Upstream influence in mixed convection at small Richardson number on triple, double and single deck scales

Pierre-Yves Lagrée

Laboratoire de Modélisation en Mécanique URA CNRS 229 Université Paris 6, Boîte 162 4 Place Jussieu, 75252 PARIS CEDEX 5. FRANCE e.mail: pyl@ccr.jussieu.fr

Abstract: We investigate the boundary layer flow with thermal effects on a flate plate per-

turbed by a bump or a thermal spot. We introduce the buoyancy effects in the framework of ”triple deck” theory. This is a particular case of the mixed thermal convection problem which is known to lead to a breakdown when the plate is cooled, and when the governing parameter, the ”Richardson number”, is of order one. Here we try to study the onset of the phenomenon since we work at small Richardson number. For this simplified problem, the usual ”triple deck” structure reduces to a ”double deck” one when this number increases, and a new term in the pressure displacement relation, accounting for the hydrostatic pressure change across the main deck, appears from the analysis. The linearized and non linearized solutions of this new set of equation show upstream influence of a thermal spot or a bump on the boundary layer.

1. Introduction, state of the art

We investigate the flow régime which occurs when a laminar, uniform, stationary and two- dimensional flow of a Newtonian fluid meets a horizontal flat plate which is at a different temperature from the free stream. The plate is cooled (or heated) by natural convection by Archimedes force and by forced convection. This problem is known as ”mixed convection” because both effect compete; the magnitude of this competition is the Richardson number defined here by J =^{gαΔT0}_{U 2∞}^{L√}_{Re} (in fact our study deals with small J, and we will show that J̃ = JRe^{1/8} is more convenient). This number gauges the ratio of thermal coupling effect, modelled by Boussinesq approximation, versus dynamic effects. We suppose that viscosity does not change with temperature, see Méndez & Treviño (1992) for this influence, but without buoyancy.

The Reynolds number (Re =^{U∞L}_ν ) is large, so, viscous and conductive effects in the fluid (Prandtl number of order one, but this is not restrictive) are localized in a small neighbourhood of the wall. This leads to the system (see next references) deduced from Prandtl boundary layer theory, with no slip condition, outer flow matching, and imposed temperature: ∂u ∂x + ∂v ∂y = 0, (u ∂ ∂x + v ∂ ∂y )u = − ∂ ∂x p + ∂^2 ∂y^2 u, (1a, 1b) ∂ ∂y p = Jθ, (u ∂ ∂x + v ∂ ∂y )T =

∂^2 ∂y^2 T. (1c, 1d) Relation (1c) defines J. Unfortunately, it has been shown by Schneider & Wasel (1985), Daniels & Gargaro (1993) and Daniels (1992) (for example) that boundary layer equations, when coupled with energy equation by buoyancy become abruptly singular at a (relatively small) fixed abscissa.

A very simple way to understand this, is to over simplify Daniels’s work (1992). Suppose that there is an algebraic departure from the non buoyant solution for the displacement thickness δ ∼ x^a; then, the pressure (∂p/∂y = Jθ), after integration through boundary layer behaves like p ∼ δ ∼ x^a; but the speed (u∂u/∂x ∼ −∂p/∂x) is now u ∼ x^{(a/2)}; next we obtain the boundary layer thickness (u∂u/∂x ∼ ∂^2u/∂y^2) as δ ∼ x^{((2−a)/4)}. This gives a = 2/5, a more cumbersome calculation gives a = 0.43... Another over simplified point of view will be explained in the last paragraph.

Thus, we propose to revisit this problem of ”mixed convection” on the basis of ”triple deck” (Neiland (1970) and Brown et al. (1975)), we will not smooth the singularity but we will show that this approach captivates some features like: strong self induced upstream influence (in case of cold wall), no upstream influence and Tollmien Schlichting (Smith (1979)) waves (in case of hot wall). Linearized and non linear computed (by a finite difference scheme) solutions will be presented in the case of bump or thermal spot.

