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"Modélisation 1D des écoulements, exemples en 
biomécanique, en hydrodynamique fluviale et en 

écoulements granulaires"
Lagrée Pierre-Yves DR CNRS  (∂’Alembert  UMR 7190 CNRS-Sorbonne Université) 

Dans de nombreux cas ayant des applications évidentes (santé : écoulement du sang dans les artères, ou 
environnement : écoulements dans les fleuves, inondations, ressauts, glissements de terrains…) les phénomènes se 
produisent sur une échelle longitudinale bien plus grande que l’épaisseur caractéristique de l’écoulement. Cela permet 
de simplifier les équations, puis on les moyenne sur l’épaisseur ce qui donne les équations de type Saint-Venant. 
Nous discuterons la notion d’équations simplifiées moyennées sur l’épaisseur sur ces cas précédents et l’influence 
des fermetures. Pour rajouter de la précision, on peut envisager des méthodes multicouches que nous détaillerons, en 
rajoutant les effets non hydrostatiques on peut même revenir à Navier Stokes (à surface libre). 

Masashi Saito, Xiaofei Wang, Arthur Ghigo, Jeanne Ventre, Teresa Politi, Fanshuo Ma,…


Geoffroy Kirstetter, Olivier Delestre, Mathilde Tavares,…


Stéphane Popinet, Jose Maria Fullana, Stéphanie Lebœuf…



Many interesting problems in fluid mechanics are one dimensional 
the most simple way to deal with fluids is to do a 1D approximation 

(as in solids: beams/ rods… are very useful in engineering science)


at leat useful for engineers (CNRS-ingénierie), fast computations…

method to solve 1D problems and some comparisons to 2D 

granular avalanches flows 
hydraulic jump


small aspect ratio, use a mean velocity… many details are lost

Blood flow 

in arteries


loss of details on velocity  and shear stress

Three examples in this talk
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granular avalanches,  

mud flow (Bingham)

µ(I) rheology



ε

granular avalanches,  Saingier et al. Phys of Fluids 2016 µ(I) rheology



ε

another one ?



ε

APPLICATION OF THE SWE TO REAL FLOODING CASE 11

(a) (b)

Figure 8. A figure generated from simulation at t = 120000s showing: (A)
the inundated area in 1982 with n = 0.015 and (B) a comparison between
the inundated area in 1982 with n = 0.01 (blue) and with n = 0.015 (red)
and their intersection (green)

(a) (b)

Figure 9. A figure generated from simulation at t = 120000s showing: (A)
the inundated area in 1982 with n = 0.02 and (B) a comparison between
the inundated area in 1982 with n = 0.01 (blue) and with n = 0.02 (red)
and their intersection (green)

floods (contract with AXA)



another one ?



BETON
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concrete flow (CEMEX quai de Seine)

ε



Kim & al., Ann Biomed Eng (2009)

Heart

Systemic

loop

3D 1D 0D

Network size

Local accuracy

Blood flow - Multiscale models

blood flow in "realistic" networks
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2D : Full NS 


1D : 2 equations Shallow water, 

1D : 1 equation, lubrication, kinetic/flood  wave


        

in between : Prandtl equations are 2D 

discuss 1D approximation and "closures" 

(relations between for example the shear stress and the mean velocity)

continuous interest on that:


Christian Ruyer Quil, Jean-Paul Vila, Sergey Gavrilyuk, Gaël Richard, …

- system of equations, Weighted residual method, "regularized reduced model" . 

- equation of momentum + equation of the shear (enstrophy)

we do not use their methods

3D : Full NS 
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collapse of viscous flows  
collapse of granular flows 
collapse of Bingham flows

avalanches of viscous flows  
avalanches of granular flows 
avalanches of Bingham flows

hydraulic jump 

flows in elastic tubes 

all share common features 
Exemples of problems we are interested in:

discuss 1D approximation and "closures"
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unsteady effects/ non linearities/ pressure/ viscosity

all share common features 

⌧ = ⌧y + ⌘
@u

@y

⌧ = µ(I)p

⌧ = ⌘
@u

@y
Bingham flows

viscous flows 

granular flowsfriction at the wall

p(x, t) u(x, y, t) "

⌧x

y

Rheology

Exemples of problems we are interested in:

dominant balance:

ρ
∂u
∂t

∼ ρu
∂u
∂x

∼ −
∂p
∂x

∼
∂τ
∂y
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⌧ = ⌘eff
@u

@y

⌘eff = ⌘

⌘eff =
⌧y
@u
@y

+ ⌘

⌘eff =
µ(I)p

@u
@y

⌘eff = F (
@u

@y
)

+ regularisation: ⌘eff  ⌘max

Bingham flows

viscous flows 

granular flows

define an effective viscosity, function of shear rate 

all share common features 
Exemples of problems we are interested in:

Rheology

@u

@y
! 0, ⌘eff ! 1
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unsteady effects/ non linearities/ pressure/ viscosity

all share common features 

friction at the wall

p(x, t) u(x, y, t)

⌧x

y

Exemples of problems we are interested in:

dominant balance:

ρ
∂u
∂t

∼ ρu
∂u
∂x

∼ −
∂p
∂x

∼
∂τ
∂y

viscous Newtonien flows 

ε−1

1



rescaled system of the Navier-Stokes equations:

" =
h0

L
thin layer

starting from 2D Navier Stokes laminar 

Navier Stokes 

full 2D equations
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rescaled system of the Navier-Stokes equations:

" =
h0

L

+ boundary conditions: no slip at the bottom, no shear at the interface

Reduced Navier Stokes / Prandtl (RNSP)Reduced Navier Stokes / Prandtl equations (RNSP)
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rescaled system of the Navier-Stokes equations:

" =
h0

L

+ boundary conditions: no slip at the bottom, no shear at the interface

Reduced Navier Stokes / Prandtl (RNSP)Reduced Navier Stokes / Prandtl equations (RNSP)

2D equations
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rescaled system of the Navier-Stokes equations:

" =
h0

L

+ boundary conditions: no slip at the bottom, no shear at the interface

Reduced Navier Stokes / Prandtl (RNSP)Lubrication

1D equationsalmost
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rescaled system of the Navier-Stokes equations:

" =
h0

L

+ boundary conditions: no slip at the bottom, no shear at the interface

Reduced Navier Stokes / Prandtl (RNSP)Reduced Navier Stokes / Prandtl equations (RNSP)

2D equations
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@ũṽ

@ỹ
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@ỹ2
+ "2

@2ũ
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rescaled system of the Navier-Stokes equations:

" =
h0

L

+ boundary conditions: no slip at the bottom, no shear at the interface

Z
dỹ {

Reduced Navier Stokes / Prandtl (RNSP)Reduced Navier Stokes / Prandtl equations (RNSP)

2D equations

@ũ
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rescaled system of the Navier-Stokes equations:

" =
h0

L

+ boundary conditions: no slip at the bottom, no shear at the interface

Reduced Navier Stokes / Prandtl (RNSP)Reduced Navier Stokes / Prandtl equations (RNSP)
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x̃, y = ỹh0, t =

h0

"c0
t̃, u = c0ũ and v = "c0ṽ
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ũdz̃ = 0

@

@ t̃

Z h̃

0
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0 ũ(ỹ)dỹ
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SHALLOW WATER Saint-Venant

In practice shear at the wall is 

In practice Poiseuille  

τ = 3
μQ
h2

Γ =
1
h

∫ h
0

u2dy

( 1
h

∫ h
0

udy)
2 =

6
5

Closure: relation between  and  Γ τ

u =
3Q
2h ((

y
h

)(2 −
y
h

))y/h

0.5 1.0 1.5

0.2

0.4

0.6

0.8

1.0

τ = 3
μQ
h2

small Reynolds

Γ = 1but use
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SHALLOW WATER Saint-Venant

Numerical resolution: 

Riemann solver (see after)

Well balanced (equilibrium of the lake, see after)

In practice shear at the wall is 

In practice Boussinesq or shape coefficient is taken to 1 (Galilean invariance)

τ = ρ
cf

2 ( Q
h )

2

Γ =
1
h

∫ h
0

u2dy

( 1
h

∫ h
0

udy)
2 = 1

Closure: relation between  and  Γ τ large Reynolds
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Modeling rain-driven overland flow:   friction terms in the Saint-Venant 
Kirstetter et al. J.Hyd 2016

τ = ρ
cf

2 ( Q
h )

2

τ = 3μ ( Q
h2 )

Q /ν > Rec
Fanning/ Darcy-Weisbach/Chézy

INRAe Val de Loire

for good comparison between rain 
experiments and simulations

Γ = 1
Q /ν < Rec

hydrograph at output 



 Numerical simulations of flood waves 
APPLICATION OF THE SWE TO REAL FLOODING CASE 11

(a) (b)

Figure 8. A figure generated from simulation at t = 120000s showing: (A)
the inundated area in 1982 with n = 0.015 and (B) a comparison between
the inundated area in 1982 with n = 0.01 (blue) and with n = 0.015 (red)
and their intersection (green)

(a) (b)

Figure 9. A figure generated from simulation at t = 120000s showing: (A)
the inundated area in 1982 with n = 0.02 and (B) a comparison between
the inundated area in 1982 with n = 0.01 (blue) and with n = 0.02 (red)
and their intersection (green)

flood of the Seine 1910

flood Cannes 03/10/2015
flood of Severn and Avon

founding AXA
Tewkesbury 20/07/2007

Inondation de Cannes 

03/10/2015

Basilisk

Mannning Strickler τ = ρgn2 u2

h1/3
= ρgn2 Q |Q |

h7/3

+ test case 1 : 100 Toce river

Kirstetter et al. GMD 2021

Γ = 1
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Simulations of flood over the Roya Valley topography 


Collaboration O. Delestre Nice

and with ISTeP  (on going)



1D unsteady flow in arteries 

new subject, same equations

same problems, same methods ! 



flow in ~ straight tubes  
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1D unsteady flow in arteries 

"boundary layer"/ long wave approximation in elastic tubes 

2π∫
R

0
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same problem of closure

τ = G(Q, A)?

section averaged equations 
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2 = F(Q, A)?



flow in ~ straight tubes  

1D unsteady flow in arteries 

∂A
∂t

+
∂Q
∂x

= 0

∂Q
∂t

+ Γ
∂
∂x ( Q2

A ) = −
A
ρ

∂p
∂x

−
τ
ρ

same problem of closure as in flood

τ/ρ = 2πνR ( ∂u
∂r )

R
= 8πν

Q
A

→ 22πν
Q
A

section averaged equations 

Γ =
1
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0

u2rdr

( 1
R2 ∫ R

0
urdr)

2 =
4
3

→ 1 Poiseuille 4/3 - Flat 1 / Galilean invariance 

Poiseuille: 8 , should be Womersley… but in practice:  22 !

