

Coupling the water flow to the bed evolution requires a sediment transport model. As

long as bedload is the main transport mode, the grains motion is driven by the water shear

stress on the sediment surface. Transport laws are generally written as functions of the

Shields parameter, which compares the tangential shear applied to the bed to its normal

counterparts (usually the weight of the upper grains layer, see Shields (1936)). However,

in order to avoid the instability of short-wavelength bedforms, one has to introduce a

saturation mechanism. This can be achieved by taking into account either the bed slope

effect or the time required for the particles flux to reach equilibrium (see Lagrée 2000;

Charru et al. 2004; Charru & Hinch 2006; Charru 2006). The present paper generalizes

the model proposed by Charru (2006) to three dimensions, thus retaining both saturation

mechanisms. As the full Navier-Stokes equations are employed, no strong approximation
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The 6/5 factor in the left-hand term of this equation is called

the Boussinesq coefficient, and depends on the shape of the

velocity profile. The same procedure, applied to the water-

mass balance, leads to

∇ · (ud) = 0, (12)

since, by definition, ud is the water flux.

The above set of equation is very similar to the classical

Saint-Venant equations used in natural rivers. In that case,

however, the velocity profile is no longer parabolic, which in-

duce both a different Boussinesq coefficient (usually 1) and

another expression for the friction term (last on the right-

hand side of equation (11), see Ikeda et al. [1981] among

others). This mathematical analogy explains the similarity

between laminar flume experiment and natural rivers [Laje-
unesse et al., 2008; Devauchelle et al., 2007a].

Back to the Saint-Venant equation in the laminar case,

the bottom shear stress exerted by the fluid on the bed sur-

face, denoted by τ , reads

τ =
3ρνu

d
. (13)

As mentioned in section 2 the shear stress is a key quantity

for bedload transport. Through τ , the fluid motion con-

trols the sediment flux. This flux in turns deforms the bed

topography, which affects the flow equations through the

occurrence of h in equation (11).

4.2. Sediment transport

The intensity of the shear stress τ relative to the sed-

iment grains weight is expressed by means of the Shields

parameter θ, defined by equation (7), where τ = �τ �. The

intensity �q� of bedload transport is usually considered as

a function φ of θ:

�q� =
Vs

d2
s
φ(θ), (14)

where Vs is the Stokes settling velocity of an isolated sed-

iment grain (Vs = Rgd2
s/(18ν), see Charru et al. [2004]).

Once the sediment and the fluid are fixed, the the scaling

factor Vs/d2
s is a constant. The vector q denotes a number

of grains per unit time and length.

The function φ is well-known experimentally for a lam-

inar case [Charru et al., 2004], and was even tested with

the same silica grains as the one used here [Malverti et al.,
2008]. It has a threshold θc, below which no grain moves.

The following expression has been proposed by Charru et al.
[2004]:

φ(θ) =


φ0θ(θ − θc) if θ ≥ θc

0 else
(15)

where φ0 and θc are two constants: φ0 ≈ 0.47 and θc ≈ 0.12.
This transport law is reminiscent of the well-known Meyer-

Peter and Müller relationship, widely used in rivers, that is,

for turbulent flows [Meyer-Peter and Müller , 1948]. As for

the fluid flow, there is a strong analogy between sediment

transport by laminar and turbulent flows, even though the

coefficients or exponents involved in the model may differ.

Now, after the sediment transport intensity, one has to

model the direction of the sediment flux. This question was

not addressed by Charru et al. [2004] nor [Malverti et al.,
2008], since these authors considered one-dimensional sys-

tems. To the contrary, it is an essential point in river ge-

omorphology. An overview of the subject can be found in

Seminara [2001]. As a first approximation, it is usually as-

sumed that the sediment is transported in the local flow

direction. Let us transpose this assumption to the present

case. We define s as the unit vector oriented in the shear

stress direction, which is also the water velocity direction by

virtue of equation (13):

s =
τ
�τ � =

u
�u� . (16)

Then, the sediment flux vector reads

q =
Vs

d2
s
φ(θ)s. (17)

At this point, one should bear in mind that many con-

tributions have considered the influence of the bed topogra-

phy on the sediment transport direction (see again Seminara
[2001], but also the theoretical model of Parker et al. [2003]).

