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Elastic
filaments




Kirchhoff equations

apply to:
- slender bodies
- not too bent
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Kirchhoff equations
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Kirchhoff equations

\p(s) ds

F(S) TN e
— | L S
stds  r(s+ds)
F(s+ds) - F(s) +p(s) ds =0
Equilibrium

~(s) T p(s) =0
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Kirchhoff equations

\p(s) ds
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S stds  F(s+ds)

M(s)

Equilibrium M+ r'x F =0



Kirchhoff equations

Cosserat frame

’1:u><d1
IQZUXdz
éZUng

u = {K1, /iQ,T}di

g

curvatures twist




Kirchhoff equations

constrtutive relations

curvature
E  Youngs modulus

M -d; = EI k; I second moment of area

M -dy = FEI Ko
twist
[t R | Tl (G shear modulus

M- -ds=GJT J  polar moment of area



| Kirchhoff equations | boundary conditions
21 unknowns - few solutions are admissibles

ordinary differential equations

d

=3

ds P

4 =FAd.
ds

d_;:g;

ds

4 d=ind
ds

mi:Kl.ul. wisz’g

linear elasticity




‘Find admissible equilibrium solutions : shooting method\

initial conditions

r(0)=(0,0.0) end conditions
d,(0)=(1,0,0) x(L)=0
4,(0)=(0,1,0) vz)=o |,
d3(0)=(0,0,1) d3x(L)=0
parameters d,y(L)=0 )
F(0),M(0)
4 L

- o PER this defines a P-L

(I)(F(O)’M(O))_O uElRP solution manifold



1D solution manifold : path following predictor-corrector scheme

(

1D solution {Cpl (”1,”2,1«!3):()

manifold kc,b2 (), u,,u,)

At each point :
1-(predictor)
we take a guess : 7
2-(corrector) I

we define a projection :

P (u,,u,,u)=0
and we solve :
b, (uy, u,,u;)=0

< d)z (uly uz; ll3):O
Pi(ul y Uy u3):0

to obtain AI.

predictor

corrector




‘ discretization over N intervals |

boundary conditions
B(U)=0 <_

L matching conditions
s=0 s=L system of nonlinear algebraic equations
U Do
®(U,)=P(U)A (U,—U)+...
R DU
[ ~0

U
0/ 1-we take a point U )

2-compute Jacobian
3-kernel is tangent plane 11
4-we project orthogonaly : U - U,

Newton corrector



It “experiment’




Clamped rod loaded in tension and torque

) : raccourcissement

R : rotation
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Typical setu




Results : how a twisted rod coils i =170
|

‘ 0 contact(s)

-22095
L

2 4 6 8 10 12 n=~8.1turns
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Results : how a twisted rod coils =170

K ‘ 1 contact(s)
Z_072
L

2 4 ° 8 10 12 n=4.3turns
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Bifurcation : 0 contact -> 1 contact

Z/L
< Z/L
n

/i U\

1.5 -1 -0.5 0 0.5 1 1.5

1
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| Hard-wall contact, no friction |

force from strand at S,

pls) < acting on strand at s
[ E, .
T _ F =p+F,
=~ — ?(Sl) _ - - 7
S P S
Z?_p F(Sl)—l”<S2>
R S 7 (s,)—7(s,)
<~ sy T~
— T . ) ,
7 (s,)—F(s,)|=thickness
touching conditions : (17(51)—17(52))__5_1;(31)
| (’7<S1)_’7(52>>——d3(52)
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Results : how a twisted rod coils

Z

25

‘ 2 contact(s) ‘

gz().62
L

n=23.2 turns



Results : how a twisted rod coils

Z
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‘ 3 contact(s)

gz().57
L

n=3.7 turns



Results : how a twisted rod coils %:170
2
- = T2L =6
) 41T KO
0.8
0.6
0.2
~ 11 contact(s)
0.2
7
| = =0.38
L
> 4 n=>5.7turns
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Self-contact topology

\L :
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Filaments coiled in helical structures

Previous work : Fraser & Stump (1998) , Coleman & Swigon (2000)

Logi—a—="1

2 K,nsin’0cos@+enK, RTcos20+R’ Fsin0—eRM cos0=0

R'F RM .
cos@—e——sino
n n

23 sin” 0
p —

K, sin” 0+

cos20
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Equilibrium of plies

£
i

<
[
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Equilibrium of plies




Equilibrium of plies

1 L 1 L
Minimize V = —/ k*(s)ds + —/ 72 (s)ds
2 Jo 2 Jo

subject to the constraint:
rod has to lie on the cylinder

Equations for:
the coiling angle 0(s)
the contact pressure p(s)

32



Equilibrium of plies

First way to obtain equilibrium equations

Variational approach:

VOO & / W(8(s), 8 (s), d(s), &' (5)) ds

)

oW d OW

uler-Lagrange equarions
oW d ow grange eq
0d  ds O J
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Equilibrium of plies

