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Spray formation: an inverse cascade
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We present a study of droplet formation in a gas-liquid mixing layer using direct numerical
simulation. It is seen that two mechanisms compete to generate the droplets: fingering at the tip
of the waves and hole formation in the thin liquid sheet. The three dimensional liquid structures
are much shorter than the longitudinal wavelength of the instability at the first instant of their
formation. As time evolves, the structures evolves to larger and larger scales, in a way similar to
the inverse cascade of length scales in droplet impact and impact crown formation.

The breakup of fluid masses is a phenomenon of enor-
mous complexity, with diverse physical setups and mech-
anisms. When the fluid masses break into large numbers
of small droplets one speaks of atomization [1, 2|. At-
omization in the gas-liquid mixing layer, where a high-
speed gas stream emerges from an orifice parallel to a
lower-speed liquid stream, has been studied in great de-
tail [3, 4]. The resulting Kelvin-Helmholtz instability
generates large coherent structures that grow in size as
they propagate downstream, together with equally grow-
ing wave-like structures [5] on the liquid-gas interface.
The standard picture of atomization [1] is that two-
dimensional wave structures form near the orifice, then
destabilize into three-dimensional finger or ligament-like
structures which eventually break into droplets. This se-
quence and its variants are called primary atomization
and is supposed to be followed by the breakup of large
drops further downstream whenever they interact with
sufficiently high-velocity gas flow. This second event is
called secondary atomization. As a result of the breakup
of ligaments by a Rayleigh—Plateau instability initialized
in a random manner, Gamma distributions of droplet
sizes have been predicted [3, 6]. Another mechanism for
primary atomization is the formation of holes in the thin-
sheet-like structures that appear in the waves prior to the
formation of ligaments and fingers. These holes-in-thin-
sheets structures are quite similar to the holes that form
in bag-breakup secondary atomization [7, 8]. The hole
formation has been seen more rarely by experimentalists
and is thus less firmly documented.

In order to better understand the mechanisms un-
derlying atomization processes, experimentalists have
switched from the coaxial round jets typical of industrial
applications to a quasi-planar setup that is more favor-
able for detailed analysis [9-11]. This setup has allowed
precise measurements and detailed visualizations of the
droplet-forming process. In the quasi-planar configura-
tion, it is possible to compare the growth and frequency
of the Kelvin-Helmholtz instability in the linear regime
as predicted by numerical simulation, linear stability the-
ory and experiments [12]. Three-dimensional analysis is,
for obvious reasons [13-15], less advanced, despite a large

number of results in the references already cited. In this
work we simulate a model of the quasi-planar experiment
of [9] in order to better understand the mechanisms of
droplet formation.

The computational domain is a box of dimensions
L, x Ly x L., where we inject two streams, liquid and
gas separated by a solid plate of size £, x e, x L, through
the boundary at = 0. The thickness of the liquid and
gas streams are H and H — ey, respectively. In order to
minimize the effects of the finite size of the domain, the
dimensions of the box are large in the 2 and y dimensions
L, =16H and L, = 8H (while L, is set to 2H). Special
care is taken to specify the exit conditions to minimize
the recirculating flow and avoid excessive reinjection of
coherent structures near the inlet. It is not possible with
present technology and numerical methodology to per-
form simulations at this setup that: a) use the physical
parameters, such as the large liquid-to-gas density ratio,
exactly as in the experiments [9]; b) are fully resolved
down the smallest physical scales, (the tiny submicron
droplets generated are three orders of magnitudes smaller
than H); c) continue for a long enough time to yield a
statistical analysis of the observed structures. To allevi-
ate these problems we choose a set of parameters that
allow faster and easier simulations while still placing the
flow in the high-speed atomization regime. The gas and
the liquid are injected with velocities U, and U;. The
thickness of the boundary layers on the liquid and gas
sides of the separator plate are taken to be identical and
denoted by 6. The values of the corresponding dimen-
sionless parameters are given in Table I, using standard
notations.

M r m Reg,s Wey 5 Rey
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20 20 20 1000 10 8000

Table I: Dimensionless parameters.