The simplest model takes the bottom topography into ac-

count by adding a small term proportional to the bed slope

to the direction of the sediment flux, that is, by replacing s
by

s− γ∇h (18)

in relation (17). The parameter γ may be a constant, or

a function of the slope and of the local shear stress. It can

also be a two-dimensional tensor, if the slope effect is a func-

tion of the slope direction with respect to s. In any case,

however, the effect of such a correction is to increase the

sediment flux if it goes downwards, and to decrease it if the

shear stress is opposed to the slope. This is true, in partic-

ular, in the model elaborated by Parker et al. [2003], which

is the most complete presently available. This point will be

addressed again in the discussion.

t/T = 0

t/T = 1

Figure 9. Numerical simulation of a rhomboid-pattern

formation in a laminar channel. The most unstable mode

emerges from the initially random topography. The grey

scale indicates the height h of the sediment surface. This

scale is enhanced by a factor of 50 between the two im-

ages (instabilities grow). The values of the parameters

were set to S = 0.05, F = 2, W/D = 25. Both the time

t/T (the time scale T is defined by relation (30)) and

the space coordinates are non-dimensionnal (x/D is hor-

izontal, y/D is vertical). Flow is from left to right. The

aspect ratio is preserved on the pictures.
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Figure 10. Evolution of the amplitude hmax of the

sediment-surface perturbation, from the numerical simu-

lation of figure 9 (dots). The solid line indicates the linear

growth of the corresponding instability (see section 4.4).

The most instable mode grows exponentially (linearly in

the semi-log space), and its amplitude rapidly dominates

the feature.
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Domaine d’instabilité

0

0

0.005

0.005

0.01

0.01

0.015

0.015

0.02

0.02

0.00 0.01 0.02 0.03 0.04 0.05

�0.2

�0.1

0.0

0.1

0.2

kx

ky
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4.1. Rides formées par un écoulement laminaire 137
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Fig. 4.3 – Les deux principaux motifs d’érosion observés dans un canal laminaire,
réunis dans le plan (nombre de Reynolds, inclinaison du canal). Les symboles •, ◦ et
+ représentent respectivement les rides, les chevrons, et l’absence de motif. La zone
grisée correspond au domaine de stabilité stricte des chevrons. La courbe en trait
gras indique un taux de croissance dimensionnel égal à 1/30 s−1 pour l’instabilité
de rides. Le coefficient β vaut 3.75, tandis que γ est choisi égal à 10 pour les rides,
et à 1 pour les bancs (voir § 4.1.2.2). Les ordres de grandeur proposés dans la
présente étude correspondent aux résultats expérimentaux, mais une loi d’érosion
plus détaillée sera nécessaire pour comparer quantitativement les taux de croissance
linéaires des deux types d’instabilité.
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 Institut de Physique de Globe de Paris

120 Motifs d’érosion dans le plan horizontal

Fig. 3.26 – Motifs d’érosion en chevrons obtenus expérimentalement à l’Institut de

Physique du Globe de Paris, dans un canal droit soumis à un écoulement d’eau per-

manent (au-dessus ; photographie : É. Lajeunesse, L. Malverti et l’auteur). Motifs

d’érosion en chevrons obtenus numériquement (au-dessous), la dérivée de la topo-

graphie h selon la direction y est représentée par les niveaux de gris. Le nombre de

Froude expérimental est de l’ordre de 1. Il est nul dans la simulation numérique.

Defina (2003) et Hall (2006) ont récemment obtenu des résultats similaires pour des

rivières turbulentes, par des méthodes respectivement numérique et analytique. Voir

également la figure 1.4, qui présente des chevrons d’érosion en milieu naturel.
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ford [1935] and then used by most following contributions
[Otvos, 1965; Chang and Simons, 1970; Allen, 1982; Ikeda,
1983]. Hoyt and Henry [1963] intended to relate the rhom-
boid structures aspect ratio (that is, the angle α) directly to
the slope of the beach where they form. Their field data set
is rather convincing (see their figure 3), but in their case the
Froude number of the flow is not controlled nor measured,
and is very likely to change as the natural water film drains
towards the sea. Their relationship between α and S may
then be useful as an indicator of the paleo-environment, but
the data on which it is based are not controlled enough to
elucidate the physical mechanism of the rhomboid pattern
formation.

