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We study experimentally the early stages of integrable turbulence of unidirectional deep
water gravity waves. By generating partially coherent waves in a 148-m-long wave flume,
we observe the emergence of high-amplitude structures formed by nonlinear focusing,
commonly referred to as rogue waves. This work confronts the experiment with two recent
results obtained in the framework of the nonlinear Schrödinger equation (NLSE), namely
that (i) these structures can be locally fitted by a Peregrine soliton and (ii) their emergence
leaves a visible trace on the evolution of statistical parameters such as kurtosis. We show
that (i) yields accurate results as long as the wave steepness remains moderate, whereas
(ii) is very robust and remains valid beyond the assumption of integrability. Numerical
simulations of the NLSE and of the fully nonlinear dynamical equations are also performed
to support these results.

DOI: 10.1103/PhysRevFluids.5.082801

I. INTRODUCTION

The statistical properties of the wave fields in oceans are commonly studied in two different
frameworks: wave turbulence and integrable turbulence. Introduced in the 1960s, wave turbulence
of deep water gravity waves describes isotropic wave fields and shares many similarities with
two-dimensional hydrodynamic turbulence [1]. To predict the statistical properties of steady states
such as the power-spectral density of the surface elevation, this theory relies on two constant
fluxes through scales mediated by four-wave resonant interactions: a flux of energy to small scales
and a flux of wave action to large scales [2,3]. Half a century after these pioneer theoretical
works, its applicability to realistic sea states is being questioned by several experiments [4]. This
Rapid Communication investigates the opposite limit of strongly anisotropic wave fields, thereafter
assumed to be strictly unidirectional, in which resonant four-wave interactions cannot take place
[5]. The dynamics is therefore governed by nonresonant wave interactions and is captured for
wave packets of small amplitudes by the focusing nonlinear Schrödinger equation (NLSE). Such
random narrow-banded wave packets eventually reach a steady state where neither an energy input
nor an energy sink exist, but where statistical features can be described within the framework of
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the so-called integrable turbulence [6]. As the NLSE describes, to a first approximation, every
wave packet of small amplitude and narrow frequency bandwidth undergoing both dispersive and
nonlinear effects, integrable turbulence has also been studied in other domains of physics, in
particular in optics (see Refs. [7–9] and references therein). One of the most striking features of
integrable turbulence is the occurrence of high-amplitude events localized in both space and time
[9–11], referred to as rogue waves and routinely observed both in oceanography and in nonlinear
optics [12].

To reach a steady state that can be described by integrable turbulence, experiments and numerical
simulations are initialized with random wave trains whose evolution at short times is either governed
(i) by the exponential growth and nonlinear saturation of unstable modes or (ii) by nonlinear self-
focusing [13]. (i) The first scenario traces back to the modulation instability (MI), introduced in the
context of deep water gravity waves by Benjamin and Feir who demonstrated that a continuous wave
train is unstable with respect to long-wave perturbation of its envelope [14,15]. Although the MI has
been experimentally studied for a long time in both hydrodynamics and optics [16–18], its transition
to integrable turbulence from noise initially superimposed to a monochromatic wave train has only
been studied recently, in optics [19,20] and in hydrodynamics [21]. (ii) In the second scenario,
the initial condition is not a monochromatic wave train with some additional noise but is made
of the linear superposition of various Fourier components. The evolution of such unidirectional
partially coherent waves has been widely investigated in optical fibers [7–9] and in hydrodynamics
[10,22–26].

Despite these numerous works, the mechanisms underlying the dynamics and the statistics of
integrable turbulence are still not fully understood. If dispersion is much larger than nonlinearity, by
taking into account nonresonant interactions, a modified approach of the standard wave turbulence
theory can be used to describe the statistics [27,28]. Conversely, some initial conditions are such that
dispersion is negligible and the first stages of evolution are dominated by nonlinear self-focusing
processes. In that case, humps of the wave envelope undergo nonlinear focusing and would, in
the limit of zero dispersion, become singular, which leads to the so-called gradient catastrophes
resulting in the emergence of coherent structures of large amplitude. These localized structures in
both space and time are prototypes of rogue waves [29].