We solve the Navier-Stokes equations for incompress-
ible flow with sharp interfaces and constant surface ten-
sion. The fields are discretized using a fixed regular cubic



grid, and use a projection method for the time stepping
to incorporate the incompressibility condition. The ad-
vection of the velocity fields is done using the QUICK
scheme, and the viscous term is treated explicitly. The in-
terface is tracked using a Volume-of-Fluid (VOF') method
with a Mixed Youngs-Centered Scheme to determine the
normal vector and a Lagrangian-Explicit scheme for the
VOF advection [16]. Curvature is computed using the
height-function method. Surface tension is computed
from curvature by a well-balanced Continuous-Surface-
Force method. Density and viscosity are computed from
the VOF fraction C' by an arithmetic mean. The whole
method is implemented in the a free code PARIS [17] and
described in [18].

The simulations are performed on three grids called
MO, M1 and M2, so that Mn has H/Ax = 32 x 2™ points
in the liquid layer. The domain is initially filled with
gas and liquid progressively enters it. An approximate
steady state is reached at about Uygt/H = 200 and the
simulations are then continued until Ugt/H = 400. For
the M2 mesh, the simulation was perfomed using 2048
processors and the total simulation time is about 5 x 10°
CPU hours. The results presented correspond to the M2
mesh, unless stated otherwise.

A global view of the atomizing liquid jet is shown in
Fig. 1. The gas-gas and the gas-liquid mixing layers can
be identified from the z-vorticity plotted on the back-
plane. The characteristics of the wave formation on the
gas-liquid interface correspond to the convective insta-
bility regime, where small perturbations present in the
region upstream grow as they advect downstream. This
is consistent with the theoretical predictions of [19] and
the experimental and 2D simulation results of [12]. The
interfacial wave grows and forms a thin liquid sheet which
in turn breaks into ligaments and droplets. The unbro-
ken part of the liquid sheet eventually reattaches to the
domain bottom. Turbulence develops from the mixing
layers and the downstream flow becomes fairly violent
and chaotic.

Although the turbulent flow in the gas-liquid mixing
layer leaves three-dimensional “foot prints” on the inter-
face, the wave remains approximately two-dimensional,
as it grows. The wave evolution can be seen in the 2D
snapshots of the interface on the plane z = 0.6 H in Fig.
2 (a). If the x-axis is scaled by the Dimotakis speed,

_ VUi +/pgUy
VoLt Py

with respect to the origin of the wave formation zoy and
to, the waves at different time collapse, except the ampli-
tude, see Fig. 2 (b). This approximate self-similar wave
structure has also been observed in single-wave simula-
tions [5].

As the wave appears as an obstacle to the gas, the gas
flow separates at the top of the wave and a recirculation
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Figure 1: The atomizing jet. The z-vorticity is shown
on the backplane. The sampling boxes for droplet
statistics are indicated by dotted lines.
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Figure 2: The interface in the z = 0.6 H plane, showing
the formation of the quasi-singularity at the wave crest.
The time interval between the lines is H/U,. (a)
Original scale; (b) x-axis scaled by the Dimotakis speed
Up.

region is formed downstream, as indicated by the arrows
in Fig. 2 (b). Under the influence of the downstream
recirculation and the upstream gas flow, the curvature of
the wave at the crest increases and eventually a quasi-
singularity (very small radius of curvature) is formed.
The quasi-singularity is also observed in experiments as
shown in the comparison with the numerical result in Fig.
3.

Various interface structures appear after the quasi-
singularity forms, as depicted in Fig. 4. At first, a thin
sheet is formed at the wave crest. Tiny fingers are seen
at the tip of the sheet, which then break into very small
isolated cylinders and droplets. The thickness of the lig-
uid sheet, the diameter of the fingers, and the size of



Figure 3: 3D view of the quasi-singularity at the wave
crest. (a) Present simulation; (b) Experiment [10].
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Figure 4: A sequence of snapshots for the process of
wave breakup and droplet formation. The time interval
between the snapshots (indicated by different colors) is

1.25H/U,.

the droplets are typically very small and their sizes seem
to be dictated by the radius of curvature of the quasi-
singularity.

As time evolves, the length scales of these structures
increase, instead of remaining constant. As shown in Fig.
4, the diameter, length and spacing of the fingers and
the droplets increase as time advances. This increase
in length scale is reminiscent of the inverse cascade of
length scales in droplet impact and impact crown forma-
tion [20, 21]. The growth of the finger diameter can be
ascribed to the Taylor-Culick rim growth mechanism ob-
served in many complex two phase flow situations [22].
A thicker rim is destabilized at larger wavelengths by the
Rayleigh—Plateau instability and thus the wavelength be-
tween fingers is expected to grow. As a consequence of
that, the droplets generated further downstream are typ-
ically larger than those formed closer to the nozzle.