Considering the above results, and in a first attempt to
test the various theories proposed in the literature, as well
as the shallow-water theory proposed in section 4, we will
hereafter focus on the influence of the Froude number on
the rhomboid pattern characteristics. The whole data set
from our experiment is gathered in figure 8, where the angle
α and the wavelength λ of the rhomboid pattern are plot-
ted versus the Froude number. As expected from figure 7,
the data points roughly collapse on figure 8a. One can fit a
universal relation inspired from Woodford’s one:

α ≈ arcsin
0.463

F
, (9)

Except for a few points, the associated curve lies within the
error bars for every measurement. This relation tends to
α = 90◦ (that is, a ripple-like pattern) around F = 0.463.

The experimental results concerning the pattern wave-
length cannot be summarized in a single universal relation.
Although the figure 8b could indicate a slight increase of
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Figure 8. Complete set of experimental results ((a):
rhomboid pattern angle; (b) pattern wavelength), as a
function of the Froude number. Contrary to figure 7, the
channel slope and Shields parameter are not fixed here.
Square with error bars: experiment; circles: prediction
of the shallow-water theory presented in section 4; black
line: relation (1), corresponding to the theory of Wood-
ford [1935]; thick line: best fit corrsponding to relation
(5).

the wavelength for high values of the Froude number, the
dispersion is too large to conclude. The correlation with the
other control parameters S and θ is even less convincing.
None of the theories proposed in the literature predicts the
wavelength of the rhomboid pattern3. This point will be
addressed in section 4.

Woodford’s theory is able to reproduce qualitatively the
variation of the rhomboid pattern angle with respect to the
Froude number. This simple model indeed recognized the
predominant influence of the Froude number and the ex-
istence of a minimum value of the Froude number below
which no rhomboid pattern can exist. The general shape
of the function (1), plotted on 8a, resemble the experimen-
tal curve, with a shift of about 0.5 for the Froude number.
To our knowledge, no major progress have been made since
this remarkable achievement. However, 8a clearly shows the
limits of Woodford’s model: its curve lies doubtlessly out of
the experimental error bars. In particular, the occurrence
of rhomboid patterns in sub-critical flows is clearly demon-
strated.

The following sections are devoted to a fully coupled
shallow-water and sediment transport model. Its prediction
will then be compared to the above experimental results.

4. Laminar Saint-Venant model
The main idea underlying this section is that in order to

make progress from Woodford’s theory, one has to model not
only the fluid flow, but also the sediment transport. This
allows us to relax Woodford’s hypothesis, namely that the
rhomboid pattern is nothing but the passive sign of a fluid in-
stability. In the framework of a coupled system, Woodford’s
hypothesis should appear as a well-controlled assumption,
which validity can be objectively evaluated.

4.1. Fluid motion

Strictly speaking, one should use the Navier-Stokes equa-
tions to model the fluid flow, in three dimensions. However,
in the present case, the typical length of a bedform is a
few centimeters (or even a few tens of centimeters), to be
compared to the height of the flow, which never exceeds a
few millimeters. This suggest the use of the shallow-water
approximation, very often implemented in fluvial geomor-
phology, where is named after Saint-Venant.

The Saint-Venant approximation comes to the assump-
tion that, given slow horizontal variations of the flow, the
velocity profile can be approached by the equilibrium profile
formed above a perfectly flat bottom. For low enough values
of the Reynolds number, and if we assume that the water ve-
locity vanishes at the granular bed surface, this equilibrium
profile is a parabola:

ũ =
3
2

z − h
d

„
2− z − h

d

«
, (10)

where ũ, z, h and d are the water velocity, the bed elevation
and the flow depth. This configuration is known as the the
Nusselt film.

If the velocity field in the Navier-Stokes equations is re-
placed by the parabola (10), the vertical momentum equa-
tion require that the pressure field be hydrostatic. In turn,
the horizontal momentum equations can be integrated with
respect to z, and so become

6
5
(u · ∇)u = g

„
Sex −∇(d + h)− 3ν

d2
u

«
(11)

where u denotes the average velocity field onto the (0, x, y)-
plane, and ex has coordinates (1, 0) in the (0, x, y)-plane.
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Rhomboid Beach Pattern: a Benchmark for Shallow water
Geomorphology
O. Devauchelle,1 L. Malverti,1 É. Lajeunesse,1 C. Josserand,2 P.-Y. Lagrée,2 F.
Métivier1