Second way to obtain equilibrium equations

radius r M A

Forces balance r MF* "
(1) for each strand
(2) for the ply




Equilibrium of plies

Third way to obtain equilibrium equations

Ansatz (semi-inverse problem)

We impose:

Kirchhoff
equations

35

We obtain:




contact conditions

equilibrium

. " : , 27 4
AB,x) =24+ x"cos” 0 — 2cos(x sin @ — —) = —
n 0*
2 : : ' 21
xcos“ 6 +smésin| xsinfd — — | =0,
n
where
e(s1 — $) R
S — —r
R P ]
& r*F, rM
y=45 f= BO, m = 7" external loads

2n sin’ 6 cos 6 + ENPYrus cos 260 + pzf sin@ — gpm cos B = 0.

e 9
pr’ sin” 6

— (nsin” @ + p* f cos @ — epm sinH).
np3 cos 26




Self-contact topology

\L :
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2"? “experiment’
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- Length L

Elastic knots

/

self-contact

- Circular cross-section: radius h
- Bending rigidity : E |
- Twist rigidity : G |

E :Young’s modulus

G :shear modulus
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S=-L/2

Boundary value problem

tY
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Boundary value problem

3 contact Y

points ﬁ\

S S3 S=L/2
——
X

symmetries : — yA
X=>-X 5=0
=2 Shooting method (Mathemat
7 =>_7 - Shooting method (Mathematica)

- Gauss colocation (AUTO)



Hard-wall contact, no friction

- - _ Bry
<" (s,)
e B R . ,
7(s,)—F(s,)|=thickness
touching conditions : (7( g l) 7(' 57))__(_[:(_.5'1)
\ (_;'(Sl)—7”(.5'2))__(13(.5'2)
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Numerical Path Following : Results

TL?
(2m)2ET

10

Planar Elastica




Distance of self-approach

-L2}] .
- L2 0 +L/2

44 Sb




Distance of self-approach

0(Sq,Sp) — 2h

45 | Sb



Making the rod thinner
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Making the rod thinner

47




Making the rod thinner
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Making the rod thinner
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Making the rod thinner
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Making the rod thinner
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Making the rod thinner

/ \ *

\_/
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Zero thickness limit

A

singular
point

Bl
2 R?

equilibrium : T = Arai et al (1999)

singular

point
tensile force T bending moment %

53



Total contact force

_)T

J —1/2

30+

—1/2 1x10°  2x10°  5x10°  1x10° 2x10° =
Y P~ 0.55(h/s2) " il B = o
i h/SQ




Kirchhoff Equations

( = - :
F' = —p forces equil.
= — —
< M = le t moments equil.
= —Mxt | °
o0 kinematics
\ R =t tangent def.
4 )
, o d
ds
. J
P(s) ext.pressure M (s) internal moment
F'(s) internal force R(s) position t(s) tangent
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Perturbative problem

Y1
i @, I 2
| f— —
e =10
(h = 0)
L
& > ] =
small parameter O N
2h27T\ /*
— 1
€ ( o7 ) < \ h
N
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Matched asymptotic expansions

braid
/ \
tail tail
loop

2h2T\ "
small parameter : € = ( 7 ) <1

57



Braid : self-contact zone

/ \
tail tail

loop
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Braid : linear superposition

-

-----------------
-
-

small deflections => linear problem

= =~ @m

/

. o o V
twice more rigid self-contact
1 1 =>

curvature:
2 R contact with obstacle
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: boundary value problem (BVP)

_A
~
u'(—o00) = 0
v (—00) = +1
UN,(—OO) — O
"' (—0) = 0

boundary conditions

111/
U = 0

111
v

60

moments

forces

/7

u” (400)
U//(—|_OO)
u/,/(—|_OO)
"' (+0) = 0

boundary conditions




Braid : first kind of solutions

boundary conditions

u”(al) = 0

/!
_ - 1
W U///(Ol)

Uu (0'1) = 0
U//// - ’U”/(O'l) _ O

\) r w///l 6 w// w/g
.< p(()') — (¢/4 o 3¢//2 - 4¢/w///) /\/5
\
W

20+ p
| 02
(p(0) = 0 ) 15| |
Y'(0) = 0.54 f 02
p"(0) = 0 ] —04]
P"(0) = 0.004| o5 ~0.6
op = 3.90 —().b;
S g 053 " T0 15 920 bttt bk o ~10t




Braid : second kind of solutions

Ps Ps
%

/\ boundary conditions
09 03 u’(+03) = 0
v (+03) = -1
unit radius u"(+o3) = 0
" (+03) = 0
( N
N/ — aveC p(U):Pl 5(0_01)+P25(0—02)—I—P35(0—03)
\