Litterature + (Wang et al. JB 2016) 
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Numerical resolution 

• finite differences (MacCormack)

• finite volumes 

• finite elements

• discontinuous Galerkin


results almost the same (except shocks…)

Verification and comparison of four numerical schemes

 for a 1D viscoelastic blood flow model


Wang et al. CMBBE 2015



Nonlinear hyperbolic– parabolic system, 

solved  four numerical schemes,

- MacCormack, 

- Taylor–Galerkin, 

- Finite Volumes 

- local discontinuous Galerkin.


Numerical schemes tested on a 
network with 55 arteries.

Wang et al. CMBBE 2015

Blood flow in a realistic network

1D Bypass Grafts assessment - Arthur R. Ghigo et al. 14/17

A. Wall model and geometrical and mechanical parameters of the
network

The Table 1 presents the name (ID), name, length, neutral cross-sectional area A0 and mechanical parameters
used in the network.

Table 1: Arterial network: Data adapted from [13] and [4]

l A0 � Cv

ID Name (cm) (cm2) (106Pa/cm) (104cm2/s) Rt

1 Ascending aorta 4.0 6.789 0.023 0.352 –
2 Aortic arch I 2.0 5.011 0.024 0.317 –
3 Brachiocephalic 3.4 1.535 0.049 0.363 –
4 R.subclavian I 3.4 0.919 0.069 0.393 –
5 R.carotid 17.7 0.703 0.085 0.423 –
6 R.vertebral 14.8 0.181 0.470 0.595 0.906
7 R. subclavian II 42.2 0.833 0.076 0.413 –
8 R.radius 23.5 0.423 0.192 0.372 0.82
9 R.ulnar I 6.7 0.648 0.134 0.322 –
10 R.interosseous 7.9 0.118 0.895 0.458 0.956
11 R.ulnar II 17.1 0.589 0.148 0.337 0.893
12 R.int.carotid 17.6 0.458 0.186 0.374 0.784
13 R. ext. carotid 17.7 0.458 0.173 0.349 0.79
14 Aortic arch II 3.9 4.486 0.024 0.306 –
15 L. carotid 20.8 0.536 0.111 0.484 –
16 L. int. carotid 17.6 0.350 0.243 0.428 0.784
17 L. ext. carotid 17.7 0.350 0.227 0.399 0.791
18 Thoracic aorta I 5.2 3.941 0.026 0.312 –
19 L. subclavian I 3.4 0.706 0.088 0.442 –
20 L. vertebral 14.8 0.129 0.657 0.704 0.906
21 L. subclavian II 42.2 0.650 0.097 0.467 –
22 L. radius 23.5 0.330 0.247 0.421 0.821
23 L. ulnar I 6.7 0.505 0.172 0.364 –
24 L. interosseous 7.9 0.093 1.139 0.517 0.956
25 L. ulnar II 17.1 0.461 0.189 0.381 0.893
26 intercoastals 8.0 0.316 0.147 0.491 0.627
27 Thoracic aorta II 10.4 3.604 0.026 0.296 –
28 Abdominal aorta I 5.3 2.659 0.032 0.311 –
29 Celiac I 2.0 1.086 0.056 0.346 –
30 Celiac II 1.0 0.126 0.481 1.016 –
31 Hepatic 6.6 0.659 0.070 0.340 0.925
32 Gastric 7.1 0.442 0.096 0.381 0.921
33 Splenic 6.3 0.468 0.109 0.444 0.93
34 Sup. mensenteric 5.9 0.782 0.083 0.439 0.934
35 Abdominal aorta II 1.0 2.233 0.034 0.301 –
36 L. renal 3.2 0.385 0.130 0.481 0.861
37 Abdominal aorta III 1.0 1.981 0.038 0.320 –
38 R. renal 3.2 0.385 0.130 0.481 0.861
39 Abdominal aorta IV 10.6 1.389 0.051 0.358 –
40 Inf. mesenteric 5.0 0.118 0.344 0.704 0.918
41 Abdominal aorta V 1.0 1.251 0.049 0.327 –
42 R. com. iliac 5.9 0.694 0.082 0.405 –
43 L. com. iliac 5.8 0.694 0.082 0.405 –
44 L. ext. iliac 14.4 0.730 0.137 0.349 –
45 L. int. iliac 5.0 0.285 0.531 0.422 0.925
46 L. femoral 44.3 0.409 0.231 0.440 –
47 L. deep femoral 12.6 0.398 0.223 0.419 0.885
48 L. post. tibial 32.1 0.444 0.383 0.380 0.724
49 L. ant. tibial 34.3 0.123 1.197 0.625 0.716

1D Bypass Grafts assessment - Arthur R. Ghigo et al. 15/17

Table 1: Arterial network: Data adapted from [13] and [4]

l A0 � Cv

ID Name (cm) (cm2) (106Pa/cm) (104cm2/s) Rt

50 L. ext. iliac 14.5 0.730 0.137 0.349 –
51 R. int. iliac 5.0 0.285 0.531 0.422 0.925
52 R. femoral 44.4 0.409 0.231 0.440 –
53 R. deep femoral 12.7 0.398 0.223 0.419 0.888
54 R. post. tibial 32.2 0.442 0.385 0.381 0.724
55 R. ant. tibial 34.4 0.122 1.210 0.628 0.716

Sherwin et al 2003



Kirkman R, Moore T, Adlard C. The Walking Dead. Image Comics, 2003.

"Well Balanced" numerical resolution 

by analogy with the ”lake at rest”

(hydrostatic equilibrium for the shallow water), 

we introduced "man at eternal rest”


problem when tubes are not straight… spurious flow
Delestre & Lagrée IJNMF 2012
Ghigo et al.  JCP 2016 



Simple artery model!Custom made 70kPa"
(Ultrasonic diagnostic system)

Doppler system

Measurement system used

Measurement point

Fig. 22: Measurement system used.

3

2

A
m
p
l
i
t
u
d
e
 
[
a
.
u
.
]

 Inner pressure

 Flow velocity

1

0

A
m
p
l
i
t
u
d
e
 
[
a
.
u
.
]

-1

1.41.21.00.80.60.40.20.0

Time [s]

Fig. 23: Observed inner pressure wave and flow velocity.

33

6 Conclusion and Perspectives

A 1D model to simulate pressure perturbations in flexible tubes
was described, and its applicability was validated by comparison
with the experimental results. Pressure waves propagating in dif-
ferent viscoelastic tubes were experimentally measured. Under
the same experimental conditions, the pressure waves were then
calculated by the numerical model. Consequently, the following
facts were clarified from the comparisons of experimental and the-
oretical results:

(1) The theoretical results fit well with the experimental results,
and tube elasticity estimates obtained from the minimum
cost function were similar to the values obtained from tensile
tests.

(2) The effects of attenuation and nonlinearity of the tube wall
were greater than those of fluid viscosity and convection.

(3) There is a possibility that the proposed 1D model includes
a small error for viscosity, which was derived from the
Hagen-Poiseuille profile, so other models should be tested.

Measured and simulated pressure waves and flow velocities in
the human artery model were compared. Even though the propa-
gation pattern was quite complicated, the results fit well with the
experimental results. This indicates that the experimental and nu-
merical models are suitable for human applications. Thus, we can

conclude that our model is acceptable and will be useful in gain-
ing an understanding of the flow dynamics in flexible tubes and in
human arteries.

We have recently started a further investigation into models with
more bifurcations and the effects of other approximation terms for
viscosity. In addition, tapered tubes and tubes with dilatations or
constrictions should be explored. Moreover, terminal reflection
such as in the Windkessel model should be introduced into experi-
mental set-ups. After these investigations, the reliable 1D model is
strongly expected to simulate flow dynamics in systemic arterial
tree of healthy subjects. Furthermore, if we add some locally more
refined models, we could be able to observe the influence of steno-
sis [26] or aneurysms. Such models of the arterial tree are necessary
to set good boundary conditions for a full Navier-Stokes solution
for elastic walls in a multiscale approach [27,28].

Nomenclature
u ¼ longitudinal wave velocity
h ¼ thickness of the viscoelastic tube
h0 ¼ unperturbed thickness of the viscoelastic tube
P ¼ pressure
P0 ¼ initial pressure
x ¼ longitudinal variable

Fig. 12 Structure of the simple arterial network and part details. Silicone tubes
were connected to the flexible tubes to model reflection points. The measurement
position was at the left carotid artery.

Fig. 13 Time series of measured and simulated pressure
waves in the simple human artery model. The optimum parame-
ters used were estimated as E0/(12r2)5 170kPa, !ey 5 0.036,
and !ep 5 0.010.

Fig. 14 Time series of measured and simulated flow velocity
waves in the simple human artery model. The optimum parame-
ters used were estimated as E0/(12r2)5 170kPa, !ey 5 0.036,
and !ep 5 0.010.
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Sane Stenosis of Iliac artery Axillo-Femoral bypass graft

1D Model: Global Analysis — Stenosis of the iliac artery

Treatment: Extracorporeal bypass graft (Axillo-Femoral AxFBG)

Ghigo, et al. CMBBE 2015

55 arteries network
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1D Model: Global Analysis — Stenosis of the iliac artery
1D Bypass Grafts assessment - Arthur R. Ghigo et al. 8/17

3.3. Bypasses

3.3.1. Methods

A bypass graft consists basically of an elastic tube connecting two arteries, called donor and receptor. The
donor artery is often a healthy artery and the choice of the receptor depends on the obstructed site. The two
connection points are called the proximal anastomosis, where one extremity of the bypass graft is attached to
the donor artery, and the distal anastomosis, where the other extremity of the bypass graft is attached to the
receptor artery. In our numerical model, we include the bypass graft by connecting an elastic tube between
the donor and receptor arteries in the pathological network presented above. We compare blood flow rates and
pressures over all the “repaired” network against the target data (the “healthy” network).