Abstract. The formation of beach rhomboid pattern after the swash is investigated.
This centimeter-scale structure results from the coupling between the water flow and its
sandy substrate. It is classically interpreted as the mark of stationary gravity waves gen-
erated by obstacles in supercritical flows (that is, for Froude number higher than one
[Woodford, A. O. (1935), Rhomboid ripple mark, Amer. Jour. Science, 5th series, 29, 518–525]).
However, our experiments show that a rhomboid pattern can develop in subcritical flows.
Its angle is primarily a function of the Froude number, as suggested by Woodford, but
the data do not follow the classical shape of the function. A new theory is proposed, based
on the Saint-Venant approximation associated to simple sediment transport laws. It shows
qualitative and order-of-magnitude agreement. In particular, it predicts the formation
of rhomboid bedforms in subcritical flows. A quantitative discrepancy underlines the draw-
backs of both the Saint-Venant equations and the sediment transport models, but our
analysis inticates that rhomboid pattern results from an instability similar to the alter-
nate bar instability in rivers. Although usually generated by laminar flows in Nature,
the rhomboid beach pattern can be used as a benchmark for river bedforms models.

Figure 1. Rhomboid beach pattern on a beach (Go-

leta, California, USA). Such features form on the swash

zone, when a thin film of water returns to sea. Here the

structure is visualized by the segregation between grains

of different colors. The height of the card is 5.4 cm.

1. Introduction
When observing the seaward face of some beach slope,

one can very often notice a regular crossed pattern, com-

posed of a network of diamond-shaped sand structures (see

figure 1). Their typical size lies from a few centimeters to a

few tens of centimeters, while their height rarely exceeds a
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Institut de Physique du Globe de Paris, France.

2Institut Jean Le Rond d’Alembert, Université Pierre et
Marie Curie, France.
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few millimeters [Stauffer et al., 1976]. They usually appear

after the swash, when water returns to sea, hence the name

“backwash mark” given by Johnson [1919]. The literature

refers to this ubiquitous pattern in almost as many ways as

authors (see the review of Allen [1982]). In the following,

we will use the name rhomboid pattern, reserving the term

ripples for classical transverse sandwaves (see section 3).

To our knowledge, the first contribution on the subject

may be credited to Williamson [1887], whose primary inter-

est was sedimentary reccords of rhomboid patterns. Thomp-
son [1949] and Singh [1969] indeed reported similar struc-

tures in ancient rocks, but we are not aware of any other de-

scription. Despite this rarity, most studies of present beach

rhomboid pattern formation were motivated by its potential

utility as an environmental indicator for ancient shorelines

[Hoyt and Henry , 1963].

Most descriptions refers to small scale structures (see

Otvos [1965] and Stauffer et al. [1976] among others, or

Allen [1982] for a complete review). However, McMullen
and Swift [1967] and Morton [1978] show impressive aerial

photographs of at least 10 m-large rhomboid structures, first

reported by Straaten [1953]. This suggests that understand-

ing the formation of beach rhomboid pattern could shed

light on a more general problem in geomorphology, namely

the growth and migration of large bedforms, such as dunes,

banks or alternate bars. In particular, a theory for rhom-

boid structures requires a reliable model for the flow-induced

sediment transport. Such a model is the subject of intense

present research Parker et al. [2003]; Charru et al. [2004].

Numerous theories have been proposed to explain the for-

mation of the beach rhomboid pattern. Most are discussed

in the review of Allen [1982], and are summarized in table 1.

The first quantitative theory is due to Woodford [1935]. This

author noted the likeness between the sand pattern and the

water-surface perturbation resulting from the interaction of

stationary gravity-waves in supercritical open-channel flows.

As explained in the caption of figure 2, the inclination α of

such waves with respect to the mean flow direction is easily

determined:

α = arcsin
1

F
, (1)

where F is the Froude number (if U , D and g are the mean

velocity of the water film, its mean depth and the accelera-

tion of gravity respectively, then F = U/
√

gD). Woodford

1

Saint Venant

comparisons mesurements vs theory
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Saint Venant is not good for the dunes...

problems with Saint Venant

up to now only qualitative results: realistic trends but: 
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Kroy/ Hermann/ Sauermann 02, Lagrée 03, Valance Langlois 05, Charru Hinch 06 

(what goes in) - (what goes out)

Going back to mass conservation
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+q = qs

qs = E(τ − τs)+

inspired from Sauerman Kroy Hermann 01: Andreotti Claudin Douady 02, Lagrée 03
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23qsat

