
Buoyant mixing of miscible fluids in tilted tubes
T. Séon, J.-P. Hulin,a) and D. Salin
Laboratoire Fluides Automatique et Systèmes Thermiques, UMR 7608, CNRS, Universités P. et M. Curie
and Paris Sud, Bâtiment 502, Campus Universitaire, 91405 Orsay Cedex, France

B. Perrin
Laboratoire Pierre Aigrain, UMR 8551, CNRS, Ecole Normale Supérieure, Département de Physique,
24 rue Lhomond, 75231 Paris Cedex 05, France

E. J. Hinch
DAMTP-CMS, University of Cambridge, Wilberforce Road, CB3 0WA Cambridge, United Kingdom

(Received 27 May 2004; accepted 1 September 2004; published online 21 October 2004)

Buoyant mixing of two fluids in tubes is studied experimentally as a function of the tilt angleu from
vertical, the density contrast and the common viscositym. At high contrasts and lowu, longitudinal
mixing is macroscopically diffusive, with a diffusivityD increasing strongly withu andm. At lower
contrasts and higheru, a counterflow of the two fluids with little transverse mixing sets in. The
transition occurs at an angle increasing with density contrast and decreasing withm. These results
are discussed in terms of the dependence of transerse mixing onu and an analogy with the Boycott
effect. © 2004 American Institute of Physics. [DOI: 10.1063/1.1808771]

Gravity induced mixing of miscible fluids in confined
vertical or tilted tube geometries is a widespread phenom-
enon encountered both in chemical1,2 and in petroleum engi-
neering. For tubes close to vertical, mixing results from the
development of Rayleigh–Taylor instabilities.3 However, in
contrast with many studies of the early phases of these
instabilities,4,5 this paper is concerned with longer times
when the mixing occurs over distances much larger than the
tube diameter. Closer to horizontal, these processes have
many similarities with gravity currents:6–9 these are, how-
ever, often studied in unconfined geometries6,8 or with little
mixing.7

The purpose of the present Letter is to analyse the mix-
ing of two fluids of different densitiesr1 andr2 but with the
same viscositym in a long tube that can be tilted at anglesu
between 0 and 90° from vertical. The density contrast is
characterized by the Atwood number At=sr2−r1d / sr2+r1d
=Dr / sr2+r1d.

In our previous work,10 we investigated experimentally
the case of a vertical tube: at high density contrasts, the
mixing zone spreads diffusively. The corresponding macro-
scopic diffusion coefficientD varies slowly with the Atwood
number At. An unexpected feature is the increase ofD with
the fluid viscositym. Both results are explained by buoyancy
forces depending on the local density contrastdr that, in
turn, depends strongly on the mixing efficiency of the flow.
At very low density contrasts, the process is no longer diffu-
sive and one observes a stable counterflow of the two fluids.

In a tilted tube one may expect processes similar to the
Boycott effect in the sedimentation of solid particles.11,12

Particles denser than the fluid gather as sediment in the lower
part of the tube section while the fluid is almost clear in the
upper part. There then appears a counterflow of the clear

fluid and the settling of the suspension speeds up drastically.
In the experiments with two fluids described below, both the
fluid distribution in the tube section and the mixing process
strongly depend onu (Fig. 2): as in the Boycott effect, the
segregation is induced by the transverse gravity component.

In the following, we identify the various flow regimes
and their dependence onu. We focus then on the diffusive
regime and analyze the dependence of the macroscopic dif-
fusion coefficientD on u, At and m.

Experiments are performed in a longsL=4 md perspex
tube of internal diameterd=20 mm, with a sliding gate in
the middle, that can be tilted at anglesu from 0 to 90°(Fig.
1). The setup is illuminated from behind. The lighter fluid is
water dyed with nigrosines40 mg/ ld and the heavy one is a
solution of water and CaCl2 salt: At varies from 4310−5 to
3.5310−2. The viscosities of the two fluids are equal and
may be varied between 1 and 4310−3 Pa·s by adding glyc-
erol to both of them. At the beginning of each experiment,
the upper and lower halves of the tube are filled, respectively,
with the heavy and light solutions; the gate is then opened in
a few tenths of a second and measurements are taken during
300–1200 s.

Figure 2 displays video recordings of the 300 mm long
section of the tube just above the gate for the three different
anglesu=0°, 30°, and 80° and the same density contrast. In
these images, one views the mixing zone propagating up-
wards while there is a symmetrical downwards propagation
below the gate(out of view). For the vertical tube, the flow is
weakly turbulent and induces an efficient mixing of the two
fluids across the tube section.10 As a result, the boundary of
the mixing zone is fuzzier for the vertical tube than foru
=30° and 80°[Figs. 2(b) and 2(c)].