We study three different bypass grafts, named with respect to their donor and receptor sites, the receptor
being in all cases the distal part of the Right Iliac artery (artery 51) just after the occlusion site. In Figure 3 we
have sketched the topology of the three different bypass grafts: Axilo-Femoral (AxF) where the donor artery is
the Axillary artery (artery 7), cross-over Femoral (FF) where the donor artery is the opposite Common Femoral
artery (artery 44) and last Aorto-Femoral (ArF) where the donor artery is the Abdominal Aorta (artery 39).

Figure 3: Sketch of three bypasses with the donor artery : (left) Axillo-Femoral (AxF) and donor artery, Right

Axillary artery (number 7), (center) cross-over-Femoral (FF) and donor artery, Left Femoral artery

(number 44) and (right) Aorto-Femoral (ArF) and donor artery, Abdominal Aorta (numer 39).

The mechanical and geometrical characteristics of each bypass graft, such as the compliance, length and
diameter, are taken from the literature [12]. Each bypass graft we study is made of the same composite
material which is constituted principally of polyethylene terephthalate (Dacron), with a Young’s modulus equal
to 9 106Pa, an internal diameter of 0.8cm and a thickness of 0.05 cm. The bypass grafts lengths L follow the
geometric distances between the donor and receptor sites: Axillo-femoral, 40 cm, cross-over-femoral, 20 cm and
Aorto-femoral, 20 cm.

It is important to notice that the numerical simulations give access to all dynamic variables (pressure, cross-
sectional area, flow rate) simultaneously over the entire network, and that these specific data are impossible
to obtain in clinical routines. We recall the main objective of this numerical study, (i) to assess the new
hemodynamic conditions for each bypass graft to understand the modified flow hemodynamics and then (ii) to
help medical staff decide which bypass graft is better.

To assess the performances of each bypass graft, we define three control sites in which we will compare the
numerical data of the “healthy”, pathological and “repaired” cases. The first one is the Right Femoral artery,
downstream of the obliteration and the distal anastomosis, and is identical to the control site used to analyze
the pathological network. The second and third control sites are respectively the upstream and downstream
segments of the proximal anastomosis, that is the point where the bypass graft is connected to the donor artery.

3.3.2. Results

We first study for the three bypass grafts the predicted perfusion hemodynamics in the first control site
located after the stenosis, in the Right Femoral artery (number 52). The Figure 4 (a) presents the numerical
results for the time-averaged blood flow rate for the pathological state (same as Figure 2 (a) for the artery 52)
and for the repaired states using the three different bypass grafts. Figure 4 (b) shows the temporal evolution

Ghigo, et al. CMBBE 2015

Sane

Treatment: Extracorporeal bypass graft (Axillo-Femoral AxFBG)

55 arteries network

52



Mesure du 
signal de 
pression

Zone à 
opérer 

before during

Collaboration : Faculté de Médecine de Buenos Aires, Argentine

Mesure du 
signal de 
pression

Plus de circulation 
sanguine dans la 

zone à opérer


Clamp 

Q

p

Point de mesure

Resistance terminale

Bifurcation

Windkessel element 

Reflection totale

Q

p

0.0 0.2 0.4 0.6 0.8 1.0
Time (s)

50

60

70

80

90

100

110

P
re

ss
u
re

(m
m

H
g)

Post clamp pressure wave comparison for patient 3

Experiment

Simulation

0.0 0.2 0.4 0.6 0.8 1.0
Time (s)

50

60

70

80

90

100

110

P
re

ss
u
re

(m
m

H
g)

Pre clamp pressure wave comparison for patient 3

Experiment

Simulation

Application: clamping (clampage): change of blood network during an operation 

✓ Validation of model on cohort study of 5 "in vivo" patients

Ventre et al. IJNMB 2020

Politi et al JSR 2019 

53



1D models works well for engineering applications (flood and blood)

So far, so good
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1D models works well for engineering applications (flood and blood)
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2.3 Shallow Water or Saint Venant equations

This set of equations can now be integrated over the depth using Leibniz
rule (to compute derivative of integral whose limits are function of time
or space) and boundary conditions to obtain the system linking the two
variables (Q̃, h̃):
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ũ
2
dz̃ = �h̃

@h̃

@x̃
� h̃

@z̃b

@x̃
� 1

Re

✓
@ũ
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where we remind that h̃ = ⌘̃ � z̃b. the mass flow rate is

Q̃ =

Z
⌘̃

z̃b

ũ dz̃. (8)

Thus, a closed 2D problem has been transformed in a 1-D problem which
nevertheless is not closed. Therefore, a hypothesis on the shape of the
profile is required to obtain a relation between the unknowns (

R
⌘̃

z̃b
ũ
2
dz̃,

@ũ

@y
|b) and the variables (Q̃, h̃). That permits a closure of the problem.

Let define ⌧̃b the bottom stress, and � the shape factor coefficient as:
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In general, these quantities are functions of x The main hypothesis for
Saint Venant models is here to suppose that the velocity profile has always
the same "shape" in the transverse direction ỹ, so that � is supposed to
be constant. Previous equations read then
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in which ⌧̃b has still to be written as a function of (Q̃, h̃) and � is constant.
If one considers a steady viscous homogenous flow in x̃ with a constant
pressure gradient, the solution of (5a)-(5c) is a half Poiseuille (Nusselt
film solution): the shape is ũp = 3

2 z̃(2� z̃). This profile has the following
characteristics :

R 1

0
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ũ
2
pdz̃ = 6

5 , and the slope at the wall
is @ũp/@z̃|0 = 3. This gives the final closure for laminar flows:

� =
6
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and ⌧̃b =
3
Re

Q̃

h̃2
.

For turbulent flows, a heuristic approach is necessary. Since the higher
the Re number the flatter is the velocity profile, it is usually supposed a
plug-flow and � = 1. Furthermore, following Prandtl analysis the friction
is taken to be proportional to the square of the mean velocity (Q̃/h̃) with
a coefficient cf/2 proportional Re

�1/4 (and maybe function of the bottom
rugosity, see Schlichting’s book [38]). This gives the following closure for
turbulent flows:
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plug-flow and � = 1. Furthermore, following Prandtl analysis the friction
is taken to be proportional to the square of the mean velocity (Q̃/h̃) with
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(see [27] for an example with a transition from one to the other model in
the Shallow Water approximation).

This kind of closures deserves a critical assessment. In particular,
the hypothesis underlying these closures cannot be general. For instance,
Watson [43] found a laminar self similar solution of (5a,5b,5c) with no
pressure gradient (steady flow, large velocity). This solution comes from
a balance between inertia and viscosity only, it gives a linear profile in x

for h and a velocity profile. The closure associated is:

� = 1.25697 and ⌧̃b =
2.2799
Re

Q̃

h̃2
.

That shows clearly that in general it is necessary to solve the eqs. (5a)-(5c)
to compute directly the correct coefficients � and ⌧̃b.

3 Multilayer Strategy
3.1 Motivation

The proposed system (5a,5b,5c) with its boundary and initial conditions
can be written back with dimensions:
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Note that viscosity ⌫ is in fact not necessary a constant ⌫0 (which is the
case for Newtonian flows) but may be a function of the fields for non
Newtonian flows. For example for Bingham flows with a yield stress ⌧0,
the equivalent viscosity is variable and is such that:

⌫ = (
(⌧0/⇢)

@u

@z

+ ⌫0).

For a turbulent flow a turbulent viscosity may be used [33], for example
a Prandtl mixing length model [38] :

⌫ = ⌫0 + z
2

✓
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◆
,

where  = 0.41 the Von Kármán constant. It is straightforward to gen-
eralise to any other viscous non Newtonian law, for example Hershel-
Bulkley or power laws [6, 31].

3.2 Interpretation as a superposition of layers

System (11a)-(11c) with the boundary conditions (3) is then discretized
using the ideas of Audusse et al. [3, 4]. The total fluid depth is divided in
N superposed layers each with its own height h↵ and verticaly averaged
horizontal velocity u↵. Each layer is advected by the flow with mass
exchange across the layers as shown in figure 1. The height h↵ is a fraction
of the total height h:

l↵h = h↵ with
NX

↵=1

l↵ = 1, so that h =
NX

↵=1

h↵.

6

Closure relations

SHALLOW WATER Saint Venant

suppose Poiseuille profile 

suppose "turbulent flat"  profile 

suppose Watson profile 

how the shape factor (Boussinesq coeff.) 𝚪 and the wall shear 
stress 𝜏  are related to the flow rate and the depth? 

problem of choice? Which one is the best? 

same question for Bingham flows, artery flows…

for granular: Bagnold profile…

for Bingham: Plug + half Poiseuille

for arteries Womersley profiles…

SHALLOW WATER Saint Venant
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2.3 Shallow Water or Saint Venant equations

This set of equations can now be integrated over the depth using Leibniz
rule (to compute derivative of integral whose limits are function of time
or space) and boundary conditions to obtain the system linking the two
variables (Q̃, h̃):
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where we remind that h̃ = ⌘̃ � z̃b. the mass flow rate is

Q̃ =

Z
⌘̃

z̃b

ũ dz̃. (8)

Thus, a closed 2D problem has been transformed in a 1-D problem which
nevertheless is not closed. Therefore, a hypothesis on the shape of the
profile is required to obtain a relation between the unknowns (

R
⌘̃

z̃b
ũ
2
dz̃,

@ũ

@y
|b) and the variables (Q̃, h̃). That permits a closure of the problem.

Let define ⌧̃b the bottom stress, and � the shape factor coefficient as:
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, � =
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. (9)

In general, these quantities are functions of x The main hypothesis for
Saint Venant models is here to suppose that the velocity profile has always
the same "shape" in the transverse direction ỹ, so that � is supposed to
be constant. Previous equations read then
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in which ⌧̃b has still to be written as a function of (Q̃, h̃) and � is constant.
If one considers a steady viscous homogenous flow in x̃ with a constant
pressure gradient, the solution of (5a)-(5c) is a half Poiseuille (Nusselt
film solution): the shape is ũp = 3

2 z̃(2� z̃). This profile has the following
characteristics :

R 1

0
ũpdz̃ = 1 and

R 1

0
ũ
2
pdz̃ = 6

5 , and the slope at the wall
is @ũp/@z̃|0 = 3. This gives the final closure for laminar flows:

� =
6
5

and ⌧̃b =
3
Re

Q̃

h̃2
.