0.35

0.2 ρsat = 2α (τ−τs)/g

usat = ueff − δu ueff ∝
√

τ − τs

δu

lsat
∂q

∂x
= q(1 − q

qsat
), qsat = q0Hd((Θ − Θs))(Θ − Θs)

b,

lsat =
2α u2

sat
g γr

τs
τ − τs

,

Hd q0 b b 1 3

qsat τ 3/2

lsat
∂q

∂x
+ q = qsat, qsat = q0 (Θ − Θs)Hd(Θ − Θs), lsat =

x

q

lsat

qsat

lsat

u∗

qs = B(d)
ρ

g
u3
∗

qr ∝ qs

lsat ∝ s d

lsat ξ

lsatξ ∝ s d

ξ $
10 − 15 ρp $ 2500 kg ·m−3, ρ $ 1 kg · m−3 d $ 200 µm

lsat $ 5 − 7.5 m.

c

∂

∂t

∫

Ω
φdV =

∫

∂Ω
−→q · d−→S + .

qq

érosion

sédimentation

f(x,t)

!

"!

Du Boy (1879) :
“une fois une certaine quantité de matières en mouvement sur le fond du lit, la vitesse des filets liquides devient trop faible pour entraı̂ner

davantage : le cours d’eau est alors saturé. Un cours d’eau non saturé tend à le devenir en entraı̂nant une partie des matériaux qui

composent son lit, et en choisissant de préférence les plus petits.”

Grenoble 15/02/06 / < − − >
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we have an improved model for the bed 

come back to the fluid
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Fig. 2.6 – Parties réelles (en haut) et parties imaginaires (en bas) de la perturbation du cisaillement au
fond renormalisée, pour Re = 300 et différentes valeurs de Fr.
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Double Deck theory

!

H

Going back in physical variables:
bump of length of order λ and of height of order H << δ :

τ = µU
�
0(Ū

�
S(1 + (

U
�
0

νλ
)1/3

Hc̃)), with c̃ = FT
−1[FT [f̃ ]3Ai(0)(−(i2πk̃)Ū �

S)1/3]

function of time Ū
�
S is a number of order one.

(U �
0

νλ)1/3
H <= 1

Rennes 20/06/06 / ... ...

� ∞

0

f �(x− ξ)
ξ1/3

dξ• Fowler

1/3

2

• fluid / soil interaction

• complex problem

k

 Viscous effects are important near the wall 
Perturbation of a shear flow Non linear resolution (with flow separation) 
possible 
But first we linearise

It is called Double Deck (Triple Deck) 
Introduced by Neiland 69 Stewartson 69 Smith 80...
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Completely erodible soil, Linear Stability

Solution of
τ = TF−1[(3Ai(0))(−ik)1/3TF [f ]]
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+ q = �(τ − τs − Λ
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)
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Solution of
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Fourier
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écoulement cisaillé pur
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8 O. Devauchelle et al.

where k, ϕ and ω are respectively the wave-vector norm, its angle with respect to the
x axis, and the pulsation of the perturbation. The non-dimensional wave vector is nor-
malized by D. In the same fashion, the time-scale T for the pulsation ω is given by the
Exner equation (2.16):

T =
6CD2

πldcdUsd2
sN

, (3.6)

where ld and N are respectively the deposition length defined by Charru (2006), and the
suspended concentration of the base flow:

ld =
3cuUd2

cdUsD
, N =

18ce

cdd2
s

(cgΘ− θt). (3.7)

The deposition length, which corresponds to the order of magnitude of the average flight
length of a particle, introduces a space gap between the sediment flux and the shear
stress that generates it. This delay stabilizes the perturbations at short wavelengths (see
Charru & Mouilleron-Arnould 2002; Andreotti et al. 2002; Lagrée 2003).