Our problem is different from the problem studied by Sykes (1978), because he considers that the scale of temperature stratification is the scale of the upper deck, while we take it to be smaller and of order of the boundary layer thickness; it is different to from El Hafi (1994) who studies a vertical natural convection (previous papers referred to horizontal convection) boundary layer perturbed by a bump with similar asymptotic methods.

2. Basic Flow

We suppose, for the sake of simplicity, that the basic flow, driven by the free stream uniform velocity, is a classical Blasius boundary layer. This is not restrictive, because all we need is a basic velocity profile U_O(y). We study a localised disturbance at the distance L of the leading edge. At this point, the boundary layer is of thickness Re^{−1/2}L. The incoming fluid is at temperature T_∞, and the plate at T_0, (say: ΔT_0 = T_0 − T_∞). Pure thermal convection is relevant as long as the transverse gradient from equation (1c) is small. It means that 1 >> J >> Re^{−1}. So, under those hypotheses, the forced thermal boundary layer is of the same thickness as the dynamic one.

Let us remark that we impose the scale L, but Schneider & Wasel (1985) or Daniels & Gargaro (1993) do not because, in the real mixed convection problem, the natural longitudinal scale is built with Richardson number. It is the length that gives unit Richardson number. Nevertheless, the calculations they did, show that the breakdown occurs for a rather small abscissa, that means that the Richardson number built with this abscissa is smaller than one. It is then interesting to investigate small J behaviour.

3. Triple Deck interaction: the J ∼ Re^{−1/8} régime

3.1.1. Main Deck

The classical triple deck tool (Neiland (1970) and Brown et al. (1975)) is applied to cope with a localized disturbance gauged by x_3L longitudinally. Perturbation of speed in the main deck is εU_∞, where ε is unknown, so we recover:

U = U_0(y) + εA(x)U_0(y), v = − εδ x_3

A(x)U_0(y), and T = θ_0(y) + εA(x)θ^′_0(y), (2)

where U_0(y) and θ_0(y) are of course the undisturbed basic speed and temperature profiles. For the temperature, as for the speed, there is a matching between the top of the main deck and the bottom of the upper deck, and it is the same for the lower deck. We see that the temperature behaves as the Stewartson S function in hypersonic flows (Brown et al. (1975)). We recover in this deck the unknown displacement function of the boundary layer −A(x).

3.1.2. Crossing the main deck

This perturbation of temperature gives rise to a transverse change of pressure through the ”main deck”, we develop it in power of ε as (neglecting 0(ε^3) terms): ∂p_0 ∂y + ε ∂p_1 ∂y + ε^2 ∂p ∂y = εJ̃(θ_0(y) + εA(x)θ^′_0(y)), (3)

where we have anticipated the fact that the pressure in the lower deck is of order ε^2, and that x_3 is of order ε^3 and where, for convenience, we have defined a reduced Richardson number: J̃ =^J_ε .

Looking at each power of ε, we see that the first term is zero (as we supposed); the second one shows that there is a pressure stratification coming from basic temperature profile (J̃ ∫_∞ 0 θ_0(y)dy ), it does not depend on x at the short scale x_3, and it will then not be useful; the third one integrates (using θ_0(∞) = 0; θ_0(0) = 1 by definition) as: p(x, y → ∞) − p(x, y → 0) = J̃A(x)(θ_0(∞) − θ_0(0)) = −J̃A(x), (4) where p(x, y → ∞) splices with upper deck and p(x, y → 0) with lower deck.

3.1.3. The upper deck

The matching with the ”upper deck” for the pressure (p(x, y → ∞) is written for short p(x)) gives Hilbert integral (we recover the classical linear perturbed perfect fluid in the subsonic case): (_{εδ} ε^3

)_1 π ∫_{−A}′ x−ξ dξ, the usual gauge ε = δ^{−1/4} = R^{−1/8} and the new pressure displacement relation (Lagrée (1994)) is: 1 π ∫ −A^′ x − ξ dξ = p − J̃A. (5)

The effect of the temperature is to add a new term proportional to the displacement function A, it may be interpreted as a hydrostatic variation of pressure.