Beyond forming fingers at the tip, the hole formation
within the sheet is another mechanism that contributes
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Figure 5: Hole formation and the resulting breakup of
the liquid sheet. A 3D view of the interface is shown on
the left and the interface and the pressure in the
mid-plane is plotted on the right.

to the eventual breakup of the liquid sheet. The evo-
lution of the recirculating vortex behind the wave can
be seen through the flow pressure in Fig. 5. The depar-
ture of the vortex stretches the liquid sheet formed at the
wave crest in the downstream direction and its thickness
continues to decrease [10]. At a certain stage, holes are
formed in the liquid sheet, as indicated in Fig. 5. The
expansion of the holes eventually causes the sheet to rup-
ture, producing a large amount of ligaments, which later
break into droplets. Hole formation in a real liquid sheet
is generally due to the disjoining pressure and holes only
form when the thickness of the sheet is down to only
tens of nanometers. In the present simulation, the dis-
joining pressure is not included and the sheet breaks at a
much larger thickness. The holes seen here are therefore
a numerical artifact due to insufficient mesh resolution.
Nevertheless, results of different mesh resolutions show
that refining the mesh only delay the hole formation but
has little effect on the scale of the ligaments generated
(assuming that the mesh is fine enough to resolve these
ligaments). The droplet size distributions, to be shown
later, also support this conclusion.

The existence of different droplet formation mecha-
nisms is also demonstrated in the analysis of the prob-
ability distribution function (PDF) of droplet sizes. To
obtain the PDF for droplets formed by different mech-
anisms, we consider droplets in three different sampling



boxes (see Fig. 1). The boxes all span the full width (z
direction) of the domain. The first box (4 < z/H < 5.5
and 0.5 < y/H < 2) is used to collect droplets formed
close to the quasi-singularity; while the second box (8 <
x/H < 9.5 and 2 < y/H < 3.5) samples droplets gener-
ated after the fingers grow and the sheet breaks up due to
hole formation. Finally, the third box (12 < x/H < 12.5
and 0.5 < y/H < 5) captures the PDF for all the droplets
formed from the atomizing liquid jet. The sampling time
interval for all cases is from Ugt/H = 200 to 400. The
PDF results are shown in Fig. 6. For both the first and
second box, exponential decay of the number of droplets
with increasing diameter are observed:

PDF(dp) ~ exp(—dp/A), (2)

where ) is a characteristic length scale. This observation
of exponential decay at larger droplets is consistent with
previous experimental and numerical results [3, 4, 18],
but here the A for different boxes is different. Specifically,
A1 & 0.00875H is smaller than A\ ~ 0.02H. Correspond-
ingly, more small droplets are formed in the region near
the quasi-singularity ((d,)/H = 0.01975) while the size
of droplets formed after the fingers grow and the sheet
ruptures is typically larger ((dp)/H = 0.0255). Since
the droplets collected by the third box include droplets
generated by all formation events, the decay rate char-
acteristic length scale X is seen to increase in d, from A;
to A2 gradually. The log-normal and gamma distribution
functions are employed to fit the PDF data. The highly
skewed log-normal distribution, denoted by log-normal-1
in Fig. 6(c), is shown to well capture the inverse cascade
in spray formation.

Finally, we examine the effect of grid resolution on
the the droplet size PDF. It is seen that the large de-
cay rate characteristic length scale Ay is well captured
by M1 and M2 and partially captured by MO. The size
distributions of large droplets for different meshes are in
good agreement, which seems to affirm that numerical
breakup of thin liquid sheet due to insufficient grid reso-
lution has little effect on the size of the droplets that are
eventually formed. Nevertheless, to capture the small
droplets formed near the quasi-singularity a fine mesh
has to be used, since both MO and M1 completely miss
the small droplets generated by this mechanism. Even
with the M2 mesh, the calculated \; is close to the mesh
size (0.0078H). Therefore, the radius of curvature at
the quasi-singularity may not be well resolved. Further-
more, the approximate log-normal distribution profile
also seems to suggest tiny droplets may be missed in the
M2 simulation. To better resolve the formation of these
very small droplets, a finer mesh is required and this is
relegated to future works. Although the M2 mesh used
here may not be fine enough to capture the tiny droplets,
the results have achieved converged distribution for the
larger droplets and seem to capture the major character-
istics of the spray formation process.
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Figure 6: The droplet size PDF. Figures (a) (b) and (c)
are obtained in different sampling boxes for the M2
mesh. The bin width for all the cases is 0.00125H.
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