3.2.1. Linearized flow equations

For small perturbations, the momentum- and mass-conservation equations for the fluid
(2.1) read

Fr
2(iUk cos ϕ ux + U �uz) = −ik cos ϕ p +

S

3
(u��

x − k2ux), (3.8)

Fr
2iUk cos ϕ uy = −ik sin ϕ p +

S

3
(u��

y − k2uy), (3.9)

Fr
2iUk cos ϕ uz = −p� +

S

3
(u��

z − k2uz), (3.10)

u�
z + ik(cos ϕ ux + sin ϕ uy) = 0 (3.11)

where Fr = U/
√
−gzD is the Froude number. The prime denotes derivation with respect

to the non-dimensional height z. The no-slip boundary condition (2.2) at the bed surface
in turn reads

ux + 3h = 0, uy = 0, uz = 0. (3.12)

At the free surface, the kinematic boundary condition imposes

uz =
3
2
ik cos ϕ η, (3.13)

whereas the dynamic boundary condition reads

−3η + u�
x + ik cos ϕ uz = 0, ik sinϕ uz + u�

y = 0, η − p +
2
3
Su�

z = − k2

Bo
η, (3.14)

where Bo = −gzρD2/γ is the Bond number.

3.2.2. Linearized sediment transport equations

Let us define N as the concentration scale for n. Then, combining this definition with
the linearized grains balance relation for stationary sediment transport (2.6) leads to

Θ
Θ− θt/cg

θ∗ − n∗ − ld
3D ik

�
3n∗ + k cos ϕ u∗

x
� + sin ϕ u∗

y
�� = 0, (3.15)
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with

U(z̃) =
3z̃

2
(2− z̃), P (z̃) = (1− z̃). (3.4)

The tilde here denotes a non-dimensional height. In the following, all quantities are non-
dimensional, and the tilde will be dropped for clarity.

3.2. Perturbations

Let f refers to any quantity of interest for our problem. Decomposing it into a base-state
component F and a sine-wave perturbation of complex amplitude f∗(z) leads to

f(x, y, z, t) = F (z) + f∗(z)ei(k cos ϕ x+k sin ϕ y−ωt), (3.5)
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length of a particle, introduces a space gap between the sediment flux and the shear
stress that generates it. This delay stabilizes the perturbations at short wavelengths (see
Charru & Mouilleron-Arnould 2002; Andreotti et al. 2002; Lagrée 2003).
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in turn reads
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where Bo = −gzρD2/γ is the Bond number.

3.2.2. Linearized sediment transport equations
Let us define N as the concentration scale for n. Then, combining this definition with

the linearized grains balance relation for stationary sediment transport (2.6) leads to

Θ
Θ− θt/cg

θ∗ − n∗ − ld
3D ik

�
3n∗

+ k cos ϕ u∗
x
�
+ sin ϕ u∗

y
��

= 0, (3.15)

where the generalized Shields parameter for the base state Θ reads

Θ =
Sh
cg

+ S =
3Uνρ

cgd|gz|D(ρs − ρ)
+ S. (3.16)

The perturbation θ∗
for the Shields parameter is given by equation (2.13):

θ∗
=

1

3

�
2θ̃2

�
u∗

z
� − 3ih∗k cos ϕ

�
− 3ih∗k cos ϕ

�
1 + S2

�
+

Sh
cg

�
u∗

x
�
+ 2Su∗

z
� − 3h∗

(1 + 3ik cos ϕ S)
� �

. (3.17)

Finally, the Exner equation (2.16) allows to close the linear system, as did equation (2.16)

for the complete model:

ωh∗
= k

�
3n∗

+ cos ϕ u∗
x
�
+ sin ϕ u∗

y
�� . (3.18)

3.3. General features of the bed stability
The system of ordinary differential equations (3.8), (3.9), (3.10) and (3.11) is linear. For

any wave vector k, it can thus be solved numerically by means of the linear shooting

method to fit the boundary conditions (3.12), (3.13) and (3.14). Likewise, once the sedi-

ment transport law is defined by its empirical parameters θt, cu/cd and cg (respectively

0.091, 0.9 and 0.108 in the present case), one can derive the complex pulsation ω from

equations (3.15), (3.17) and (3.18). Finally, for a given set of experimental parameters

S, Fr , Bo and Sh, the dispersion relation of our system is obtained.

3.3.1. Striations, ripples and bars
The dispersion relation for the bed perturbation provides informations about both

the velocity of sand waves and their stability. In the present paper, we will focus on

stability issues, since the associated predictions (pattern angle and wavelength) are easily

measured experimentally.

The growth rate of a typical example is plotted on figure 3. The existence of three

distinct maxima is the most striking feature of this dispersion relation. This is not always

the case. For other values of the parameters, any association of these three types of

maxima is possible, which can makes the distinction uneasy. Hereafter, we will refer to

the following denominations:

• Longitudinal striations correspond to maximum nearest to ϕ = π/2 (the mode (a)

on figure 3);

• Ripples correspond to a growth rate maximum lying on the k axis, that is, for ϕ = 0

(the mode (c) on figure 3);

• Bars correspond to any other maximum (the mode (b) on figure 3).