3.2 Double deck interaction: the Re^{−1/8} ≪ J ≪ 1 régime It is worth noticing that as the Richardson number increases, in order of magnitude, from Re^{−1/8}, the perturbations in the upper deck become smaller and smaller and the longitudinal gauge, while remaining much more smaller than one, grows; so we find that for moderate values of J, the good choice for ε is rather ε = |J| and the relation becomes: ( |J|^{−4} Re^{−1/2} )_1 π ∫_{−A}′ x−ξ dξ = (p ± A) and ultimately the pressure displacement relation degenerates in the form (Lagrée (1994)): p = −A, (6a) for a cold wall, and in the form: p = A, (6b) for a hot one, with: Re^{−1/8} ≪ |J| ≪ 1. This shows that the upper deck is not necessary for the interaction to take place, the same phenomenon exists in hypersonic flows (Brown et al. (1975)) for cold wall. The p = −A relation is found in the birth of hydraulic jumps in Bowles & Smith (1992), Gajjar & Smith (1983) and in subsonic pipe flows by Ruban & Timoshin (1986) and leads to upstream influence. Note that the interaction relation p = ±A was independently found by Bowles (1994).

3.3. Lower Deck There are two possibilities for the lower deck depending on the temperature of the spot either (i) it is of magnitude εΔT_0 either (ii) bigger.

i) no spot, or weak one If there is no spot (but a hump) or if it is weak, in the lower deck, classical gauges are used: u is of order ε, p of order ε^2, and x_3 is ε^3, temperature matching with main deck gives the order ε for the temperature, transverse variable is ε times the transverse variable in the main deck.

We recover the basic lower deck set: ∂u ∂x + ∂v ∂y = 0, (u ∂ ∂x + v ∂ ∂y )u = − d dx p + ∂^2 ∂y^2 u, (u ∂ ∂x + v ∂ ∂y )T =

∂^2 ∂y^2 T. (7) Boundary conditions are no slip at the wall, A(−∞) = 0 and for y → ∞, u → y + A, and T → y + A. ii) spot But, if the spot is warmer (or cooler), the temperature in the lower deck must be rescaled by the temperature of the spot T_w. Say that on a small distance scaled by x_3 the temperature of the plate changes from T_0 to T_0 + T_w; then it is better to use ((T_w/ΔT_0)ΔT_0) = T_w, instead of (ε(ΔT_0)) as a new gauge of temperature variation (and T_w >> εΔT_0 ).

The convective/ diffusive temperature equation is still the same, but there is now a transverse pressure gradient in the lower deck (^{∂p}_{∂y} = jθ) if j = J̃T_w/ΔT_0 is of order one (this is a second Richardson number): − ∂p(x, y) ∂x = − dp(x) dx + j ∞∫ y ∂θ(x, y) ∂x dy, (8)

where p(x) is the pressure at the top of the lower deck (at the bottom of the main deck). Temperature is gauged by: T = T_∞ +(T_0 −T_∞)(1+^{Tw}_{T0−T∞} θ) = T_0 +T_wθ. The matching between the lower and main decks becomes: 1 +^{Tw}_{T0−T∞} θ(y → ∞) = 1 + ε(y + A(x))θ^′_0, and since the temperature is strong at the wall (T_w, >> εΔT_0.), the temperature θ is then zero at infinity. Hence, we obtain the lower deck problem: (which is very similar to Zeytounian (1991)): ∂u ∂x + ∂v ∂y = 0; (u ∂ ∂x +v ∂ ∂y )u = − d dx p+j ∞∫ y ∂θ ∂x dy + ∂^2 ∂y^2 u, (u ∂ ∂x +v ∂ ∂y )θ =

∂^2 ∂y^2 θ. (9) Boundary conditions are no slip at the wall, A(−∞) = 0 and for y → ∞, u → y + A, but θ → 0.