I

<
O
St

2 : ~ 2 o
— g : : Z 3
0.76 B \
0O5F
0 i
—0.38 I

v(0) = 0
v'(0) =
’U/,<O) —

'U///<O) —

uw =v-
1 04k

102F

100+

098

096

1.0}

o3 = —0,=266;0,=0; P, =P;=032; P, =0.35



Braid : third kind of solutions

= 0
= —1
= 0
= 0

p
0.20F

0.15F

= 0.35 |
= 2.08 0.10}

— 012 ().‘)8;

005k

= 0.31 0.‘)65
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Braid : variational formulation

Kirchhoff equations => minimizing an energy

1 [
V== / (u”2 + v"2) do + v'(+00) + v’ (—0o0)

— OO0 W—j
work of external
with constraint: applied moments

uw?(o) +v?(o) > 1, Vo
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Braid : contact topology

(v
' inter-strand distance

1.05¢

1.04F
1.03F

1.02F
101F
1.00F

099t




e

Braid : contact topology
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Braid : contact topology
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3rd “experiment’
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Close packing

both rods have same:
- bending rigidity EI = 1
- total contour length L = 1 clamped

- thickness = 0.02 /

A =0.15

‘ pinned

69



Close packing

047"

A =0.15

continuous contact
unknown contact curve

/0



Close packing

.
Se
N 1
So
. 1
O
N b
O
D\ 1
(N 3
o
N 1
O,

\ 1

0
O
. . . T

02 04 06

00

08

( 7'(0) = cosf
y (o) — sin 6
0 (o) = m
rod #2 < mlgo'; = g sinf — 7, cos O
n,. (o) =0
\ﬁ;(a) =0

rod #1<
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[ 2'(s) = cos 6
y'(s) = sin6
0’ (s) =m

m'(s) = ng sin@ — n,, cos 6
n.(s) =0

\n;(s) =0



Close packing

7'(c) = cos@ | m'(c) = fysinb — iy, cosf
y' (o) =sind | 7,(0) = —p(o) tz(0)
0'(0) =m | 1y(0) = —p(o) uy(0)

unknown functions
p(8), uz(s), uy(s)

p(0),tz(0), uy(0)




Close packing

force balance &
action-reaction

p(o)do = p(s)ds
ﬂx(o-) — —ux(s)

Uy(0) = —uy(s)



Close packing

contact conditions
0(s) = 0(o)

_ ( Uy > U, = sinf
U
Y Uy = — COS 0

(x —2)° + (y — y)° = 4n°



Close packing

rod #2

arc-length relation
do = (1 —2h)0'(s)ds

1
where o= 0’ (s)

C

= m(s)

slave variable

o= o(s)




Close packing

[ 2/(s) = cos b T'(s) = (1 — 2hm) cos 6
full set of y:(s) = sin6 _g:(s) = (1 —2hm) Sinﬁ. ) )
libri 0'(s) =m m (s) = (1 — 2hm) (i sinf — n,, cosH)
equi .rlum < m'(s) = ngsinf —n, cosd | 7 (s)=psinb
equations n, (s) = —psinf n,(s) = —pcosf
l n,(s) = pcosf
do
— =1—-2hm
Z«Z m = (1 — 2hm)m
A,
s l 02/ ds?
do
i " _
d ) (s) 6h(1 — 2hm)?vo + mt — m(1 — 2hm)3t
S) —
P 1+ (1—2hm)3

U = Ny sint — n, cos o
where .
t = ng cosf + n, sin 6



boundary
value
problem

Close packing
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Bifurcation curves

/8



Bifurcation curves

/9



Bifurcation curves

o

80

-02-
0.0
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Bifurcation curves
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Bifurcation curves
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Bifurcation curves
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Bifurcation curves
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Bifurcation curves
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Bifurcation curves
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08



Bifurcation curves
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Bifurcation curves
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Bifurcation curves
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Bifurcation curves
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Bifurcation curves
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Bifurcation curves
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Contact pressure

~100}

-120} _
= : : . |
~140p : <—negahve '
—160:- ' \
040 045 050 055 0.60 N
: ,
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Tige encastree : symetrie des solutions

extrémites encastréees => solutions symetrigues

VAN

Généralisation B,
contact ¢ /
autres conditions de bords ? D. Swigon :

- \ : : (PhD Rutgers)
tige a section anisotrope ! 995

95



Un cas d’ecole : tige encastree

tige uniforme, Isotrope, naturellement droite, ...

réduction systeme
21 D =>6D
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Prise en compte de |'auto-contact
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d3y = fyds, — maodsz, + m.ds,
d3, = — fxdgs — f‘;l/d:%y = ’m-;cod:%y
1| | —
— 6(N+1) —
P77 A7 77} : 7
| @‘9%/7 é
z 7
ODE's A%’V %
4% 7
. %
6N . | %
7, %
........ %7/l
77 7V77A %
' :/ NS /A
|C v //;///A [
FC ‘m 626

T = d3,

Yy = dBy

Z. — dgz

(13_1; — f."I}dgz == ’I'r)..zdgy

2D solution manifold
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