For turbulent flows, a heuristic approach is necessary. Since the higher
the Re number the flatter is the velocity profile, it is usually supposed a
plug-flow and � = 1. Furthermore, following Prandtl analysis the friction
is taken to be proportional to the square of the mean velocity (Q̃/h̃) with
a coefficient cf/2 proportional Re

�1/4 (and maybe function of the bottom
rugosity, see Schlichting’s book [38]). This gives the following closure for
turbulent flows:

� = 1 and ⌧̃b =
cf
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be constant. Previous equations read then

@h̃

@ t̃
+

@Q̃

@x̃
= 0, (10a)

@Q̃

@ t̃
+

@

@x̃

✓
�
Q̃

2

h̃
+

h̃
2

2

◆
= �h̃

@z̃b

@x̃
� ⌧̃b (10b)

in which ⌧̃b has still to be written as a function of (Q̃, h̃) and � is constant.
If one considers a steady viscous homogenous flow in x̃ with a constant
pressure gradient, the solution of (5a)-(5c) is a half Poiseuille (Nusselt
film solution): the shape is ũp = 3
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plug-flow and � = 1. Furthermore, following Prandtl analysis the friction
is taken to be proportional to the square of the mean velocity (Q̃/h̃) with
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(see [27] for an example with a transition from one to the other model in
the Shallow Water approximation).

This kind of closures deserves a critical assessment. In particular,
the hypothesis underlying these closures cannot be general. For instance,
Watson [43] found a laminar self similar solution of (5a,5b,5c) with no
pressure gradient (steady flow, large velocity). This solution comes from
a balance between inertia and viscosity only, it gives a linear profile in x

for h and a velocity profile. The closure associated is:

� = 1.25697 and ⌧̃b =
2.2799
Re

Q̃

h̃2
.

That shows clearly that in general it is necessary to solve the eqs. (5a)-(5c)
to compute directly the correct coefficients � and ⌧̃b.

3 Multilayer Strategy
3.1 Motivation

The proposed system (5a,5b,5c) with its boundary and initial conditions
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Note that viscosity ⌫ is in fact not necessary a constant ⌫0 (which is the
case for Newtonian flows) but may be a function of the fields for non
Newtonian flows. For example for Bingham flows with a yield stress ⌧0,
the equivalent viscosity is variable and is such that:

⌫ = (
(⌧0/⇢)
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For a turbulent flow a turbulent viscosity may be used [33], for example
a Prandtl mixing length model [38] :
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where  = 0.41 the Von Kármán constant. It is straightforward to gen-
eralise to any other viscous non Newtonian law, for example Hershel-
Bulkley or power laws [6, 31].

3.2 Interpretation as a superposition of layers

System (11a)-(11c) with the boundary conditions (3) is then discretized
using the ideas of Audusse et al. [3, 4]. The total fluid depth is divided in
N superposed layers each with its own height h↵ and verticaly averaged
horizontal velocity u↵. Each layer is advected by the flow with mass
exchange across the layers as shown in figure 1. The height h↵ is a fraction
of the total height h:

l↵h = h↵ with
NX

↵=1

l↵ = 1, so that h =
NX

↵=1

h↵.

6

Closure relations

SHALLOW WATER Saint Venant

suppose Poiseuille profile 

suppose "turbulent flat"  profile 

suppose Watson profile 

how the shape factor (Boussinesq coeff.) 𝚪 and the wall shear 
stress 𝜏  are related to the flow rate and the depth? 

problem of choice? Which one is the best? 

same question for Bingham flows, artery flows…

SHALLOW WATER Saint Venant

-> compute  𝚪 and t  𝜏  from numerical resolution of full Prandtl system 

for granular: Bagnold profile…

for Bingham: Plug + half Poiseuille

for arteries Womersley profiles…
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CHAPITRE 2. LES MODÈLES ET RÉSOLUTIONS MATHÉMATIQUES 10

2.4 Les équations de RNSP : Hypothèse de couche mince

Une première simplification permettant de résoudre ces équations est de considérer l’hypothèse de couche
mince. L’épaisseur de l’écoulement h est petite devant la largeur L de l’écoulement. On peut introduire un
nombre sans dimension tel que : ‘ = h

L
<< 1. Ainsi, les équations (2.1) à (2.3) s’écrivent :

ˆu

ˆx
+ ˆv

ˆy
= 0 (2.8)

fl
1ˆu

ˆt
+ ˆu2

ˆx
+ ˆuv

ˆy

2
= ≠ ˆp

ˆx
+ ˆ·xy

ˆy
+ flg sin ◊ (2.9)

0 = ≠flg cos ◊ ≠ ˆp

ˆy
(2.10)

Ces équations sont aussi appelé RNSP, pour "Reduced Navier Stokes Prandtl". Ce sont en fait des équations
de couche limite. Il est préférable de travailler en problème adimensionné. Un développement de l’adimen-
sionnalisation est présenté en annexe.

Les équations sont adimensionnées en utilisant les nombres sans dimension suivants :

[x, y, h, t, ·xy] =
Ë
x0x̄, h0ȳ, h0h̄,

x0t̄

U
, flgh0 cos ◊·̄xy

È

ˆū

ˆx̄
+ ˆv̄

ˆȳ
= 0 (2.11)

(ˆū

ˆ t̄
+ ˆū2

ˆx̄
+ ˆūv̄

ˆȳ
) = ≠ ˆp̄

ˆx̄
+ ˆ·̄x̄ȳ

ˆȳ
(2.12)

0 = ≠1 ≠ ˆp̄

ˆȳ
. (2.13)

Nous proposerons par la suite la résolution numérique de ce système.

2.5 Écoulement à inertie très faible, modèle 1D

Nous pouvons encore simplifier le système précédent en négligeant l’inertie, car la vitesse est de plus en
plus faible.

0 = ≠ ˆp

ˆx
+ ˆ·xy

ˆy
+ flg sin ◊ (2.14)

0 = ≠ˆp

ˆy
≠ flg cos ◊ (2.15)

D’après l’équation (2.15), l’expression de la pression est déduite. La pression est hydrostatique :

p = flg cos ◊h(x) (2.16)

et il ne reste que
ˆ·xy

ˆy
= flg cos ◊

ˆh(x)
ˆx

≠ flg sin ◊ (2.17)

on constate que le second membre est uniquement fonction de x, et si on pose

≠ˆP

ˆx
= ≠flg cos ◊

ˆh(x)
ˆx

+ flg sin ◊,

alors on résout uniquement en intégrant · par rapport à y.

10

Prandtl system is not so simple to solve:

- singularity at separation

- finite time singularity

- spurious instabilities

- coupling 

…

Numerical strategy: "Multilayer" resolution of Prandtl
solve the last full system of equations (just before averaging)

decompose the equations in several artificial interacting 
Saint-Venant layers 

coupling of several "shallow water systems" with interaction

(Audusse Bristeau Perthame Sainte-Marie 2011)
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ˆ t̄
+ ˆū2
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+ ˆūv̄

ˆȳ
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coupling of several "shallow water systems" with interaction

(Audusse Bristeau Perthame Sainte-Marie 2011)
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Figure 2. Notations for the multilayer approach.

We depart from the free surface hydrostatic Euler system

∂u

∂x
+

∂w

∂z
= 0, (2.1)

∂u

∂t
+

∂u2

∂x
+

∂uw

∂z
+

∂p

∂x
= 0, (2.2)

∂p

∂z
= −g, (2.3)

for
t > t0, x ∈ R, zb(x) ≤ z ≤ η(x, t),

where η(x, t) represents the free surface elevation, u = (u, w)T the velocity. The water height is H = η− zb, see
Figure 2.

We add the two classical kinematic boundary conditions. At the free surface, we prescribe

∂η

∂t
+ us

∂η

∂x
− ws = 0, (2.4)

where the subscript s denotes the value of the considered quantity at the free surface. At the bottom, the
impermeability condition gives

ub
∂zb

∂x
− wb = 0, (2.5)

where the subscript b denotes the value of the considered quantity at the bottom.
We consider that the flow domain is divided in the vertical direction into N layers of thickness hα with N +1

interfaces zα+1/2(x, t), α = 0, . . . , N (see Fig. 2) so that

H =
N∑

α=1

hα, (2.6)

and

zα+ 1
2
(x, t) = zb(x) +

α∑

j=1

hj(x, t). (2.7)
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We consider the average velocities uα, α = 1, . . . , N defined by

uα(x, t) =
1
hα

∫ zα+1/2

zα−1/2

u(x, z, t)dz, (2.8)

we also denote
〈
u2
〉

α
(x, t) =

1
hα

∫ zα+1/2

zα−1/2

u2(x, z, t)dz, (2.9)

and
uα+1/2 = u(x, zα+1/2, t), (2.10)

the value of the velocity at the interface zα+1/2.

Proposition 2.1. With these notations, an integration of (2.1)–(2.3) over the layers [zα−1/2, zα+1/2],
α = 1, . . . , N leads to the following system of balance laws

∂hα

∂t
+

∂hαuα

∂x
= Gα+1/2 − Gα−1/2, (2.11)

∂hαuα

∂t
+

∂

∂x

(
hα

〈
u2
〉

α

)
+ ghα

∂H

∂x
= −ghα

∂zb

∂x
+ uα+1/2Gα+1/2 − uα−1/2Gα−1/2. (2.12)

The expression of the exchange terms Gα+1/2 is given in the following.

Proof. The proof relies on simple calculus based on the Leibniz rule. Using the incompressibility condition (2.1)
integrated over the interval [zα−1/2, zα+1/2], we deduce the mass equation (2.11) where we exhibit the kinematic
of the interface on the right hand side

Gα+1/2 =
∂zα+1/2

∂t
+ uα+1/2

∂zα+1/2

∂x
− w(x, zα+1/2, t), α = 0, . . . , N. (2.13)

The relation (2.13) gives the mass flux leaving/entering the layer α through the interface zα+1/2.
Then we consider the velocity equation (2.2). We first observe that from the hydrostatic assumption (2.3)

one can compute the pressure as a function of the water height :

p(x, z, t) = g(η(x, t) − z).