Previous experiments in wave flumes led to a general consensus on several statistical properties
of the transition to integrable turbulence, such as an overshoot of the kurtosis κ [22,23,30,31], of the
rogue wave probability [24,31], and of the spectral width [25]. The nature of the emergent localized
structures has also been investigated: In a basin too short to reach a steady state, we demonstrated
previously that Peregrine solitons (PSs) could be observed in such systems but did not provide
statistics on that point [32]. Although not explicitly stated, a similar picture can be drawn from
the study of single nonlinear pulses [33]. The PS is a well-known analytical solution of the NLSE
localized in both space and time domains [34].

This Rapid Communication confronts two recent results obtained in the NLSE to experiments.
Result (i), derived by Bertola and Tovbis, predicts that the gradient catastrophe is regularized by
structures that can be locally fitted by a PS [35]. Result (ii), obtained numerically, demonstrates that
the emergence of these structures connects to the overshoot of the kurtosis [36]. Whereas result (i)
has already been verified numerically and qualitatively in experiments [26,32,36], result (ii) has yet
to be investigated experimentally.

II. EXPERIMENTAL RESULTS

The setup is similar to the one described in Ref. [37]. Experiments are carried out in a wave
flume (148m long × 5 m wide × 3 m deep) at Ecole Centrale de Nantes. A flap-type wave maker
at one end of the basin is driven to generate unidirectional waves of prescribed elevation η0(t ) in
front of it, whereas an absorbing device strongly reduces wave reflection at the opposite end. The
surface elevation η(z, t ) is measured at 20 equally spaced locations z j = 6 × j m ( j = 1, 2, . . . 20),
the position of the wave maker being z = 0 m. Resistive wave gauges are used with a sampling
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TABLE I. Parameters of the various experiments performed: Several samples of Tsamp = 512 s are
considered, the initial steepness being imposed at the wave maker whereas the one at 120 m is measured
experimentally. Local maxima are defined in Sec. II.

Initial steepness ε(z = 0) Final steepness ε(z = 120 m) Total measurement duration Local maxima observed

0.057 0.056 6144 s 147
0.076 0.072 5120 s 184
0.094 0.084 5632 s 251

frequency of 128 Hz and a vertical resolution of 0.1 mm. The wave field consists of a one-
dimensional (1D) monochromatic carrier wave of frequency f0 = 1.15 Hz (wavelength λ0 = 1.2 m)
slowly modulated in phase and in amplitude, the amplitudes being typically of the order of a few
centimeters. More precisely, partially coherent waves are generated with

η0(t ) = η(z = 0, t ) =
N∑

n=1

an cos(2π fnt + φn), an = A exp

[
−

(
fn − f0

2� f0

)2
]
, (1)

where fn = n/Tsamp, Tsamp = 512 s is the sample length, N = 4096 is the number of wave compo-
nents, φn is a random phase uniformly distributed in the interval [0, 2π ], and � f0 = 26 mHz is the
spectral bandwidth. The constant A is tuned to fix the steepness ε(z = 0) at the wave maker, where

ε(z) = k0

√
2〈η(z, t )2〉, (2)

k0 = 2π/λ0 = (2π f0)2/g is the carrier wave number in deep water condition (k0h = 12.3), g =
9.81 m s−2 is the acceleration of gravity, and 〈·〉 denotes an average over time. In this study, we
characterize the statistics of three long-time measurement sets for different steepnesses reported
in Table I. Each of them consists of several runs in which the wave maker generates the signal
of Eq. (1) during 1.2Tsamp, the front and rear extremities of the recorded wave train then being
disregarded. We thereafter discuss both the surface elevation η(z, t ) and the complex envelope
A(z, t ) computed with a Hilbert transform and such that

η(z, t ) = Re[A(z, t )ei(k0z−ω0t )], (3)

where ω0 = 2π f0 is the angular frequency of the carrier and Re(X ) denotes the real part of
the complex number X . To account for the propagation at the group velocity cg = g/(4π f0), we
consider the frame of reference moving with cg and introduce the corresponding time τ = t − z/cg.
Harmonics superimposed on the carrier wave and propagating with the same phase velocity, the
so-called bound waves, are filtered out with a bandpass filter of central frequency f0 and bandwidth
1 Hz applied to each elevation signal. Note that this does not affect the spectra in the reported range
and has almost no effect on the kurtosis (see below).