The value of the angle ϕ usually allows to discriminate between bars and longitudinal

striations, the latter being always unstable (in a reasonable range of parameter values).

Longitudinal striations where observed by Karcz & Kersey (1980) in experimental
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3.2.2. Linearized sediment transport equations
Let us define N as the concentration scale for n. Then, combining this definition with

the linearized grains balance relation for stationary sediment transport (2.6) leads to

Θ
Θ− θt/cg

θ∗ − n∗ − ld
3D ik

�
3n∗

+ k cos ϕ u∗
x
�
+ sin ϕ u∗

y
��

= 0, (3.15)

where the generalized Shields parameter for the base state Θ reads

Θ =
Sh
cg

+ S =
3Uνρ

cgd|gz|D(ρs − ρ)
+ S. (3.16)

The perturbation θ∗
for the Shields parameter is given by equation (2.13):

θ∗
=

1

3

�
2θ̃2

�
u∗

z
� − 3ih∗k cos ϕ

�
− 3ih∗k cos ϕ

�
1 + S2

�
+

Sh
cg

�
u∗

x
�
+ 2Su∗

z
� − 3h∗

(1 + 3ik cos ϕ S)
� �

. (3.17)
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Figure 4. Complex velocities field for the bar instability (thick lines). The solid line represents
the real part of the velocity perturbation, whereas the dashed line represents its imaginary part.
The shape of the perturbation differs significantly from a parabola, thus indicating that the
Saint-Venant equations fails (the corresponding Saint-Venant velocities are represented with
thin lines). These velocity profiles correspond to the maximum for the bar instability of figure
3, that is, k = 1.5 and ϕ = 0.85.

The three criteria listed above allow one to distinguish theoretically between ripples

and sand bars. Contrary to ripples, bars require the influence of a free surface, and can be

modeled by means of the Saint-Venant equations. Their wave vector is usually inclined

with respect to the main flow direction (see figure 3), and thus cannot be represented

in the (x, z)-plane only. To our knowledge, the first mathematical derivation of this

instability is due to Callander (1969), and was soon associated to river meandering,

although this point remains controversial (Ikeda et al. 1981; Blondeaux & Seminara 1985).

The most striking occurrence of the bar instability in Nature are the alternate bars in

rivers (Knaapen & Hulscher 2003), which results from the crossing of two bars instabilities

of angle ϕ and −ϕ. It has been demonstrated, both experimentally (Lajeunesse et al.
2008) and theoretically (Devauchelle et al. 2007), that laminar flumes are also prone

similar bars development. Langlois & Valance (2005) performed a linear stability analysis

comparable to the present one. However, their analysis was designed for a pipe flow, and

thus did not include a free-surface. As a consequence, their results are very similar to

ours as far as the ripple instability is concerned, but do not include any bar instability.

Bars and ripples may be distinguished as two limiting cases of sediment-flows instabil-

ity. However, in the range of parameters explored by Devauchelle et al. (2008) to study

rhomboid patterns, the two are mixed in a bar-type instability which presents some rip-

ples features. The figure 4 illustrates this point. The velocity field above a wavy bed

corresponding to the bar instability is obviously not parabolic, that is, is not propor-

tional to a Nußelt film. Instead, inertia controls the velocity profile as well as viscosity.

This explains why the Saint-Venant equations fail to predict quantitatively the angle of

the rhomboid pattern. The linear interaction between bars and ripples is discussed in the

following section.
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Figure 3. Growth rate Im(ω) of the tree-dimensional instabilities of a granular bed submitted to

erosion by a laminar flow, as a function of the wave-vector norm k, and angle ϕ with respect to the

x direction. The blank domain corresponds to negative values of the growth rate, that is, stable

modes. As the parameters vary (here only the Froude number does), the bar instability (left)

and the ripple instability (right) alternatively dominate the system. The right-hand plot exhibits

their coexistence. In this example, the flow parameters have values S = 0.02, Bo = 1, Sh = 0.5

and Ud2
s/(UsD

2) = 0.05. The transport law parameters are set to θt = 0.091, cu/cd = 1.5 and

cg = 0.11.

allows us to propose the following definitions, which we think are consistent with the

common use in the literature:

• Ripples correspond to a growth rate maximum lying on the k axis, that is, for ϕ = 0;

• Bars correspond to any other maximum.