Now we integrate equation (2.2) over the interval [zα−1/2, zα+1/2] and we obtain the relation

∂hαuα

∂t
+

∂

∂x
(hα

〈
u2
〉

α
) + ghα

∂η

∂x
= uα+1/2Gα+1/2 − uα−1/2Gα−1/2, (2.14)

and with the definition of H , this is equivalent to (2.12). Then the kinematic boundary conditions (2.4) and
(2.5) can be written

G1/2 = 0, GN+1/2 = 0. (2.15)

These equations just express that there is no loss/supply of mass through the bottom and the free surface.
Notice also that one can compute Gα+1/2, just adding up the equations (2.11) for j ≤ α and using the first

equality of (2.15)

Gα+1/2 =
∂

∂t

α∑

j=1

hj +
∂

∂x

α∑

j=1

hjuj, α = 1, . . . , N. (2.16)
!

"Multilayer" resolution:

integrate on fraction of height
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longitudinal discretisation: 
Rieman solver

{ {
"a shallow water layer" "mass/ mom. coupling the layers"

+
2⌫↵

l↵+1 + l↵

u↵+1 � u↵

h
� 2⌫↵�1

l↵ + l↵�1

u↵ � u↵�1

h{
dicretisation of  viscous term

Numerical strategy: "Multilayer" resolution of Prandtl
solve the last full system of equations (just before averaging)
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• newtonian: lubrication case (Huppert 82,82) 


• newtonian: hydraulic jump (Higuera 94)


• non newtonian: Bingham Collapse (Balmforth…)


• newtonian: Arteries


• non newtonian: granular µ(I) avalanches

Testing the Multilayer Resolution of Prandtl
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Figure 2: Collapse of a viscous flow on a flat surface. Left: at t̃ = 100, 200, 300...1500 plot of h̃(x̃, t̃) for Saint-Venant (solid

purple line) and multilayer resolution (green x). The initial height is h̃(x̃, 0) = 1 for �1 < x̃ < 1, and surface
R 1
0 h(x̃, 0)dx̃ = 2.

Right: plot for t̃ > 500 of t̃1/5h̃(x̃, t̃) as function of ⌘ = x̃/t̃1/5 with Saint-Venant (purple solid square) and multilayer resolution
(green solid circle), and analytical (solid black line), which is here numerically (0.9(1.28338� ⌘2))1/3.

This equation has a self-similar solution t̃
�1/3H(x̃/t̃1/3) which turns out to be:

H(⌘) =
p
(⌘)/k.

so that for a given initial mass A0 =
R
x̃1

0 h(x̃, 0)dx̃, the flow spreads up to x̃f = ( 9A
2
0kt̃

4 )1/3 and

h̃ = t̃
�1/3

q
(x̃)t̃�1/3)/k =

r
x̃

kt̃
.

Huppert’s resolution to find the solution is based on a characteristic method of the equation. It is not based
on this self-similar analysis. See on figure 3 the numerical resolution and some profiles at di↵erent times.
Again, numerical resolution of (11b-11c), after a short transient phase, gives the half-Poiseuille Nusselt110

profile. The self-similar resolution is obtained (figure 3) for large times for Saint-Venant (eq.(10a-10b)) and
multilayer resolution of RNSP (eq. (11b-11c)). The profiles are plotted in self-similar variables showing the
collapse of all the rescaled heights on the master curve H(⌘) with the self-similar variable ⌘.

Note that a small time step �t (small CFL condition) is needed in the Saint-Venant approximation, in
order to prevent an artificial numerical slip of the bump. Moreover, with the Saint-Venant model, a spurious
small numerical overshoot appears at the shock, which is also present in the multilayer solution, when N is
small.

4.2. Hydraulic jumps on flat surfaces

The two previous examples were relevant for the viscous and the topography terms. In this section,
we show the application of the proposed model to the study of a standing jump. This is a particularly120

interesting case where all the terms, inertia, viscosity, pressure gradient and topography are important
(dominant balance).

4.2.1. Hydraulic jump on a horizontal surface

First the application of the proposed multilayer model is used to study a standing jump problem pre-
viously analysed [27]. The flow is sketched in figure 4. A vertical 2D jet, not described in the thin layer
approximation, with flow rate Q0, impacts at the center of a plate of length 2L (only one half is presented).
At the beginning of the plate, the flow is very fast and supercritical. Then, due to the fact that the flat
plate is of finite extent, and due to viscous e↵ects, a deceleration is produced downstream. Hence, a jump
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Figure 3: Collapse of a viscous flow along a slope. Left: at t̃ = 100, 200, 300...1500 plot of h̃(x̃, t̃) for Saint-Venant (purple solid

line) and multilayer resolution (empty green square). The initial height is h̃(x̃, 0) = 1 for 0 < x̃ < 1, and surface
R 1
0 h̃(x̃, 0)dx̃ = 1.

Right: plot for t̃ > 500 of t̃1/3h̃(x̃, t̃) as function of x̃/t̃1/3 with Saint-Venant (empty purple circle), multilayer resolution (empty
green square), and analytical square root self-similar solution. Here ↵ = 1/2, so that x̃f = (32/3/2)t̃1/3, with (32/3/2) ' 1.04.

g

Figure 4: Sketch of the flow, the free surface is in blue, longitudinal velocity profiles in red. The fluid is falling on the left
(represented by the long vertical arrow) and turns to be parallel to the plate. A thin supercritical layer grows gently. At the
end of the plate, fluids falls down. A jump of height of free surface appears, the flow slows down across this abrupt variation.

connects a region of fast flow (supercritical) to another of slower velocity (subcritical). This decrease is due
to viscosity so that for this configuration Re = 1 which gives L = h0(c0h0)/⌫0. This problem has been
described, for a plane surface using the steady RNSP model [27], and in the axi-symmetric case [28]. But a
di↵erent scaling is used in the equations. Instead of scaling velocity with c0, Higuera uses Q0/h0 were Q0 is
the flow rate. The steady equations obtained in [27] are therefore
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with this choice the Froude number is S�1/2. With our previous choice, those equations are:
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It is straightforward to see that the relation between S and Q̃ is:

S
�1/2 = Q̃

5/2
.

For steady flow Q̃ is indeed constant, then the value of Q̃5/2 is a global Froude number.
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4.2.1 Hydraulic jump on a horizontal surface

First the application of the proposed multilayer model is used to study a
standing jump problem previously analised [23]. The flow is sketched in
figure 4. A vertical 2D jet, not described in the thin layer approximation,
with flow rate Q0, impacts at the center of a plate of length 2L (only
one half is presented). At the beginning of the plate, the flow is very
fast and supercritical. Then, due to the fact that the flat plate is of finite
extent, and due to viscous effects, a deceleration is produced down stream.
Hence, a jump connects a region of fast flow (supercritical) to another of
slower velocity (subcritical). This decrease is due to viscosity so that for
this configuration Re = 1 which gives L = h0(c0h0)/⌫0. This problem
has been described, for a plane surface using the steady RNSP model[23],
and in the axi-symmetrical case [24]. But a different scaling is used in the
equations. Instead of scaling velocity with c0, he uses Q0/h0 were Q0 is
the flow rate. The steady equations obtained in [23] are therefore
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with this choice the Froude number is S
�1/2. With our previous choice,

those equations are:
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It is straightforward to see that relation between S and Q̃ is:

S
�1/2 = Q̃

5/2
.

For steady flow Q̃ is indeed constant, then the value of Q̃
5/2 is a global

Froude number.
For small S, or large Q̃, the pressure gradient is negligible, from eq.

(26) one obtains the Watson self-similar solution (steady flow, balance be-
tween inertia and viscosity) uw = 1

x
f(⌘) with ⌘ = y/x. The profile solves

f
00 = �f

2 with f(0) = 0, f 0(Hw) = 0 for a unit flow rate
R

Hw

0
f(⌘)d⌘ = 1.

After resolution, one finds: Hw = 1.8138, f(Hw) = 0.8964 and f
0(0) =

0.693. So that h̃(x̃) = 1.8138x̃. The already mentioned shape factor is

� = Hw

R
Hw

0 f(⌘)2d⌘

(
R
Hw

0 f(⌘)d⌘)2
= 1.25697, the shear is ⌧b = f

0(0)H2
w = 2.2799.

Another simplification of eq. (26) may be obtained for large S, or
small Q̃, the pressure gradient is no more negligible, but inertia is now
negligible, one obtains the Poiseuille solution (balance between pressure
gradient and viscosity).
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so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:

h̃(x̃) = (12Q̃)1/4(1� x̃)1/4,

the shape factor is � = 6
5 and shear is ⌧̃b = 3.

The system of equations is solved using Q̃ (or S) as a parameter. A first
flat profile is imposed at the input at x̃ > 0 on a small given height (say
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@ū

@x̄
+

@w̄

@z̄
= 0, ū
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h̃
), Q̃ = � h̃

3

3
@h̃

@x̃

so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:

h̃(x̃) = (12Q̃)1/4(1� x̃)1/4,

the shape factor is � = 6
5 and shear is ⌧̃b = 3.