For u=30° [Fig. 2(b)], the displacement front is initially
asymmetrical with the lighter(dyed) fluid moving preferen-
tially near the top of the tube section. Behind this front,
pseudo-interfacial Kelvin–Helmholtz instabilities develop

a)Author to whom correspondence should be addressed. Telephone: 33 1 69
15 80 62. Fax: 33 1 69 15 80 60. Electronic mail: hulin@fast.u-psud.fr

PHYSICS OF FLUIDS VOLUME 16, NUMBER 12 DECEMBER 2004

1070-6631/2004/16(12)/L103/4/$22.00 © 2004 American Institute of PhysicsL103

Downloaded 25 Oct 2004 to 193.55.10.104. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp

http://dx.doi.org/10.1063/1.1808771


and mix the two fluids transversally across the section. For
u=80° [Fig. 2(c)], the two fluids remain almost separate: an
initial front with some waves is followed by a parallel coun-
terflow with occasional perturbations of the interface. In this
case, the perturbations induce little mixing between the two
fluids. Note that the front velocity increases withu (see Fig.
2).

More quantitative results are obtained by recording with
a digital camera images of the 2.5 m long central section of
the tubes1300320 pixelsd at 0.5–2 s intervals. These im-
ages are then converted into concentration maps normalized
by the heavy and light solutions. Pixel values corresponding
to the same distancex from the gate are then averaged to
obtain the mean concentrationCsx,td in the tube section at

time t. Concentration profilesCsx,td obtained at different
times for the experiments of Figs. 2(b) and 2(c) are displayed
in Figs. 3(a) and 3(b).

For moderate anglesu and sufficiently large At, the
mean concentration profiles are well fitted by a solution of
the classical diffusion equation corresponding to a macro-
scopic diffusion coefficientD. Until the mixing zone reaches
the end of the tube, one can assume that diffusion occurs in
an infinite medium and these solutions are error functions
[dashed lines in Fig. 3(a)]. As for vertical tubes,10 mixing
results from motions of the two fluids andD is many orders
of magnitude larger than the molecular diffusion coefficient.
At long times, one reaches a final state that will be discussed
later.

For very largeu, the profiles of Fig. 3(b) are no longer
diffusive, even at short times. The two fluids remain sepa-
rated andCsx,td corresponds to the relative fraction of the
section occupied by the two fluids and not to the concentra-
tion of a mixture. The large fluctuations on the curves reflect
therefore perturbations of the interface.

Figure 4(a) displays variations of the measured diffusiv-
ity D with sin u in the diffusive regime for several values of
At:sin u has been chosen as the control parameter instead of
u since the transverse gravity componentg sin u is the driv-
ing force inducing segregation. A striking result is the very
fast increase of the coefficientD with u: a factor of 50 be-
tweenu=0° and 70° for At=3.5310−2. On the other hand,
as also observed for vertical tubes,10 the dependence ofD on
At is always weak: for instance, atu=40°, D increases only
by 30% when At increases from 4310−3 to 3.5310−2.

For a given At,D can only be determined up to a critical
angle above which counterflow occurs[Fig. 3(b)]. The value
of sin u corresponding to this transition increases strongly
with At as can be seen in the flow regime map of Fig. 5(a).

Another important parameter is the fluid viscosity: varia-
tions of the diffusion coefficientD with sin u are displayed
in Fig. 4 for the same Atwood numbersAt .10−2d and three
different viscositiesm=1,2 and 4310−3 Pa·s. For a givenu,

FIG. 1. Schematic view of experimental setup.

FIG. 2. Snapshots of video images obtained for At=4310−3. (a) u=0°, time
interval between imagesDt=7 s. (b) u=30°, Dt=3 s. (c) u=80°, Dt=3 s.

FIG. 3. Variations ofCsx,td with distance from gate for At=4310−3. (a) At
timest=75 s(gray curve), 225 s, and 825 s foru=30° (dashed lines are fits
of the corresponding profile with an error function); (b) at t=25 s (gray
curve), 65 s, and 225 s foru=80°.
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D increases markedly withm: such an increase is also ob-
served in vertical tubes but it is stronger for tilted ones. The
diffusivity D increases roughly asm3/2 for uù5° instead of
m for a vertical tube.10 Increasing the viscosity also reduces
the range of tilt angles corresponding to diffusive mixing
[Fig. 5(b)]: counter flow occurs for instance foru as low as
10° for m=4310−3 Pa·s.

A key factor to take into account in explaining the varia-
tions of the diffusivity D with u is the transverse gravity
componentg sin u which induces segregation in the section:
the lighter fluid tends to migrate towards the top of the tube
section and the heavier one towards the bottom. There results
an upwards flow of lighter fluid along the upper side of the
tube, and symmetrically a downwards flow of heavier fluid
along the lower side. Diffusive spreading of the concentra-
tion profile requires transverse mixing between these two
flow components through instabilities originating in the cen-
ter part of the section. Basically, the diffusion coefficient can
be estimated asD.U3, where, represents a characteristic
distance travelled for transverse exchange andU a character-
istic velocity in the upper or lower part of the section. Pic-
turing the process as a random sequence of independent
steps,U is the velocity during each step and, its length.