The formation of sand ripples has received much attention, as an ubiquitous geomor-

phological pattern, since the early works of Exner (1925), Kennedy (1963) and Reynolds

(1965). The mechanism leading to the ripple instability is now clearly established. It

is similar in laminar (see Charru & Mouilleron-Arnould 2002; Lagrée 2003) and turbu-

lent flows (see Colombini 2004; Elbelrhiti et al. 2005). Its basics can be reduced to the
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Figure 6. Comparison between the three-dimensionnal model of the present paper, and the
experimental results of Devauchelle et al. (2008). The comparison concerns the geometrical
characteristics of the rhomboid pattern: opening angle α = π/2 − ϕ (in degrees) and non-di-
mensional wave number k. The sediment transport law employed here is a generalization in
three dimensions of the model initially proposed by Charru & Hinch (2006). We used the flow
parameters measured during the experiments for the stability analysis. The parameters of the
erosion law are provided by Charru (2006). No additional free parameter was required for our
analysis. On both plots, the solid line corresponds to the one-to-one relationship.

pattern being usually fainter than it appears on figure 1). The wave number prediction is

less accurate, but gives the correct order of magnitude and tendency. Both results are far

more realistic than the ones obtained with the Saint-Venant approximation (Devauchelle

et al. 2008). The discrepancy between observed and theoretical angles at extreme values

indicates the high sensitivity of the stability analysis with respect to both the experimen-

tal parameters and the transport law parameters. When the bar maximum gets close to

another local maximum (the one corresponding to longitudinal striations at low α, the

ripples one at high α), a slight change in the parameter values can induce its absorption

into this other maximum.

5. Discussion and conclusion
The present paper propose a natural framework to model the stability of laminar films

with respect to sediment transport by bedload. It is shown that a generalization in three

dimensions of the transport law proposed by Charru & Hinch (2006) and Charru (2006)

can account for the beach rhomboid patterns initiation. It is thus fair to say that the

diamond-shaped structures commonly observed on beaches are the laminar counterparts

of alternate bars in rivers.

In return, since the rhomboid pattern is easily produced experimentally, it can be used

as a test case for sediment transport models. Their three-dimensionnal structures add

one more constraint on the bedload model (the opening angle) as compared to ripples.

Transport laws are a key issue in geomorphology, and the bed slope influence on bedload

remains a modeling challenge, especially in the transverse direction.

The sediment transport law successfully used here was derived from a grains balance

equation written for the bedload layer. This may indicates that laws for turbulent flows

similarly derived could improve our understanding of rivers bedforms generation. This is
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Figure 9. Existence diagram for the rhomboid pattern. Gray disks: experimental observation of

a rhomboid pattern. These data correspond to a single viscosity (ν ≈ 2.0 10−6 m2 s−1), so that

the F and S are the only varying parameters. The solid line represents the theoretical transition

from bars to ripples. The dashed line indicates a characteristic growth-time equal to 30 s for the

bar instability.

at low Froude numbers, but the observation time chosen during the experiment (between

30 and 60 s) kept Devauchelle et al. (2008) from recording them.

Nevertheless, rhomboidal patterns where never observed at high slope value (say above

S = 0.05), even though they should exist according to the stability analysis. Neither the

failure of the laminar assumption (which would involve a critical Reynolds number) nor

the development of Kapitza wave (the system unstable with respect to these wave in

the range of parameters where rhomboidal patterns were observed, see Yih (1963)) can

explain this observation. This point is still an open question.

In order to further test the predictions of the linear stability against experimental

data, we have determined for every experimental run, the position and amplitude of the

theoretical growth-rate maxima in the (k,φ)-plane. Figure 10 compares these results to

the geometrical characteristics of the experimental patterns.
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Alternate bars

Ripples

Rhomboid paterns  
Lingoid bars

Dunes

PATTERNS
-Saint Venant is a poor model
-need all the terms of Navier Stokes
-need a not to crude granular description
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to do

• non linear evolution of the rhomboid patterns

• full asymptotic description of the wavy bed

• other flows: sloping beach?

• applications to practical configurations

• coupling with «gerris flow solver»
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