The system of equations is solved using Q̃ (or S) as a parameter. A first
flat profile is imposed at the input at x̃ > 0 on a small given height (say

14

4.2.1 Hydraulic jump on a horizontal surface

First the application of the proposed multilayer model is used to study a
standing jump problem previously analised [23]. The flow is sketched in
figure 4. A vertical 2D jet, not described in the thin layer approximation,
with flow rate Q0, impacts at the center of a plate of length 2L (only
one half is presented). At the beginning of the plate, the flow is very
fast and supercritical. Then, due to the fact that the flat plate is of finite
extent, and due to viscous effects, a deceleration is produced down stream.
Hence, a jump connects a region of fast flow (supercritical) to another of
slower velocity (subcritical). This decrease is due to viscosity so that for
this configuration Re = 1 which gives L = h0(c0h0)/⌫0. This problem
has been described, for a plane surface using the steady RNSP model[23],
and in the axi-symmetrical case [24]. But a different scaling is used in the
equations. Instead of scaling velocity with c0, he uses Q0/h0 were Q0 is
the flow rate. The steady equations obtained in [23] are therefore

@ū
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Example of resolution

4.2.1 Hydraulic jump on a horizontal surface

First the application of the proposed multilayer model is used to study a
standing jump problem previously analised [23]. The flow is sketched in
figure 4. A vertical 2D jet, not described in the thin layer approximation,
with flow rate Q0, impacts at the center of a plate of length 2L (only
one half is presented). At the beginning of the plate, the flow is very
fast and supercritical. Then, due to the fact that the flat plate is of finite
extent, and due to viscous effects, a deceleration is produced down stream.
Hence, a jump connects a region of fast flow (supercritical) to another of
slower velocity (subcritical). This decrease is due to viscosity so that for
this configuration Re = 1 which gives L = h0(c0h0)/⌫0. This problem
has been described, for a plane surface using the steady RNSP model[23],
and in the axi-symmetrical case [24]. But a different scaling is used in the
equations. Instead of scaling velocity with c0, he uses Q0/h0 were Q0 is
the flow rate. The steady equations obtained in [23] are therefore
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with this choice the Froude number is S
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those equations are:
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It is straightforward to see that relation between S and Q̃ is:

S
�1/2 = Q̃

5/2
.

For steady flow Q̃ is indeed constant, then the value of Q̃
5/2 is a global

Froude number.
For small S, or large Q̃, the pressure gradient is negligible, from eq.

(26) one obtains the Watson self-similar solution (steady flow, balance be-
tween inertia and viscosity) uw = 1

x
f(⌘) with ⌘ = y/x. The profile solves
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2 with f(0) = 0, f 0(Hw) = 0 for a unit flow rate
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After resolution, one finds: Hw = 1.8138, f(Hw) = 0.8964 and f
0(0) =

0.693. So that h̃(x̃) = 1.8138x̃. The already mentioned shape factor is
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w = 2.2799.

Another simplification of eq. (26) may be obtained for large S, or
small Q̃, the pressure gradient is no more negligible, but inertia is now
negligible, one obtains the Poiseuille solution (balance between pressure
gradient and viscosity).
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so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:

h̃(x̃) = (12Q̃)1/4(1� x̃)1/4,

the shape factor is � = 6
5 and shear is ⌧̃b = 3.

The system of equations is solved using Q̃ (or S) as a parameter. A first
flat profile is imposed at the input at x̃ > 0 on a small given height (say
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Another simplification of eq. (26) may be obtained for large S, or
small Q̃, the pressure gradient is no more negligible, but inertia is now
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so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:
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4.2.1 Hydraulic jump on a horizontal surface

First the application of the proposed multilayer model is used to study a
standing jump problem previously analised [23]. The flow is sketched in
figure 4. A vertical 2D jet, not described in the thin layer approximation,
with flow rate Q0, impacts at the center of a plate of length 2L (only
one half is presented). At the beginning of the plate, the flow is very
fast and supercritical. Then, due to the fact that the flat plate is of finite
extent, and due to viscous effects, a deceleration is produced down stream.
Hence, a jump connects a region of fast flow (supercritical) to another of
slower velocity (subcritical). This decrease is due to viscosity so that for
this configuration Re = 1 which gives L = h0(c0h0)/⌫0. This problem
has been described, for a plane surface using the steady RNSP model[23],
and in the axi-symmetrical case [24]. But a different scaling is used in the
equations. Instead of scaling velocity with c0, he uses Q0/h0 were Q0 is
the flow rate. The steady equations obtained in [23] are therefore
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with this choice the Froude number is S
�1/2. With our previous choice,
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It is straightforward to see that relation between S and Q̃ is:

S
�1/2 = Q̃

5/2
.

For steady flow Q̃ is indeed constant, then the value of Q̃
5/2 is a global

Froude number.
For small S, or large Q̃, the pressure gradient is negligible, from eq.

(26) one obtains the Watson self-similar solution (steady flow, balance be-
tween inertia and viscosity) uw = 1

x
f(⌘) with ⌘ = y/x. The profile solves

f
00 = �f

2 with f(0) = 0, f 0(Hw) = 0 for a unit flow rate
R

Hw

0
f(⌘)d⌘ = 1.

After resolution, one finds: Hw = 1.8138, f(Hw) = 0.8964 and f
0(0) =

0.693. So that h̃(x̃) = 1.8138x̃. The already mentioned shape factor is

� = Hw

R
Hw

0 f(⌘)2d⌘

(
R
Hw

0 f(⌘)d⌘)2
= 1.25697, the shear is ⌧b = f
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w = 2.2799.

Another simplification of eq. (26) may be obtained for large S, or
small Q̃, the pressure gradient is no more negligible, but inertia is now
negligible, one obtains the Poiseuille solution (balance between pressure
gradient and viscosity).
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so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:

h̃(x̃) = (12Q̃)1/4(1� x̃)1/4,

the shape factor is � = 6
5 and shear is ⌧̃b = 3.

The system of equations is solved using Q̃ (or S) as a parameter. A first
flat profile is imposed at the input at x̃ > 0 on a small given height (say
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Froude number.
For small S, or large Q̃, the pressure gradient is negligible, from eq.

(26) one obtains the Watson self-similar solution (steady flow, balance be-
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Another simplification of eq. (26) may be obtained for large S, or
small Q̃, the pressure gradient is no more negligible, but inertia is now
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(ỹ)

2h̃
(2� (ỹ)
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so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:

h̃(x̃) = (12Q̃)1/4(1� x̃)1/4,

the shape factor is � = 6
5 and shear is ⌧̃b = 3.

The system of equations is solved using Q̃ (or S) as a parameter. A first
flat profile is imposed at the input at x̃ > 0 on a small given height (say
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For steady flow Q̃ is indeed constant, then the value of Q̃
5/2 is a global

Froude number.
For small S, or large Q̃, the pressure gradient is negligible, from eq.

(26) one obtains the Watson self-similar solution (steady flow, balance be-
tween inertia and viscosity) uw = 1
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f(⌘) with ⌘ = y/x. The profile solves
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2 with f(0) = 0, f 0(Hw) = 0 for a unit flow rate
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0
f(⌘)d⌘ = 1.

After resolution, one finds: Hw = 1.8138, f(Hw) = 0.8964 and f
0(0) =

0.693. So that h̃(x̃) = 1.8138x̃. The already mentioned shape factor is
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Another simplification of eq. (26) may be obtained for large S, or
small Q̃, the pressure gradient is no more negligible, but inertia is now
negligible, one obtains the Poiseuille solution (balance between pressure
gradient and viscosity).

ũ = �h̃
2 @h̃

@x̃

(ỹ)
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so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:

h̃(x̃) = (12Q̃)1/4(1� x̃)1/4,

the shape factor is � = 6
5 and shear is ⌧̃b = 3.

The system of equations is solved using Q̃ (or S) as a parameter. A first
flat profile is imposed at the input at x̃ > 0 on a small given height (say
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Example of resolution

4.2.1 Hydraulic jump on a horizontal surface

First the application of the proposed multilayer model is used to study a
standing jump problem previously analised [23]. The flow is sketched in
figure 4. A vertical 2D jet, not described in the thin layer approximation,
with flow rate Q0, impacts at the center of a plate of length 2L (only
one half is presented). At the beginning of the plate, the flow is very
fast and supercritical. Then, due to the fact that the flat plate is of finite
extent, and due to viscous effects, a deceleration is produced down stream.
Hence, a jump connects a region of fast flow (supercritical) to another of
slower velocity (subcritical). This decrease is due to viscosity so that for
this configuration Re = 1 which gives L = h0(c0h0)/⌫0. This problem
has been described, for a plane surface using the steady RNSP model[23],
and in the axi-symmetrical case [24]. But a different scaling is used in the
equations. Instead of scaling velocity with c0, he uses Q0/h0 were Q0 is
the flow rate. The steady equations obtained in [23] are therefore
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with this choice the Froude number is S
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@ũ
2

@x̃
+

@ũw̃
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It is straightforward to see that relation between S and Q̃ is:

S
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5/2
.

For steady flow Q̃ is indeed constant, then the value of Q̃
5/2 is a global

Froude number.
For small S, or large Q̃, the pressure gradient is negligible, from eq.

(26) one obtains the Watson self-similar solution (steady flow, balance be-
tween inertia and viscosity) uw = 1

x
f(⌘) with ⌘ = y/x. The profile solves

f
00 = �f

2 with f(0) = 0, f 0(Hw) = 0 for a unit flow rate
R

Hw

0
f(⌘)d⌘ = 1.

After resolution, one finds: Hw = 1.8138, f(Hw) = 0.8964 and f
0(0) =

0.693. So that h̃(x̃) = 1.8138x̃. The already mentioned shape factor is
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Another simplification of eq. (26) may be obtained for large S, or
small Q̃, the pressure gradient is no more negligible, but inertia is now
negligible, one obtains the Poiseuille solution (balance between pressure
gradient and viscosity).
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so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:

h̃(x̃) = (12Q̃)1/4(1� x̃)1/4,

the shape factor is � = 6
5 and shear is ⌧̃b = 3.

The system of equations is solved using Q̃ (or S) as a parameter. A first
flat profile is imposed at the input at x̃ > 0 on a small given height (say
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It is straightforward to see that relation between S and Q̃ is:
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For steady flow Q̃ is indeed constant, then the value of Q̃
5/2 is a global

Froude number.
For small S, or large Q̃, the pressure gradient is negligible, from eq.

(26) one obtains the Watson self-similar solution (steady flow, balance be-
tween inertia and viscosity) uw = 1
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f(⌘) with ⌘ = y/x. The profile solves
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Another simplification of eq. (26) may be obtained for large S, or
small Q̃, the pressure gradient is no more negligible, but inertia is now
negligible, one obtains the Poiseuille solution (balance between pressure
gradient and viscosity).
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so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:

h̃(x̃) = (12Q̃)1/4(1� x̃)1/4,

the shape factor is � = 6
5 and shear is ⌧̃b = 3.