3.4. various fundamental problems Depending on the values of the Richardson number we may build various ”fundamental problems of triple deck” by mixing the above lower deck problem and the pressure displacement relations we found.

3.5. linearized solution, eigenvalue The system admits the Blasius solution u = y as a basic one. Perturbing it by a small amount, and taking the Fourier transform of the result, gives: iαũ + ∂ ∂y ṽ = 0, iαyũ + ṽ = −iαp̃ + j ∞∫ y iαT̃ dy + ∂^2 ∂y^2 ũ, iαyT̃ = ∂^2 ∂y^2 T̃ . (10)

The temperature ( T̃ = Ai(y(iα)^{1/3})) is an Airy function. Perturbation of skin friction τ̃ =^{∂ũ}_{∂y} verifies an Airy differential equation forced by an Airy function, this is solved as: ∂ ∂y ũ(0) = 1 +

(iα)^{2/3}p̃ Ai^′(0) − j(iα)^{1/3}( Ai(0) 3Ai^′(0)

− Ai^′(0)), (11)

then we find the displacement function (F̃ is the Fourier transform of the bump):

Ã + F̃ = (iα)^{1/3}p̃ 3Ai^′(0) − j(Ai(0) + 1 9Ai^′(0)

). (12)

In this expression (written for short Ã + F̃ = β^∗p̃ + jβ_j , where β^∗ is the standard triple deck coefficient) with temperature effect, we see that, for a negative j, there is a decrease of skin friction and a positive displacement −Ã, so an increase of the boundary layer. The Fourier transform of the new pressure displacement relation reads:

p̃ = (|α| + J̃)Ã. (13)

Then we deduce, for the pressure at the top of the lower deck, the following expression:

p̃ = (|α| + J̃) 1 − (|α| + J̃)β^∗ (jβ_j − F̃ ). (14)

This expression will be used to compute the linearized response of the stratified boundary layer to a bump or/and a thermal spot as we will see in section 3.7.

On the other hand, the linear approach gives the behaviour for x → −∞. In the case of cold wall, (p = −A) we recover the same behaviour as in hypersonic flows (Brown et al. (1975) and Gajjar & Smith (1983)), thus, the Lighthill eigenvalue (from the growing exponential) may be found, which shows that there is upstream influence: p = ae^{kx}, with k = (−3Ai^′(0))^3. This upstream influence may describe the phenomenon of ”blocking” which is observed in stratified flows.

Note that in Daniels & Gargaro (1993) breakdown, in the vicinity of the singular point, the perturbed quantities behave with a p = −A law.

3.6. Stability

Classical triple deck technique is applied, and we find that the hot wall case (p = A) is linearly unstable and marginal stability curve is given by ω = 2.29α^{2/3} and J̃ = 1.001 α^{−1/3} − |α| (by analogy with Tollmien- Schlichting waves with triple deck scales deduced by Smith (1979)), so there is a non viscous mode for J̃ negative and large, and a viscous mode of large wave length for J̃ positive and large (which corresponds to p = A).

3.7. Numerical results

The behaviour, computed with those relations will be shown in the case of a bump or a spot of shape (1 − x^2)^2, with various values of J̃. It shows upstream influence (as predicted), that may be interpreted, in stratified flows (Tritton (1988)), as ”blocking”, and downstream we observe small oscillations, interpreted as ”lee waves”, positive values of J̃ show indeed lowering and cancelling of upstream influence (see figure 1 and 2). Non linear results are presented on figure 3 and 4.