Figure 1 shows the typical space time evolution that is recorded in our experiments with partially
coherent waves used as the initial condition. It clearly evidences the nonlinear focusing of a few
humps of the wave envelope during the first stages of evolution (0 to ∼60 m), resulting in high-
amplitude events localized in both space and time domains. For all runs, almost 600 of such events
are tracked down systematically by looking for local maxima of |A(z, τ )| resulting from an increase
of at least 50% of the wave amplitude along the propagation (see four of them identified in Fig. 1 and
their overall numbers in Table I). The histogram of their occurrence reported in Fig. 2 confirms that,
as expected from a single spatiotemporal diagram, their occurrence peaks at a specific distance from
the wave maker around 60 m. Note that wave breaking is observed for the highest steepness from
z ∼ 50 m. Whereas the second moment of the surface elevation can be considered as conserved,
except for the highest steepness which drops by 10% along the flume as reported in Table I, Fig. 2
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FIG. 1. Spatiotemporal diagram of the wave envelope amplitude |A(z, τ )| (ε = 0.057) inferred from the 20
probes, measurements then being stacked vertically. Local maxima are circled with a dashed line. The time
series of the surface elevation η(z, τ ) and of the extracted envelope |A|(z, τ ) are also reported for the first and
tenth probes (z = 6 m and z = 60 m).

also confirms that high-amplitude events correlate with an overshoot of the kurtosis defined as

κ (z) = 〈η(z, t )4〉
〈η(z, t )2〉2

· (4)

Finally, the power spectral density (PSD) Sη(z, f ) of the surface elevation is computed at every
probe and four of them are reported in Fig. 3 for ε = 0.057. According to Eq. (1), the wave maker
generates a Gaussian PSD of standard deviation � f0. As the wave field evolves along the flume, the
PSD progressively differs from the initial Gaussian spectrum and a spectral broadening is observed.
Moreover, after this strong broadening with distance, the spectral bandwidth then slightly decreases,
and therefore overall experiences an overshoot qualitatively similar to the one of the kurtosis.

III. DISCUSSION

The experimental results introduced in the previous section make sense in the context of the
focusing 1D NLSE. This equation captures the dynamics of the complex envelope A(z, τ ) in the
limit of narrow-banded wave packets of small steepnesses, that is, � f0 � f0 and ε � 1, and reads

i
∂A

∂z
− k0

ω2
0

∂2A

∂τ 2
− αk3

0 |A|2A = 0. (5)

FIG. 2. Statistical properties of the surface elevation along the flume for ε = 0.057 (left), ε = 0.076 (cen-
ter), and ε = 0.094 (right). The kurtosis measured experimentally is compared to two numerical simulations
(NLS and HOS) introduced in Sec. III, and to the experimental histograms of local maxima (all of them in
orange bins, only the ones successfully fitted to a Peregrine soliton in black bins).
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FIG. 3. Power spectral density (PSD) of the surface elevation η(z, t ) for the smallest steepness ε = 0.057
at various locations z along the flume. Note the spectral broadening at z = 84 m. Similar overshoots of the
spectral bandwidth are observed for the two larger steepnesses.

The coefficient α = 0.91 accounts for the finite depth effects that persist even though k0h = 12.3
[37]. The potential of this model to describe our experiments is introduced by the computation of κ

from numerical simulations of the NLSE using more samples than experimentally for an improved
statistical convergence. As shown in Fig. 2, it qualitatively reproduces the overshoot of κ although
significant discrepancies resulting from higher-order terms neglected in the NLSE are observed for
large steepnesses. The subsequent discussion investigates to what extent other predictions of the
NLSE model this experiment, i.e., are robust to a steepness lying out of the limit ε → 0.