The system of equations is solved using Q̃ (or S) as a parameter. A first
flat profile is imposed at the input at x̃ > 0 on a small given height (say
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4.2.1 Hydraulic jump on a horizontal surface

First the application of the proposed multilayer model is used to study a
standing jump problem previously analised [23]. The flow is sketched in
figure 4. A vertical 2D jet, not described in the thin layer approximation,
with flow rate Q0, impacts at the center of a plate of length 2L (only
one half is presented). At the beginning of the plate, the flow is very
fast and supercritical. Then, due to the fact that the flat plate is of finite
extent, and due to viscous effects, a deceleration is produced down stream.
Hence, a jump connects a region of fast flow (supercritical) to another of
slower velocity (subcritical). This decrease is due to viscosity so that for
this configuration Re = 1 which gives L = h0(c0h0)/⌫0. This problem
has been described, for a plane surface using the steady RNSP model[23],
and in the axi-symmetrical case [24]. But a different scaling is used in the
equations. Instead of scaling velocity with c0, he uses Q0/h0 were Q0 is
the flow rate. The steady equations obtained in [23] are therefore
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It is straightforward to see that relation between S and Q̃ is:
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For steady flow Q̃ is indeed constant, then the value of Q̃
5/2 is a global

Froude number.
For small S, or large Q̃, the pressure gradient is negligible, from eq.

(26) one obtains the Watson self-similar solution (steady flow, balance be-
tween inertia and viscosity) uw = 1

x
f(⌘) with ⌘ = y/x. The profile solves
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After resolution, one finds: Hw = 1.8138, f(Hw) = 0.8964 and f
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Another simplification of eq. (26) may be obtained for large S, or
small Q̃, the pressure gradient is no more negligible, but inertia is now
negligible, one obtains the Poiseuille solution (balance between pressure
gradient and viscosity).

ũ = �h̃
2 @h̃

@x̃

(ỹ)
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so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:

h̃(x̃) = (12Q̃)1/4(1� x̃)1/4,

the shape factor is � = 6
5 and shear is ⌧̃b = 3.

The system of equations is solved using Q̃ (or S) as a parameter. A first
flat profile is imposed at the input at x̃ > 0 on a small given height (say
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Example of resolution

4.2.1 Hydraulic jump on a horizontal surface

First the application of the proposed multilayer model is used to study a
standing jump problem previously analised [23]. The flow is sketched in
figure 4. A vertical 2D jet, not described in the thin layer approximation,
with flow rate Q0, impacts at the center of a plate of length 2L (only
one half is presented). At the beginning of the plate, the flow is very
fast and supercritical. Then, due to the fact that the flat plate is of finite
extent, and due to viscous effects, a deceleration is produced down stream.
Hence, a jump connects a region of fast flow (supercritical) to another of
slower velocity (subcritical). This decrease is due to viscosity so that for
this configuration Re = 1 which gives L = h0(c0h0)/⌫0. This problem
has been described, for a plane surface using the steady RNSP model[23],
and in the axi-symmetrical case [24]. But a different scaling is used in the
equations. Instead of scaling velocity with c0, he uses Q0/h0 were Q0 is
the flow rate. The steady equations obtained in [23] are therefore
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@ū

@x̄
+ w̄

@ū
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@ũw̃

@z̃
= �@h̃

@x̃
+

@
2
ũ
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For steady flow Q̃ is indeed constant, then the value of Q̃
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Froude number.
For small S, or large Q̃, the pressure gradient is negligible, from eq.

(26) one obtains the Watson self-similar solution (steady flow, balance be-
tween inertia and viscosity) uw = 1

x
f(⌘) with ⌘ = y/x. The profile solves
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00 = �f

2 with f(0) = 0, f 0(Hw) = 0 for a unit flow rate
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f(⌘)d⌘ = 1.

After resolution, one finds: Hw = 1.8138, f(Hw) = 0.8964 and f
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Another simplification of eq. (26) may be obtained for large S, or
small Q̃, the pressure gradient is no more negligible, but inertia is now
negligible, one obtains the Poiseuille solution (balance between pressure
gradient and viscosity).
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so that one can solve the equation for h̃(x̃), and as a small height (even
0) is given at the boundary condition, we neglect it and obtain as an
approximation of the surface position for small flow rate near the output:

h̃(x̃) = (12Q̃)1/4(1� x̃)1/4,

the shape factor is � = 6
5 and shear is ⌧̃b = 3.

The system of equations is solved using Q̃ (or S) as a parameter. A first
flat profile is imposed at the input at x̃ > 0 on a small given height (say
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Figure 6: Plot of an example of resolution of system (26) for Q̃ = 1. Free surface
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as a function of x̃.
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This scenario is the same for all the values of Q̃: values of h̃
R
ũ
2
dz̃

(
R
ũdz̃)2

and

of @ũ

@z̃
|0 h̃

2

Q̃
are plotted for a wide range of Q̃ on figure 7. Focus on Q̃ < .3

shows that the curves collapse on 6/5 (figure 7a) and 3 (figure 7b), which
are the values of the Poiseuille profile. Focus on Q̃ > 1.3 shows that the
curves collapse on 1.25697 (figure 7a) and 2.2799 (figure 7b), which are
the Watson values. Note that the shape factor is never one.

To conclude, on figure 8 the impact of the value of the friction on the
results obtained via the 1-D Saint Venant model is shown. In particular,
the comparison is made with the cases in which the friction term ⌧b is:
�3Q̃/h

2 and �2.2799Q̃/h
2. The value of � is taken one. One can see

that in 1-D Shallow Water theory, the jump is very sharp. The position
of the jump is delayed with Watson’s friction estimation, when compared
to the Poiseuille’s one. The shear stress is always positive, though small.
For the sake of comparison, the complete BL solution is plotted as well.
One can appreciate the main differences: (i) the jump is smoothed, that
which is physically sound; (ii) the shear-stress is correctly negative in
correspondance with the recirculation. It is possible to remark that the
position of the jump is better predicted with Watson’s friction.
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• newtonian: lubrication case (Huppert 82,82) 


• newtonian: hydraulic jump (Higuera 94)


• non newtonian: Bingham Collapse (Balmforth…)


• newtonian: Arteries


• non newtonian: granular µ(I) avalanches

Testing the Multilayer Resolution of Prandtl
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CHAPITRE 2. LES MODÈLES ET RÉSOLUTIONS MATHÉMATIQUES 15

2.6.4 Conservation de la masse

Le fluide est incompressible, on intègre (2.11) sur l’épaisseur h en tenant compte du fait que h varie (règle
de Leibniz) : ⁄

h

0

ˆv

ˆy
dy = v(h) ≠ v(0)

En supposant la condition d’adhérence, on a la vitesse nulle en 0 v(0) = 0, et la vitesse à l’interface se traduit
par :

v(h) = ˆh

ˆt
+ u(x, y = h)ˆh

ˆx

soit :
ˆh

ˆt
= ≠

⁄
h

0

ˆu

ˆy
dy ≠ u

ˆh

ˆx

En utilisant la règle de Liebniz,
ˆh

ˆt
= ≠ ˆ

ˆx

⁄
h

0
u dy ≠ u

ˆh

ˆx
+ u

ˆh

ˆx

on alors classiquement la relation reliant les variations de hauteur aux variations de flux :

ˆh

ˆt
+ ˆQ

ˆx
= 0 (2.42)

2.6.5 Système final

Le système final est donc la conservation de la masse :

ˆh

ˆt
+ ˆQ

ˆx
= 0 (2.43)

avec la donnée de Q(h)
— Dans le cas Poiseuille cela donne :

ˆh

ˆt
+ ˆ

ˆx
[ h3

3µ
(S ≠ ˆh

ˆx
)] = 0 (2.44)

— Dans le cas Bingham cela donne :

ˆh

ˆt
+ ˆ

ˆx
[Uh

3 (3 ≠ Y

h
)] = 0 (2.45)

avec : U = 1
µ

(S ≠ ˆh

ˆx
) Y

2

2 et Y = max(h ≠ B

|S≠ ˆh
ˆx | , 0)

— Dans le cas Hersch-bulkley cela donne :

ˆh

ˆt
+ ˆ

ˆx
[U [1 ≠ (1 ≠ y

Y
)]] = 0 (2.46)

avec : U = n

n+1 ( 1
µ

(S ≠ ˆh

ˆx
))1/nY

n+1
n et Y = max(h ≠ B

|S≠ ˆh
ˆx | , 0)

Il faut alors résoudre cette équation du mouvement.

2.6.6 Écriture sans dimension

(plus loin on écrira encore Y mais sans dimension Y = max(h ≠ B

S≠ˆh/ˆx
, 0)
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lubrication

	 ▪	 N. Balmforth, R. Craster, A. Rust, R. Sassi “Viscoplastic flow over an inclined surface”, J. Non-Newtonian Fluid Mech. 139 (2006) 103–127


 

• non newtonian: Bingham Collapse (Balmforth…)

full 2D NS

S slope, B Bingham number , Y yield height

⌧ = B +
@u

@y
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Figure 4.4 – Comparaison des fronts à trois temps fixe des trois modèles. t = 2.5 (gauche), t = 10 (centre)
et t = 400(droite).

Sachant qu’à un angle d’inclinaison est associé un nombre de Bingham. Pour le cas plan S = 0, on distingue
donc deux asymptotes pour prédire l’arrêt. Une asymptotes pour des nombres de Bingham inférieur à nombre
de Bingham critique B π Bc et une autre asymptotes pour les nombre de Bingham supérieur,B ∫ Bc.

B π S2 B ∫ S2

xfŒ
S

B
(1 + S

2 ) + ...
1

9(1+S/2)2

8B

21/3
+ ...

Figure 4.5 – Expressions des asymptotes pour la position de l’arrêt en fonction de Bc le Bingham critique
et S la pente.

On rappel le tableau récapitulatif des asymptotes définie par Hogg :

 1

 10

10-2 10-1 100 101 102 103 104 105

x f

t

Figure 4.6 – L’avancée du front d’écoulement. Les lignes discontinue montre la position de l’arrêt analytique,
pour B = 0, 0.01, 0.1 et 1

D’après la figure 4.6, il est observable que le modèle 1D utilisé pour les simulations sont cohérentes. En
e�et, les solutions du modèle 1D convergent et se superposent aux valeurs analytique définie par Hogg [9].

