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Elastic rod in equilibr ium
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Cosserat model for  1D elasticity
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Linear  Constitutive Relations

Bending stiffness : K
0

Twist stiffness : K
3

K
0
 = E I

I : moment of inertia
E : Young's modulus

filament                     E

Microtubule          1 GPa
DNA       1 GPa
Actine                   2 GPa
Collagen               2 GPa
Rubber       2 GPa
Steel                  200 GPa�M��d3�K 3 u3

�M��d1�K 0 u1 

�M��d 2�K 0 u2



Kirchhoff equations

 linear elasticity

21 ODEs with variable : s
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Find admissible equilibr ium solutions : shooting method
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1D solution manifold : path following predictor -cor rector  scheme

corrector
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2-(corrector)
   we define a projection :

1D solution
manifold

1-(predictor)
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Z i

and we solve :
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Find admissible equilibr ium solutions : discretization methods

��U ��0

discretization over N intervals

s = Ls = 0

boundary conditions

matching conditions

system of nonlinear algebraic equations

Newton corrector

��U 0��
�0 

���U ��
D�

DU
�U 0�U ��...

∏

U

U 0 1-we take a point U
2-compute Jacobian
3-kernel is tangent plane
4-we project orthogonaly : 

��U ��0 �
U�U 0



2D solution manifold

Michael Henderson (IBM)
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Results : how a twisted rod coils
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Results : how a twisted rod coils



Bifurcation : 0 contact -> 1 contact
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Hard-wall contact, no fr iction

F1

r(s )1

2F

r(s )2

p(s )1

 force from strand at s
2

 acting on strand at s
1

�F1��p��F 2

�p�p
�r �s1���r �s2�

��r �s1���r �s2��

touching conditions : �
��r �s1���r �s2���thickness

��r �s1���r �s2����d3�s1�

��r �s1���r �s2����d 3�s2�



Z
L
�0.62

n�3.2 turns

 2 contact(s) 

2 4 6 8 10 12
n

0.2

0.4

0.6

0.8

1

z

L
2 R

�170 

t�
TL2

4�2 K 0

�6
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Elastic rod with :
• total length L
• circular cross-section R0

• bending rigidity K0

• twist rigidity K3

Z
 =
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 - 
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straight tails

uniform ply

Lp no 
end-
loop
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3

Analytical model for plectonemic DNA

electrostatic interaction 

N. Clauvelin (PhD work)



Results
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Conclusion

molécule d’ADN      tige élastique

Perspective

simulations numériques avec potentiel électrostatique
=>   système intégro-différentiel

≈
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