Increasingu helps to keep the two fluids segregated by
increasing buoyancy forcestransverseto the tube axis. This
dampens Kelvin–Helmholtz-like instabilities and reduces
transverse mixing.13 As a result, the path length, increases
and so does the mean density contrastdr between the upper
and lower parts of the tube section. Since these flows are
controlled by a balance between inertia and buoyancy forces,
their typical velocityU is of the order ofsdrgdd1/2:U there-
fore increases also withu. All these effects contribute to
enhance the value ofD and are likely to account for the fast
variation observed in Fig. 4. Increasing the viscositym acts
in the same direction: it stabilizes flow in the central part of
the pipe and also reduces the Reynolds number, and there-
fore reduces the efficiency of mixing at small length scales.
At very largeu values(or high viscosities), however, the two
fluids remain separated in the stable counterflow regime and
, becomes of the order of the tube length. Then, the diffusive
regime cannot be reached and the spreading of the interpen-
etration zone is purely convective.

Another issue is the final distribution of the fluid inside
the tube[see, for instance, the concentration profiles att
=825 s andt=225 s, respectively, in Figs. 3(a) and 3(b)]. For
tilted tubes and at long times, the final mean concentration
gradient is zero or stabilizing(the fluid is then almost mo-
tionless). The time necessary to reach this state decreases as
u increases. The final configuration is determined both by the
degree of transverse mixing during the interpenetration of
the two fluids and by end effects. At largeu, the two fluids
just flow past each other in opposite directions with little
transverse mixing: after the fronts of the light and heavy
fluid have reached respectively the top and bottom ends of
the pipe, these start to fill up the corresponding tube sections.
One finally reaches a state in which the light and heavy fluids
have swapped locations and are now in a gravitationally
stable configuration with a narrow transition zone[Fig. 3(b)].
At lower u, there is still a preferential upwards flow near the

FIG. 4. Variations of the measured diffusivityD with sin u. (a) For the same
viscosity m=10−3 Pa·s and for density contrasts:s•d : At=3.5310−2,
sjd : 10−2, sld : 4310−3, s.d : 10−3, smd : 4310−4. (b) For the same den-
sity contrast At=10−2 and for viscosities:sjd : m=10−3 Pa·s, s�d : 2
310−3 Pa·s,s�d : 4310−3 Pa·s. Dashed lines are provided as guides to the
eyes.

FIG. 5. Flow regime maps displaying the observation of diffusive(D and
gray shade) and counterflowsCd mixing regimes in tilted tubes:(a) sin u vs
Atwood number At for the same viscositysm=10−3 Pa·sd; (b) sin u vs the
viscositym of both fluidssAt=10−2d.
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top of the tube sections and a downwards flow near the bot-
tom. However, transverse mixing is much stronger so that
fluid reaching an end is a mixture of light and heavy fluid. In
Fig. 3(a), for instance, the final concentration is almost con-
stant along the tube with just a slight stabilizing gradient.

To conclude, our experimental results demonstrate the
crucial influence of local transverse mixing on buoyancy
driven mixing in a confined tube geometry and its strong
dependence onu (as also observed in other systems such as
sedimenting suspensions). Increasingu reduces transverse
mixing due to buoyancy forces across the tube section stabi-
lising the interface between the fluids. There results a transi-
tion between macroscopically diffusive(large transverse ex-
change) and stable counterflow(weak exchange) regimes.
Buoyancy forces across the tube also account for the strong
increase of the macroscopic diffusion coefficientD with u
which contrasts with its weak dependence on At. Increasing
the viscosity of the fluid both increasesD and reduces the
range of observation of the diffusive regime.

Unexpectedly, buoyancy driven mixing appears quite
different in tilted tubes to vertical ones. Tilting the tube
breaks the symmetry of flow: it tends to create counterflows
of the two fluids with transverse exchange through Kelvin–
Helmoltz instabilities. Tilting separates mixing and counter-
flow in the same way as Boycott effects separate particle
sedimentation from backflow. This configuration is less com-
plex than in vertical tubes where the relative concentration
distribution varies randomly in the tube section with no pref-
erential directions. Practically, tilting the tube allows one to
obtain quickly very homogeneous mixtures for well chosen
configurations. In order to understand better these phenom-
ena and establish their scaling laws, the influence of more
parameters, such as the tube diameter, will have to be inves-
tigated. Determining the characteristic time scales and ve-

locities of the mixing processes will in addition require a
quantitative analysis of the local concentration distributions
and velocity fields.
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