La figure 4.7, donne l’évolution de la position finale du front pour di�érents nombres de Bingham. Les
courbes en traits pleins donnent en fait les asymptotes de la prédiction faite par Hogg [9]. Comme le montre
cette figure, les résultats numériques se superposent parfaitement sur les prédictions. Cela permet de conso-
lider le modèle 1D, puisque les résultats numériques convergent vers la solution analytique.
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Figure 4.7 – L’influence de B sur l’arrêt xmax, la courbe verte est l’asymptote dans le régime B >> S2, la
courbe en bleu présente l’asymptote du régime B << S2. L’intersection des deux courbe donne le nombre de
Bingham critique Bc ƒ 0.25 pour la configuration S = 0.

4.2 Résultats générales pour le modèle 2D

Les équations du modèle 2D suivant :
ˆū

ˆx̄
+ ˆv̄

ˆȳ
= 0

du

dt
= ≠Òp ≠ gL

U2
0

ey + 1
Re1

Ò.

5
( BiÔ

2D̄2
+ 1)(2D)

6

avec B2D = ·y

flgL
le nombre de Bingham. La viscosité :

÷eq = (Bi/(
Ô

2D̄2) + 1)

On présente un exemple d’e�ondrement obtenu avec le modèle 2D sur la figure 4.8. Sur cet exemple de
B = 0.001, on s’approche d’un fluide trés visqueux et donc l’écoulement est rapide.

4.2.1 Profile de vitesse

En traçant le profil de vitesse à un temps t donnée, on peut traquer le profil du ’Plug’ comme dans le
modèle 1D.

4.2.2 Influence de la hauteur du tas sur l’e�ondrement du tas pour le modèle

2D/1D.

En e�et, il existe un lien entre la hauteur du tas initial du fluide, et la convergence vers la solution analy-
tique pour le modèle 2D. Cette influence est mis en évidence en comparant l’évolution du front d’écoulement
pour le modèle 1D et 2D. Ainsi, il est évident que la hauteur initiale du tas de fluides a une influence sur
l’évolution de l’arrêt de l’écoulement pour le modèle 2D.

L’article de [9], donne une prédiction pour la longueur d’arrêt de d’e�ondrement pour le modèle 1D.

4.2.3 Étude de paramètre : ÷max

On rappel les équations de Navier-Stokes pour la loi de comportement de Bingham sans dimension :
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Hogg & Matson JNFM 2009 

Bingham compare 2D RNSP 1D 

CHAPITRE 3. COMPARAISON ET VALIDATION DES MODÈLES 27
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Figure 3.12 – Comparaison de l”évolution du front en fonction du temps xmax(t).
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• non newtonian: Bingham Collapse (Balmforth…)

1D
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• newtonian: lubrication case (Huppert 82,82) 


• newtonian: hydraulic jump (Higuera 94)


• non newtonian: Bingham Collapse (Balmforth…)


• newtonian: Arteries


• non newtonian: granular µ(I) avalanches

Testing the Multilayer Resolution of Prandtl
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•  newtonian: Arteries
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shear stress in a aneurism shear stress in a stenosis

Steady wall shear stress (WSS)

multilayer -> multiring !
Ghigo et al. JCP 2017
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Steady wall shear stress (WSS)
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• newtonian: lubrication case (Huppert 82,82) 


• newtonian: hydraulic jump (Higuera 94)


• non newtonian: Bingham Collapse (Balmforth…)


• newtonian: Arteries


• non newtonian: granular µ(I) avalanches

Testing the Multilayer Resolution of Prandtl
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Experimental set up:

Pouliquen 99 & 99

Front in Savage Hutter St Venant

With Stéphanie Deboeuf and Guillaume Saingier76
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Front in Savage Hutter St Venant
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= 0 usual full system before averaging

use GDR MiDi/ Jop et al. mu(I) rheology 

Closure (here use Bagnold profile), if flat profile =1, if half Poiseuille =6/5Γ Γ
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averaging : "Savage Hutter" lithostatic equations 

τ = μ(I)p

μ(I) = μ0 +
Δμ

I0/I + 1
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Figure 4: Front profiles from Pouliquen8: comparison between experiments for different h1
(symbols) and theory obtained with fractional rheology (solid lines). Colored and dark

lines correspond to the calculations with ↵ = 5/4 and ↵ = 1 respectively. The curves for
↵ = 1 with a fractional expression for the rheology are superimposed on the numerical

fronts obtained by Pouliquen with an exponential expression.

(10). This term adds a dependence of the front profile on the Froude number Fr and the

velocity profile through the value of ↵.

Figure 5: Rescaled granular profiles: comparison between experiments and analytical
predictions for different inclinations and different thicknesses h1. Analytical solutions

(colored lines) are calculated by using the thickness h1 and the front velocity u0 measured
for each experimental front (colored circles) with a shape factor ↵ = 5/4. The analytical

solution evaluated for ↵ = 1 is plotted in black line.

We have realized new experiments with the set-up described in Sec. II. This allows

us to explore a more important range of velocity, from 10 to 80cm/s (from Fr = 0.5 to

11

X(H) = X0�
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p
H +H)� 2(1� ↵)Fr

2 log(1�H
3/2)),

analytical implicit solution: 

superposed on Pouliquen 99 (who supposed    =1)↵

⇠ = x� u0t

In a moving framework

X =
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, H =

h
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, d =

µ0 � tan ✓

�µ
,
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Front in Savage Hutter St Venant

ΓΓ
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Γ

Saingier et al. PoF 2016
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Figure 4: Front profiles from Pouliquen8: comparison between experiments for different h1
(symbols) and theory obtained with fractional rheology (solid lines). Colored and dark

lines correspond to the calculations with ↵ = 5/4 and ↵ = 1 respectively. The curves for
↵ = 1 with a fractional expression for the rheology are superimposed on the numerical

fronts obtained by Pouliquen with an exponential expression.

(10). This term adds a dependence of the front profile on the Froude number Fr and the

velocity profile through the value of ↵.

Figure 5: Rescaled granular profiles: comparison between experiments and analytical
predictions for different inclinations and different thicknesses h1. Analytical solutions

(colored lines) are calculated by using the thickness h1 and the front velocity u0 measured
for each experimental front (colored circles) with a shape factor ↵ = 5/4. The analytical

solution evaluated for ↵ = 1 is plotted in black line.

We have realized new experiments with the set-up described in Sec. II. This allows

us to explore a more important range of velocity, from 10 to 80cm/s (from Fr = 0.5 to
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with our inclined plane

importance of the up to now neglected inertial effects

Front in Savage Hutter St Venant
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with our inclined plane

importance of the up to now neglected inertial effects
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velocity profile through the value of ↵.

Figure 5: Rescaled granular profiles: comparison between experiments and analytical
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(colored lines) are calculated by using the thickness h1 and the front velocity u0 measured
for each experimental front (colored circles) with a shape factor ↵ = 5/4. The analytical

solution evaluated for ↵ = 1 is plotted in black line.
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full system before averaging

numerical resolution of the

the profile is between Bagnold
and a “flat” profile
the change is fast near the front 

Front in Savage Hutter St Venant

RNSP (Reduced NS Prandtl)
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compute the shape factor:

the profile is between Bagnold
and a “flat” profile
the change is fast near the front 

Front in Savage Hutter St Venant

full system before averaging

numerical resolution of the

RNSP (Reduced NS Prandtl)
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Lagrée et al. EPJ WoC 2017
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Thin Layer (Boundary Layer) and integral SHSV are finally very close
there is a noticeable effect of inertia  

full system before averaging

numerical resolution of the
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Thin Layer (Boundary Layer) and integral SHSV with =5/4 are finally very close
there is a noticeable effect of inertia  

Γ

full system before averaging

numerical resolution of the

compared

with F=0 and =1 (SHSV)
with the analytical solution F,   =5/4
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• implementing the µ(I) friction law in Shallow Water (SVSH) 
- friction is only at the bottom 
- pay attention to the shape factor: should be =5/4  
- but: =1  in the SVSH for Galilean invariance (and entropy?) and 
practical use 

• Widely used in geophysics with =1


• 1 D model  


  �
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Γ
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Front in Savage Hutter St Venant
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Institut Jean le Rond d'Alembert
∂ Alembert𝄒 88

full system before averaging

notation 

Multilayer Saint-Venant system with mass exchanges”, https://basilisk.fr/src/multilayer.h 


Multilayer vs Multilayer

used here



Institut Jean le Rond d'Alembert
∂ Alembert𝄒 89

notation 

0

Multilayer Euler-Lagrange”
 https://basilisk.fr/src/layered/ hydro.h 

full system before averaging
Multilayer vs Multilayer

work on progress for non newtonian flows
Popinet 2020 



recent computations in Marseille on the same configuration (granular µ(I))  
enstrophy approach: Deleage & Richard 2026

Conclusion Perspectives
A journey in the 1D system with application on flood, blood, and granular flows


closure: importance of the Boussinesq shape factor and friction depending on the problem 

Multilayer is a compromise, faster than NS more precise than Saint-Venant

(There is always space for two layer description (James et al. 2019))


some possible problems (identified in Boundary layer):

- singularity at separation

- finite time singularity

- spurious instabilities (but removes ill posedness of µ(I)!)

- coupling 

Perspectives

a numerical code which switches from 2D…1D depending on the degree of precision 

Multilayer Euler-Lagrange will be useful for multiphase flows :

- land slides due to rain: mud+water…

- Tsunamis generated by avalanche of grains + water…
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Institut Jean le Rond d'Alembert
∂ Alembert𝄒 91

Félix Lecomte (1737-1817)
D'Alembert (1717-1783), auteur de l'Encyclopédie
Avant 1786  Sculpture Marbre
H. 1,50 m ; l. 0,95 m ; pr. 0,92 m
Don de Napoléon Ier à l'Institut de France, 1807

en arrière plan: 
Eugène Delacroix 
La Liberté guidant le peuple, 1830
260 × 325 cm

Masashi Saito, Xiaofei Wang, Arthur Ghigo, Jeanne Ventre, Teresa Politi, Fanshuo Ma,…


Geoffroy Kirstetter, Olivier Delestre, Mathilde Tavares,…


Stéphane Popinet, Jose Maria Fullana, Stéphanie Lebœuf…