4. Single deck interaction?: the J ∼ 1 régime

Numerical calculations have clearly shown that there is a singularity in the self interaction of the boundary layer at J = O(1). We believe that this singularity is similar to the ”branching solutions” obtained in supersonic inviscid- viscous interacting flows (Le Balleur (82)). An over simplification of the problem with integral methods, may be done as follow. First, let us suppose that the pressure is averaged through the boundary layer, p ≈ 1 − JRe^{1/2}δ_1α (introducing an integral parameter α ≈ 1.7 for J = 0). Second, the classical Kármán momentum equation with standard notations reads: U^2_0 ( d(δ_1/H) dx ) + δ_1(1 + 2 H )U_0 dU_0 dx = f_2H Reδ_1 U_0. (15)

Combining those two equations, and without forgetting that H may be written as a function of Λ_1 = δ^2_1Re^{dU0}_{dx} , the Pohlhausen description (near the Blasius solution (δ_0Re^{−1/2}, δ_0 ≈ 1.7)) gives H ≈ H_0 − H_p^{dU0}_{dx} , with H_0 ≈ 2.58, & H_p ≈ 0.533(1.7)^2. We obtain: Jαδ_0 H_p H^2_0 d^2δ_1 dx^2 + dδ_1 dx ( 1 H_0

+ JαRe^{1/2}δ_1(1 + 2 H_0

)) = f_{20}H_0 Reδ_1 . (16)

This development is exactly Schneider & Wasel (1985) ones, however we have added the second derivative term which is the most dominant one coming from the derivative ∂(1/H)/∂x. When this term is omitted is easy to see that the forward integration leads to a singularity at a fixed abscissa whose value x_s = (6H^4_0 (αJ)^2(1 + 2/H_0)^2f_{20})^{−1} is not so bad an estimation. But the forgotten second derivative term means, in our opinion, that another boundary condition must be imposed. This equation may be solved without difficulty with δ_1 prescribed at each boundary of the domain. This over simplified heuristical approach may be a guideline for the numerical resolution of the single deck equations: they must be solved with a global technique with the two end values prescribed (work in this direction is in progress, Bowles (1994)), not by a marching technique from downstream to upstream.

5. Conclusion

We have presented the response of a boundary layer with small buoyant effects to a thermal spot or a bump. This is an extension of the triple deck approach, and we have seen that if the Richardson number is large enough, this is a double deck interaction. Stability and the understanding of the singularity could be investigated. We did not clear the singularity up, but we have shown that even at small values of J there is upstream influence (from downstream) and self induced solutions which may be interpreted as birth of some thing being downstream which may be simply seen on the over simplified partial equation.

Note

Recently, H. Steinruck (”Mixed convection over a cooled horizontal plate: nonuniqueness and numerical instabilities of the boundary layer equations”, J. Fluid Mech., vol 278, pp. 251-265) has shown that the mixed convection problem presents branching solutions (when numericaly solved in marching from up to downstream) associated to an unbounded sequence of eigenvalues that he found by asymptotic expansion (the one he obtains for small x, is exactly the Lightill eigenvalue coming from p = −A).

References

R.I. Bowles & F.T. Smith (1992):”the standing hydraulic jump: theory, computations and comparisons with experiments”, J. Fluid Mech., vol 242, pp. 145-168 R. I. Bowles (1994): private communication S.N. Brown, K. Stewartson & P.G. Williams (1975): ”hypersonic self induced separation”, The Phys. of Fluids, vol 18, No 6, June P.G. Daniels (1992):” Asingularity in thermal boundary- layer flow on a horizontal surface”, J. Fluid Mech., vol 242, pp. 419- 440 P.G. Daniels & R.J. Gargaro (1993): ” Buoyancy effects in stably stratified horizontal boundary- layer flow”, J. Fluid Mech., Vol. 250, pp. 233- 251