Connection between kurtosis and spectral width. A first consequence of the NLSE is the existence
of conserved quantities along the propagation, such as the wave steepness ε, in fair agreement with
our experiments (see Table I). Exploiting this fact, Onorato et al. derived a relationship between the
kurtosis κ|A| of the wave envelope and the spectral bandwidth � f [38], that reads in our setup, with
κ = (3/2)κ|A| (a result of the narrow bandwidth assumption),

κ (z) = κ (0) + 3

α( f0ε)2
[� f (z)2 − � f (0)2], κ (0) = 3, � f (0) = � f0, (6)

where � f (z) is defined as

� f (z) =
√∫

Sη(z, f )( f − f0)2df∫
Sη(z, f )df

. (7)

To test this relationship experimentally, the spectral bandwidth has to be computed over a finite
range around the central peak. Unfortunately, in practice, by increasing progressively this range,
the measurement noise limit in the PSD is reached before a proper convergence of � f is achieved.
Therefore, Eq. (6) can only be qualitatively assessed by noting that a slight overshoot of the spectral
bandwidth is systematically observed (e.g., in Fig. 3), corresponding to the one of the kurtosis.

Coherent structures locally fitted by the Peregrine soliton. Crucially, the NLSE also provides a
framework to interpret the evolution of the kurtosis. Indeed, the initial increase of κ can be derived
for partially coherent wave packets and results from self-focusing [39]: Nonlinearities dominate over
linear dispersion and lead to a gradual steepening. Moreover, Bertola and Tovbis showed that the
high-amplitude structures resulting from the regularization of the gradient catastrophe by dispersion
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FIG. 4. Fit of the top left circled local maxima of Fig. 1 to a Peregrine soliton [Eq. (8)]. The distance to the
wave maker is z = 78 m and the initial steepness is ε = 0.057. Both the direct signal η(zmax, t ) (left) and the
phase and amplitude of the complex envelope A(zmax, t ) (right) are reported, the dashed lines corresponding to
the best fit.

lead to the emergence of Peregrine solitons [35]. This result has also been obtained numerically with
the use of large deviation theory [26]. The PS is an analytical solution of the NLSE localized in both
space and time, first observed experimentally in the early 2010s in wave flumes [40], in optical fibers
[41], and in a plasma [42] with a deterministic forcing. Its generation has been shown to be robust
in the presence of noise [43]. We have implemented a procedure where every complex envelope
A(zmax, τ ) of the 582 high-amplitude events measured experimentally at various locations zmax is
fitted over a 20-s window by the PS envelope [34],

fPS(τ ) = Ap

[
1 − 4

[
1 − 2iαk3

0A2
p(zmax − z0)

]
1 + 2α[ω0k0Ap(τ − τ0)]2 + 4

[
αk3

0A2
p(zmax − z0)

]2

]
exp (i
 ), (8)

where τ0 and z0 correspond to the location of its maximal amplitude 3Ap and 
 is a global phase.
The four best-fit parameters τ0, z0, Ap, and 
 are found numerically. The fit is then considered as
being accurate if τ0 and z0 match the measured time and position of the maximum amplitude (|z0 −
zmax| < 3 m, |τ0 − τmax| < 5 s) and if the residuals δη(τ ) = η(zmax, τ ) − Re[ fPS(τ )ei(k0zmax−ω0τ )] are
such that

〈δη(τ )2〉
〈η(zmax, τ )2〉 <

1

4
. (9)

An example of such a successful fit for which the left-hand side of Eq. (9) is 0.11 is provided by one
of the structures of Fig. 1 and is reported in Fig. 4. It exhibits a π phase jump, a characteristic
signature of the PS observed experimentally in optics [44] and recently for water waves [32]
(see also Ref. [45]). This approach provides a measure of the degree with which high-amplitude
structures resulting from nonlinear focusing can be locally fitted by a PS, a key outcome of the
present work. The fraction of such accurate fits is reported in Fig. 5 as a function of the steepness,
its dependence on the right-hand side of Eq. (9) being indicated by error bars. Although the trend
could have been anticipated, it shows that even for the modest steepness ε = 0.057, half of these
events already lie out of the range of validity of the NLSE. This is consistent with the systematic tilt
of the structures toward the left reported in Fig. 1, a sign of frequency down-shifting captured once
O(ε4) nonlinear terms are considered, e.g., by the so-called Dysthe or modified NLS equation [46].
Similar tilts described by high-order corrections have been evidenced on single pulses propagating
in a wave flume [33].