M. El Hafi (1994): ”analyse asymptotique et raccordements, étude d’une couche limite de convection naturelle”. thèse de l’Université de Toulouse J. Gajjar & F.T. Smith (1983): ”On hypersonic self induced separation, hydraulic jumps and boundary layer with algebraic growth”, Mathematika, 30, pp. 77-93 P.-Y. Lagrée (1994): ”Convection thermique mixte à faible nombre de Richardson dans le cadre de la triple couche”, C. R. Acad. Sci. Paris, t. 318, Série II, pp. 1167- 1173, 1994 J.-C. Le Balleur (1982) ”Viscid- inviscid coupling calculations for two and three- dimensional flows, Von Kármán Institute for Fluid Dynamics, Computational Fluid Dynamics, Lecture Series 1982-04 V. Ya Neiland (1969): ”Propagation of perturbation upstream with interaction between a hypersonic flow and a boundary layer”, Mekh. Zhid. Gaz., Vol. 4, pp. 53-57 A. I. Ruban & S. N. Timoshin (1986): ”Propagation of perturbations in the boundary layer on the walls of a flat chanel”, Fluid Dynamics, No 2, pp. 74-79 W. Schneider & M.G. Wasel (1985): ”Breakdown of the boundary layer approximation for mixed convection above an horizontal plate”, Int. J. Heat Mass Transfert , Vol. 28, No 12, pp. 2307-2313 F.T. Smith (1979): ”on the non parallel flow stability of the blasius boundary layer”Proc. Roy. Soc. Lond., A366, pp. 91- 109 R.I. Sykes (1978): ”Stratification effects in boundary layer flows over hills”, Proc. Roy. Soc. Lond. A 361, pp. 225- 243 D.J. Tritton (1988): ”Physical fluid dynamics”, Oxford Science Publications R. Zeytounian (1991):”Meteorogical fluid dynamics”, lecture notes in physics m5, Springer Verlag

4. Single deck interaction?: the J ∼ 1 régime

Numerical calculation have clearly showed that there is a singularity in the self interaction of the boundary layer at J = O(1). We believe that this singularity is similar to the ”branching solutions” obtained in supersonic inviscid- viscous interacting flows. It means that there is some upstream influence. An over simplification of the problem with integral methods (in the ”before triple deck”spirit of the explanation given to the ”branching solutions ”problem), may be done as follow: suppose that the pressure is averaged through the boundary layer, p ≈ 1 − JRe^{1/2}δ_1α (introducing an integral parameter α ≈ 1.7 for J = 0, because this parameter is simply int1 − f^′ in the case of Blasius boundary layer with forced convection ). Then the classical Kármán momentum equation with standard notations (see SCHLICHTING or COUSTEIX) reads:

U^2_0 ( d(δ_1/H) dx ) + δ_1(1 + 2 H )U_0 dU_0 dx = f_2H Reδ_1 U_0.

Combining those two equations, and without forgetting that H may be written as a function of Λ_1 = δ^2_1Re^{dU0}_{dx} , near the Blasius solution (δ_0Re^{−1/2}, δ_0 ≈ 1.7) the Pohlhausen description gives H ≈ H_0 − H_p^{dU0}_{dx} , with H_0 ≈ 2.58, & H_p ≈ 0.533(1.7)^2. We obtain, after forgetting some terms: Jαδ_0 H_p H^2_0 d^2δ_1 dx^2 + dδ_1 dx ( 1 H_0

+ JαRe^{1/2}δ_1(1 + 2 H_0

)) = f_{20}H_0 Reδ_1 . This development is exactly SCHNEIDER & WASEL (1985) ones, however we have added the second order derivative term coming from the derivative ∂(1/H)/∂x. Without this term it is easy to see that the forward integration leads to a singularity at a fixed abscissa whose value x_s = (6H^4_0 (αJ)^2(1 + 2/H_0)^2f_{20})^{−1} is not so bad an estimation. This value is independent of R. But the forgotten second order derivative term, proportional to J, means, to our opinion, that another boundary condition must be imposed. This equation may be solved without difficulty with δ_1 prescribed at each boundary of the domain, this is in fact a problem of singular perturbation. This over simplified heuristically approach may be a guideline for the numerical resolution of the single deck equations: they must be solved with a global technique with the two ends values prescribed (work in this direction is on progress, BOWLES (1994)), not by a marching technique from downstream to upstream. 7 Decembre 94