Moreover, according to Fig. 2, high-amplitude structures locally similar to PS are found where
the kurtosis of the surface elevation κ reaches its maximal value. This fact was recently reported
from numerical simulations [36], and we thus provide its experimental demonstration. As the
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FIG. 5. Every local maxima of the wave envelope is fitted to a Peregrine soliton (see, e.g., four of them
identified in Fig. 1 and a fit of one of them is shown in Fig. 9). The fraction of successful fits is reported as a
function of the initial steepness, evidencing the decrease with ε of the PS as an accurate local model of gradient
catastrophe regularization. Negative and positive error bars correspond to the same measure performed with
the right-hand side of Eq. (9) being respectively 0.2 and 0.3 instead of 1/4.

steepness is increased, the PS no longer fits the typical shape of such events, that nonetheless
still emerge where the kurtosis peaks. This proves the robustness of the self-focusing mechanism
described by the NLSE.

HOS simulations. For high steepnesses, the NLSE no longer provides a quantitative description of
our experiments. More specific models including higher nonlinear orders then have to be considered.
As a guide, direct numerical simulations of the Euler’s equations have been performed with the
efficient and accurate high-order spectral (HOS) method [47,48]. For a direct comparison with the
experiments, the numerical model needs to reproduce the main features of the water tank, namely
(i) the generation of waves through a wave maker and (ii) the absorption of reflected waves with
an absorbing beach. To this end a numerical wave tank, entitled HOS-NWT, has been developed [49]
(the open-source code being available [50]). It uses the exact same wave maker’s motions than
in the experiments for a simplified comparison procedure. This specific model has been widely
validated in different configurations and more details can be found in Refs. [49,51]. The results
presented in Fig. 2 have been obtained after a careful convergence analysis. The chosen numerical
parameters are as follows: HOS order of nonlinearity M = 5 and number of modes free of aliasing
errors Nx = 3072. As indicated previously, the experiments exhibit few breaking events. Note that
the nonlinear potential flow formalism of the HOS-NWT model prevents from the direct simulation
of overturning waves inducing rotationality and strong viscous effects [52]. The wave breaking
is consequently modeled through an adequate procedure in the numerical simulations [53,54].
Remarkably, the kurtosis computed from our numerical study agrees quantitatively very well with
our experiment even for the highest steepness, as shown in Fig. 2.

IV. CONCLUSION

Experiments in wave flumes provide a reproducible approach to investigate the applicability
of simple models to realistic wave fields. The NLSE, in particular, is frequently referred to as a
framework capturing high-amplitude events localized in both space and time domains. In this study,
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various predictions of the NLSE have been tested experimentally for partially coherent waves of
steepnesses that progressively differ from the range of validity ε → 0.

On the whole, the general picture of initial self-focusing then regularized by dispersion remains
valid, and high-amplitude events emerge around a specific distance from the wave maker. We
report an experimental quantitative measure of the degree with which such events can be locally
approximated by Peregrine solitons. Our study shows that this prediction of the NLSE requires
extremely small steepnesses. Following a recent numerical study [36], we also carry out an
experimental investigation of the link between the kurtosis of the surface elevation and the
emergence of Peregrine-like structures. The correlation between these two quantities is extremely
robust and persists for steepnesses as high as 0.1 for which wave breaking occurs.

A long-term aim of such experiments is the investigation of the steady states eventually reached.
A comparison to the ones of integrable turbulence captured by the NLSE is indeed necessary to
ascertain its most robust predictions.
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